MATH 2210Q Applied Linear Algebra Notes

Arthur J. Parzygnat

These are my personal notes. This is not a substitute for Lay’s book. I will frequently reference
both recent versions of this book. The 4th edition will henceforth be referred to as [2] while the 5th
edition will be [3]. In case comments apply to both versions, these two books will both be referred
to as [Lay]. You will not be responsible for any Remarks in these notes. However, everything
else, including what is in [Lay] (even if it’s not here), is fair game for homework, quizzes, and
exams. At the end of each lecture, I provide a list of recommended exercise problems that should
be done after that lecture. Some of these exercises will appear on homework, quizzes, or exams!
I also provide additional exercises throughout the notes which I believe are good to know. You
should also browse other books and do other problems as well to get better at writing proofs and
understanding the material.

(Notes in light red are for the reader. J

[Notes in light green are reminders for me. ]

When a word or phrase is underlined, that typically means the definition of this word or phrase is
being given.
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1 Linear systems, row operations, and examples

Before saying what one studies in linear algebra, let us consider the following examples. These

examples will illustrate the important concept of a mathematical object known as the matrix.

AT IEL,TOLD)YOU WHAT IFITOLD YOU

)

LINEAR ALGEBRA IS ALL SAYING "ENTER THE MATRIX" IN
ABOUT THE MATRIX ™ )o LINEAR ALGEBRA ISN'T FUNNY

Figure 1: Memes “What if I told you Linear Algebra is all about the matrix” http:
//www .quickmeme . com/meme/3qwkiq and “What if I told you saying “enter the matrix”
in linear algebra isn’t funny” http://www.quickmeme.com/meme/36c7p8, respectively.

Accessed on December 21, 2017.

Example 1.1. Queens, New York has several one-way streets throughout its many neighborhoods.
Figure 2 shows an intersection in Middle Village, New York. We can represent the flow of traffic
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Figure 2: An intersection in Middle Village, New York in the borough of
Queens. This image is obtained from Map data (©2017 Google https:
//www.google.com/maps/place/Middle+Village, +Queens, +NY/Q@40.7281297,-73.
8802503, 18.72z/data="'4m5!3m4 ! 1s0x89c25e6887df03e7 : 0xef1a62f95c745138!
8m2!13d40.71737214d-73.87425

around 81st and 82nd streets diagrammatically as
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Imagine that we send out detectors (such as scouts) to record the average number of cars per hour
along each street. What is the smallest number of scouts we will need to determine the traffic
flow on every street? To answer this question, we first point out one important assumption that
appears in several different contexts:

The net flow into an intersection equals the net flow out of an intersection.

From this, it actually follows that the net flow into the network itself is equal to the net flow
out of the network. Each edge connecting any two intersections represents an unknown and each
fact above provides an equation. Hence, this system has 9 unknowns and 4 equations. Therefore,
one expects that the minimum number of scouts needed is 9 — 4 = 5. However, this is certainly
not a proof because some of these equations might be redundant! Furthermore, even if 5 is the
minimum number of scouts needed, it does not mean that you can place these scouts anywhere
and determine the entire traffic flow. For example, if you place the 5 scouts on the following streets
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then you still don’t know the traffic flow leaving 58th Ave and 81st Street on the bottom left.
Let’s see what happens explicitly by first sending out 3 scouts, which observe the following traffic
flow per hour
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The unknown traffic flows have been labelled by the variables x1, z9, 23, x4, 5, g, Which is where
we did not send out any scouts. The equations for the “flow in” equals “flow out” are given by
(they are written going clockwise starting at the top left)

100 = W
T+ X9 = 70 (1 2)
Ty = To + X4 '
T4+ x5 = 30 4+ 24
This system of linear equations can be rearranged in the following way
T +JZ5 = 100
Ty +To = 70 (1 3)
Ty —x3 +T4 = 0 '
Ty +Trs —Tg = 30

which makes it easier to see how to manipulate these expressions algebraically by adding or sub-
tracting multiples of different rolls. When adding these rows, all we ever add are the coefficients
and the variables are just there to remind us of our organization. We can therefore replace these
equations with the augmented matrix

10 0 01 0 |100

11 0 00 0170 (1.4)
01 -110 010

00 0 11 —-1]30

Adding and subtracting rows here corresponds to the same operations for the equations. For
example, subtract row 1 from row 2 to get

10 0 0 1 0100
01 0 0 -1 0 |-=30

1.
01 -11 0 O 0 (1.5)
00 0 1 1 -1}] 30



The result corresponds to the system of equations

X1

X2

Ty —I3
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(1.6)

As we first learn about these operations, we will perform them one at a time and show what

happens to them explicitly by the following notation
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which is read as “row 2 becomes row 2 minus row 1.” We implicitly understand that all the other

rows remain unchanged unless explicitly written otherwise. Subtract row 2 from row 3 to get
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Subtract row 4 from row 3 to get
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(1.9)

Multiply row 3 by —1 to get rid of the negative coefficient for the x3 variable (this step is not

necessary and is mostly just for the AESTHETICS)
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This tells us that the initial system of linear equations is equivalent to

or
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so that all of the traffic flows are expressed in terms of just x5 and z¢. This choice is arbitrary and
we could have expressed another four traffic flows in terms of the other two (again, not any four,
but some). In this case, x5 and x¢ are called free variables. In order to figure out the entire traffic
flow through all streets, we can therefore send out two more scouts to observe xs; and zg. Let’s
suppose that the scouts discover that x5 = 40 and zg = 20. Knowing these values, we can figure
out the traffic flow through every street without sending out additional scouts by plugging these

values into (1.12)
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The method employed above determines the traffic flow at every street through the method of row
reduction. We could have also figured out 1, x5, z3, and z4 by brute force by just implementing
the intersection network flow conservation at every intersection without using any of the above

methods. For instance, first we can figure out z;.
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2o and x4 can then each be solved immediately
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and finally 3.
Queens Midtown Expy
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Although the second method was much faster in this case, when dealing with large scale intersec-
tions over several blocks, this becomes much more difficult. The first method is more systematic
and applies to all situations. For example, we can use the first method to prove that 5 is the
minimum number of scouts needed. To do this, we place unknown variables at every street
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This time, the equations for the “flow in” equals “flow out” are given by (they are written going
clockwise starting at the top left)

Ty =21+ T3

x1+x2:x8

(1.13)
Ty = To + X4
T4+ Ty = Tg + Tg
This system of linear equations can be rearranged in the following way
X1 +xs —X7 0
Ty +To —Ts =0 (114)
i) —x3 +X4 =0
Ty +r5 —Tg —X9 0
with corresponding augmented matrix
10 0 01 0 -1 0 00
11 -1
0 00 0 O 010 (1.15)
01 -110 0 0O 0O 010
00 o0 11 -1 0 0 =10



Applying a similar row reduction procedure to before gives

10 0 01 0 -1 0 010 1o 0 0 1 0 -1 0 010
11 0 00 O O -1 O |O[R2—R2-R1|0 1 O -1 0 1 -1 010
601 -110 0 0 0 010 o1 -11.0 0 O 0 010
00 o0 11-1 0 0 —=1]0 00 O 1 -1 0 0 —-1/0
R3— R3—-R2—-R1
1000 1 0 -1 0 010 10 0 o0 1 0 -1 0 010
060100 -1 0 1 -1 0]0f RB»-R3 (001 O O -1 0 1 -1 010
6010 o0 -1 1 -1 —-1]0 oo0-10 0 1 -1 1 10
6ooo0o1 1 -1 0 0 —=1]0 o0 0 1 1 -1 0 —-110

This tells us that the variables x1, z9, x3, x4, the dependent variables, are completely determined
by the variables x5, xg, z7, x5, and xg, the independent/free variables, which have no restriction
among them (other than to guarantee that traffic flow is always nonnegative). Since there are five
such variables, a minimum of five scouts is needed.

We will explain what choices one makes to reduce the linear system as we have, but first we
will go through more examples.

Problem 1.16 (Exercise 1.1.33 in [Lay]). The temperature on the boundary of a cross section of
a metal beam is fixed and known but is unknown at the intermediate points on the interior

— 20° — 20° ——
10° — 17 — T —40°

(1.17)
10° — Ty, — T35 —40°

——30° —30° —

Assume the temperature at these intermediate points equals the average of the temperature at the
nearest neighboring points.! Calculate the temperatures T}, Ty, T, and T}.

! This is true to a good approximation and is in fact how approximation techniques can be used to solve problems
like this though the mesh will usually be much finer, and the boundary might not look so nice. Furthermore, the
solution we are obtaining is the steady state solution, which is what the temperatures will be after you wait long
enough. For instance, if you dumped the beam into an ice bath, it would take time for the temperatures to be
stable on the inside of the beam so that this method would work. We use the phrase “steady state” instead of
“equilibrium” because something is forcing the temperatures to be different on the different edges of the beam.

9



Answer. The system of equations is given by

1
Ty = (10 +20+ T +T)

1

1 (1.18)
T = 1(T4 + Ty + 40 + 30)
T, = i(lo + Ty + T35 + 30)
Rewriting them so that the variables appear in order gives
ATy — 115 + 015 — 1T, = 30
—1T7 + 4T, — 175 + 07, = 60 (1.19)

0Ty — 115 + 413 — 1T, =70

The coefficients in front of the unknown temperatures in (1.19) can be put together in an array?

4 -1 0 —-1/30
-1 4 -1 0 |60
0 -1 4 —-1]70
-1 0 -1 4 |40

(1.20)

This augmented matriz will aid in implementing calculations to solve for the temperatures. From
a course in algebra, you might guess that one way to solve for the temperatures is to solve for
one and then plug in this value successively into the other ones. This becomes difficult when we
have more than two variables. Some things we can do, which are more effective, are adding linear
combinations of equations within the system (1.19). For instance, subtracting row 4 of (1.19) by
row 2 gives

—1Ty + 0Ty — 1T3 + 4T, = 40
—( = 1Ty + 4T, — 1T5 + 0Ty= 60) (1.21)
0Ty — 4Ty + 0Ty + 4T, = —20

for row 4. We are allowed to do this provided that a solution ezists in the first place. We can also
multiply this equation by ;11 without changing the values of the variables. This gives

0T} — 1T + 0T + 1Ty = —5. (1.22)

From this, we see that we are only manipulating the entries in the augmented matrix (1.20) and
we don’t have to constantly rewrite all the 7" variables. In other words, the augmented matrix

2[Lay] does not draw a vertical line to separate the two sides. I find this confusing. We will always draw this

line to be clear.

10



becomes
4 -1 0 =130

-1 4 -1 0 |60
0 -1 4 =170
0 -1 0 1|5

(1.23)

after these two row operations. If we could get rid of T; from this last row, we could solve for T} (or
vice versa). Similarly, we should try to solve for all the other temperatures by finding combinations
of rows to eliminate as many entries from the left-hand-side of the augmented matrix. One possible

sequence of row operations achieving this goal is

4 -1 0 =1]30 0 15 —4 —1/|270]
1 4 —1 0 |60 Rl Rl +4R2 1 4 -1 060
0 —1 4 —1|70 0 -1 4 —1|70
0 -1 0 1 |-5 0 -1 0 1/|-5

Rl — R1+ 15R4J

0 0 —4 14195 0 0 —4 14195
~1 4 =1 0|60 R3 '+ R3 — R4 1 4 =1 0|60
0 0 4 —2|7 0 —1 4 —1|70
0 -1 0 1 |-5 (0 -1 0 1 |-5]
Jer—>R1—|—R3
0 0 0 12270 1 0 0 0 2|45
1 4 —1 0|60 Rl — gRI1 ~1 4 -1 0 |60
0 0 4 —2|75 0 0 4 —2|75
0 -1 0 1 |-=5 0 -1 0 1 |-5

R3»—>R3+R1JR4I—>R4—%R1

0 0 0 2| 45 0 0 0 2| 45
1 0 -1 0| =50 R2 — R2+ 4R4 ~1 4 -1 0] 60
0 0 1 0| 30 R3 s 1R3 0 0 4 0] 120
0 -1 0 0|=275 0 -1 0 0|=275

JRQHR2+R3

0 0 0 2| 45 Rl 3R1 000 1]225
1 0 0 0| —20 R2 = —R2 100 0/ 20

0 0 1 0| 30 R4 — —R3 001 0] 30

0 —1 0 0|=275 0100|275

11



In other words, we have found a solution

—— 20° — 20° ——
Tl - 20
T, = 27.5 10° —20° —27.5° — 40
(1.24)
T3 =30
10° — 22.5° — 30° — 40°
T, =225

— 30° —30° ——

Because it helps to visualize this the same way, we can permute the rows and still have the same
equations describing our problem

1 0 0 0] 20
01 0 0]275
1.
0 01 0f 30 (1.25)
0 0 0 1]225

This is another example of a row operation.

All of these examples have some features in common. In particular, they exhibit linear behavior
of some sort. However, each system is quite different and one might think that to properly analyze
these systems, one needs to work with each system separately. To a large extent, this is false.
Instead, if one can abstract the crucial properties of linearity more precisely without the particular
model one is looking at, then one can study these properties and make conclusions abstractly. Then
by going back to the particular problem, one can apply these conclusions to say something about
the particular system.

Linear algebra is the study of these abstract properties.

Not all problems in nature behave in such a linear fashion. Nevertheless, certain aspects of
the system can be approximated linearly. This is where the techniques of linear algebra apply.
Linear algebra is the study of systems of linear equations. Although not all physical situations are
described by linear equations, the first order approximations of such systems are typically linear.
Linear systems are much simpler to solve and give a decent approximation to the local behavior
of a physical system.

Definition 1.26. A linear system (or a system of linear equations) in a finite number of variables
is a collection of equations of the form

1121 + A12T2 + - + ATy = b1

a91T1 + A922T9 + -+ Aonly = b2
(1.27)

Am1%1 + Qmaly + -+ + ATy = by,

where the a;; are real numbers (typically known constants), the b; are real numbers (also typically
known values), and the z; are the variables (which we would often like to solve for). The solution

12



set of a linear system (1.27) is the collection of all (z1,xs,...,2,) that satisfy (1.27). A linear
system where the solution set is non-empty is said to be consistent. A linear system where the
solution set is empty is said to be inconsistent.

It helps to start off immediately with some simple examples. We will slowly develop a more
formal and rigorous approach to linear algebra as the semester progresses.

Example 1.28. Consider the linear system given by

—r—y+z=-2

(1.29)
—2r+y+z=1

These two equations are plotted in Figure 3.

Figure 3: A plot of the equations —z —y+ 2= —-2and —2x+y+ 2 = 1.

This picture shows that there are solutions, in fact a lines worth of solutions instead of a
unique one (the intersection of the two planes is the set of solutions). How can we describe this
line explicitly? Looking at (1.29), we can add the two equations to get®

1
—3x+4+2z2=-1 < 225(390—1) (1.30)
We can also subtract the second equation from the first to get
1
T—2y=-3 < y:§(3+x). (1.31)

Hence, the set of points given by

(m, %(3 +a), %(390 _ 1)) (1.32)

3The <= symbol means “if and only if,” which in this context means that the two equations are equivalent.

13



as x varies over real numbers, are all solutions of (1.29). In set-theoretic notation, the solution set
would be written as

{(z,%(i%-l—x),%(i%x—l)) cR? : xG]R}. (1.33)

We can plot this set, along with the two planes described by the two linear equations, in Figure 4.

Figure 4: A plot of the equations —z —y + 2z = —2 and —2z + y + z = 1 together with
the intersection shown in red and given parametrically as z — (z, 2(3 + z), 1(3z — 1)) .

Hence, (1.29) is an example of a consistent system.

In this example, we saw that not only could we find solutions, but there were infinitely many
solutions. Sometimes, a solution to a linear system need not exist at all!

Example 1.34. Let

2¢ +3y =5

(1.35)
4o 4 6y = -2

be two linear equations in the variables x and y. There is no solution to this system. If there were
a solution, then dividing the second line by 2 would give 5 = —1, which is impossible.* This can
also be seen by plotting these two equations in the plane as in Figure 5. These two lines do not
intersect. Hence, (1.35) is an example of an inconsistent system.

To test yourself that you understand these definitions, try to answer the following true or false
questions.

Problem 1.36. State whether the following claims are True or False. If the claim is true, be
able to precisely deduce why the claim is true. If the claim is false, be able to provide an explicit
counter-example.

4This is an example of a proof by contradiction.

14



Figure 5: A plot of the equations 2z + 3y = 5 and 4x + 6y = —2.

(a) If a linear system has infinitely many solutions, then the linear system is inconsistent.
(b) If a linear system is consistent, then it has infinitely many solutions.

(c) Every linear system of the form

a1121 + ajoxe =0
1121 12%2 (1.37)

a21T9 + A99T9 = 0
is consistent for all real numbers a1, a2, as;, and ass.

Many of these questions have very simple answers. The difficulty is not just in knowing just
which statement is true or false, but also being able to prove your claim. If there is ever a claim
that seems insultingly simple, try to prove it. The reason for proving simpler claims is not so
much to convince you of their validity but to get used to the way in which proofs are done in the
simplest of examples. Therefore, we will present the solutions for now, but will eventually leave
many such exercises throughout the notes.

Answer.

(a) False: A counterexample is in Example 1.28, which has infinitely many solutions.

(b) False: A counterexample will be presented shortly in Problem 1.16 below. The linear system
described there is consistent and has only one solution.

(¢) True: Setting 27 = 0 and 2 = 0 gives one solution regardless of what a1, a2, asr, and ags are.

In general, you should think about every definition that you are introduced to and be able
to relate it to examples and general situations. Always compare definitions to understand the
differences if some seem similar. We will now go through a more complicated and challenging
linear system where it will be useful to introduce the concept of a matrix.

In this situation, we were lucky and a solution existed and was unique. In problem 1.16, there
is only one element in the solution set. Occasionally, two arbitrary linear systems may have the
same set of solutions.

15



Definition 1.38. Two linear systems of equations with the same variables that have the same set
of solutions are said to be equivalent.

Hence, the two linear systems of equations given in (1.19) and (1.25) are equivalent. In going
from one equation to another, several row operations were performed, none of which altered the
set of solutions. In total, we have used three row operations to help us solve linear systems:

(a) scaling rows,
(b) adding rows, and
(¢) permuting rows.

As we do more problems, we will get familiar with faster methods of solving systems of linear
equations. We start with another problem from circuits with batteries and resistors.

Problem 1.39. Consider a circuit of the following form
4 Ohm

1 Ohm 6V

3 Ohm

Here the jagged lines represent resistors and the two parallel lines, with one shorter than the
other, represent batteries with the positive terminal on the longer side. The units of resistance
are Ohms and the units for voltage are Volts. Find the current (in units of Amperes) across each
resister along with the direction of current flow.

Answer. Before solving this, we recall a crucial result from physics, which is

Kirchhoff’s rule: the voltage difference across any closed loop in a circuit with resistors and
batteries is always zero.

Across a resistor, the voltage drop is the current times the resistance (this is called Ohm’s law).
Across a battery from the negative to positive terminal, there is a voltage increase given by the
voltage of the battery. There is also the rule that says current is always conserved, meaning that
at a junction, “current in” equals “current out”, just as in Example 1.1. Knowing this, we label
the currents in the wires by I, I, and I3 as follows.

4 Ohm I
_h
2V 1 Ohmr t — 6V
2 Ohm

16



The directionality of these currents has been chosen arbitrarily. Conservation of current gives
L =1L+ I3 (1.40)

Kirchhoft’s rule for the left loop in the circuit gives
2—40 —113=0 (1.41)

and for the right loop gives
—6—-2L+1I3=0. (1.42)

These are three equations in three unknowns.

If you were lost up until this point, that’s fine. You can start by assuming the following form
for the linear system of equations.

Rearranging them gives

1, -1, —-1I3=0
0 —2I, 4+ 113 =6 (1.43)
4]1 + 0]2 + 1[3 — 2

and putting it in augmented matrix form gives

1 -1 —1]0
0 -2 1 |6]. (1.44)
40 1|2

Performing row operations to isolate as many unknowns as possible gives

1 —1 —-110 1 -1 —110 1 -1 =110
R3 R3 —4R1 2R2
0 -2 1 6 = 0 o 1 |g| fBABF2R2 o o
4 0 1|2 0 4 5 |2 0 0 7 |14
R3 — iR3
1 00]o0 Rl R1— LR2 1 -1 0]2 1 -1 —1lo0
R3+ R1
01 0|-2 = 0 —2 04 ngRerRs 2 1|6
00 1|2 R2 = =512 0 0 12 e - 00 12
We have thus found our solution
11:OA
I=-2A (1.45)
I3=2A

The negative sign means that the current is actually flowing in the opposite direction to what we
assumed.
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If you’ve noticed, there is usually a lot of freedom in the row reduction process, but the end goal
is always similar. The idea is to separate the unknowns into two types. One type of unknown is
a free/independent variable, and the other type is a dependent variable. Isolating which variables
are dependent and independent is an important factor in understanding the set of solutions. Row
reduction is the process by which one identifies the dependent and independent variables and
writes the solution, dependent variables, in terms of the independent variables. If there are no
independent variables, at most one solution exists.

Definition 1.46. Given a linear system of equations as in (1.27), which is written as an augmented

matrix as
a11  A12 ain, | b
Q21 A22 Az | by
. , (1.47)
Am1 Am2 - Amn bm

an echelon form of such an augmented matrix is an equivalent augmented matrix whose matrix
components (to the left of the vertical line) satisfy the following conditions.

(a) All nonzero rows are above any rows containing only zeros.

(b) The first nonzero entry (from the left) of any row is always to the right of the first nonzero
entry of the row directly above it.

(c) All entries in the column below the first nonzero entry of any row are zeros.

Once an augmented matrix is in echelon form, the first nonzero entry in a given row is called
a piwot. The column containing a pivot is called a pivot column while a column that does not
contain a pivot is called a free variable column. A matrix is in reduced echelon form if, in addition,
the following hold.

(d) All pivots are 1.

(e) The pivots are the only nonzero entries in the corresponding pivot columns.
Conditions (b) and (e) together say that all entries above and below a pivot are all zero.

Exercise 1.48. State whether the following augmented matrices are in echelon form. If they are
not, use row operations to find an equivalent matrix that is in echelon form. [Hint: identify the
pivots first.]

5 0 1 —1|5]
(a) [0 0 =1 1 |0
00 0 00
5 0 1 —1]5]
M) oo 0o 010
00 -1 1 |0
5 0 1 —1]5]
€[50 -1 1]0
00 0 0,
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Do the same thing for the previous examples but replace “echelon” with “reduced echelon.”

For example, the pivot columns in the augmented matrix in part (a) are the first and third
columns. The free variable columns are the second and fourth columns. This is because after row
reduction, the solution set for this system is given by x; = 1, x5 is free, x5 = x4, and x4 is free.

It is a fact that the reduced row echelon form of a matrix is always unique provided that the
linear system corresponding to it is consistent. This is why the word “the” is used to describe
it. However, the word “an” was used for just echelon form because there could be many echelon
forms associated to an augmented matrix. Furthermore, a linear system is consistent if and only
if an echelon form of the augmented matrix does not contain any rows of the form

0 - 0 ‘ b] with b nonzero. (1.49)

It is important that we look at an echelon form to determine if the system is consistent or not.

What is the point of having an augmented matrix in echelon form? Let us explain this via an
example, such as (the pivot columns are colored red, in bold font, the pivots are underlined, and
the free variable columns are colored blue, in regular font)

363 -6 3 —9]|15
002 4 0 0 |-8 (1.50)
000 —1 2 4|12

If the variables representing this are given by x1, s, x3, x4, T5, T in order, then the solutions are
of the form

31’1 =15— 61’2 — 3l‘3 -+ 6I4 — 3[[’5 + 9£L'6

—x4 = 12 — 225 — 4xg
with x9, T5, x6 free. However, this hasn’t been reduced completely because, for example, x4 appears

in the equations for 1 and x3, but we know that z, can be expressed in terms of the free variables.
In fact, 4 = —12 + 225 + 4x4. Plugging this into the equations for x; and x3 gives

3xqy = 15 — 6xg — 3x3 + 6(—12 + 225 + 4a6) — 35 + 96 = —57 — 629 — 33 + 925 + 3376
2r3 = —8 — 4(—12 4 2z5 + 4xg) = 40 — 8xy — 1626 (1.52)
Ty = —12 —I— 2£L'5 —I— 41’6

which gets rid of all occurrences of x4 in the expressions for x; and x3. Unfortunately, xs also
appears in the expression for x; even though it is now apparent that 3 is expressed solely in terms
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of the free variables. Plugging this into the equation for x; gives
3xy = =57 — 6xg — 3(20 — 45 — 8xg) + 95 + 33w = —117 — 69 + 2125 + 5726
3 = 20 — 4x5 — 8 (1.53)
T4 = —12 4+ 2x5 + 4dzg
Finally, dividing the equation involving x; by 3 gives
1 = —39 — 2z + Txs5 + 1926
r3 = 20 — 4x5 — 814 (1.54)
Ty = —12 + 225 + 4xg
Thus, the point of having an augmented matrix in echelon form is to be able to write the set of
solutions by successively plugging in expressions for the latter pivot variables into the former pivot

variables if they ever appear. This procedure is precisely the last few steps that takes the echelon
form augmented matrix to its reduced echelon form

1200 -7 —-19|-39
0010 4 8 20 (1.55)
0001 -2 —4]|-12

after which no further reduction/simplification can be made.

Recommended Exercises. Exercises 12, 16, 18, 20, and 28 in Section 1.1 and Exercises 7 and 14

(15 in [2]) in Section 1.6 in [3]. Be able to show all your work, step by step! Do not use calculators
or computer programs to solve any problems unless otherwise stated!

In this lecture, we finished Section 1.1 and worked through parts of Section 1.6 of [Lay].
We have also introduce a lot of terminology that you should get comfortable with. Understand
each definition (in particular, if a definition is describing something, be sure to know what it is
describing), have examples associated with each concept, and also have non-examples to know
when definitions do not apply or when they fail.

Terminology checklist

linear system

augmented matrix

consistent

inconsistent

solution set

equivalent (system)

row operations

flow in = flow out

pivot

pivot column

free variable

free variable column

echelon form

reduced echelon form
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2 Vectors and span

In our earlier examples of temperature on a rod and currents in a circuit, the arrays of numbers

given by
T,
T1 b
? & I (2.1)
Ty ;
T, 3

are examples of vectors in R* and R3, respectively. Here R is the set of real numbers and R" is

the set of n-tuples of real numbers where n is a positive integer being one of 1,2,3.4,...,

R":={(z1,....,2,) : ;; €R Vi=1,...,n}. (2.2)
Given two vectors in R”,
ai by
& : (2.3)
an bn

we can take their sum defined by

aq b1 a; + b1
]| = c . (2.4)
an, by, an + b,

We can also scale each vector by any number ¢ in R by

ap cay
cl:l=171:1]. (2.5)

ap, can,
The above descriptions of vectors are algebraic and we’ve illustrated their algebraic structures

(addition and scaling). Vectors can also be visualized when n = 1,2, 3. Vectors are more than just
points in space. For example, a billiard ball on an infinite pool table has a well-defined position.

You see it. It’s right there. When it moves in one instant of time, the difference from the final
position to the initial position provides us with a length together with a direction.

21



This is often called the displacement. Thus, to define vectors, a reference point must be specified.
In the above example, the reference point is the initial position. A fixed observer (one that does
not move in time) can also act as a reference point. This provides any other point with a length
and a direction.

In many applications, the reference point will be called “zero” because often, the numerical values
of the entries can be taken to be 0. One such example is the vector of temperatures, currents,
traffic flows, etc.. Notice that the choice of 0 is really just a reference point and is not always
universal in any sense. For example, for temperatures, we can choose 0 to be 0 in Celcius. In this
case, 0 in Fahrenheit would actually be about —18 degrees Celcius, which is not 0. If we didn’t
specify which units we were using for temperature, 0 would be ambiguous, and we would not be
able to define a temperature vector as in our previous example. Hence, to define vectors, we need
to specify such a reference point. This is why we can define a vector as a tuple of numbers—this
definition assumes we have already specified this reference point. We will often write vectors with
an arrow over them as in @ and b when n, the number of entries of said vector, is understood.

Definition 2.6. Let S := {t1,...,,} be a set of m vectors in R™. The span of S is the set of all
vectors of the form®

m
E (Iﬂ_}'l’ = CL1'(71 + - Clm’l_)'m, (27)
i=1

where the a; can be any real number. For a fixed set of a;, the right-hand-side of (2.7) is called a
linear combination of the vectors v;.

5Please do not confuse the notation ¥; with the components of the vector #;. It can be confusing with these
indices, but to be very clear, we could write the components of the vector v; as

(Uz')l

(01)n
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In set-theoretic notation, we would write the span in this definition as

span(S) = {Zaiﬁi eR" : ay,...,an, GR}. (2.8)
i=1

The span of vectors in R? and R? can be visualized quite nicely.

Problem 2.9. In the following figure, vectors u, v, W, ws, w3, W, are depicted with a grid showing
unit markings.

(2.10)

What linear combinations of @ and ¢ will produce the other bullets drawn in the graph?

Answer. To answer this question, it helps to draw the integral grid associated to the vectors «
and ¢. This is the set of linear combinations

aii + bii (2.11)

such that a,b € Z, i.e. a and b are both integers. The intersections of the red lines in the following
image depict these integral linear combinations.

(2.12)

As you can see, the bullets lie exactly on these intersections. Hence, we should be able to find
integers a;, b; € Z such that



for all i« = 1,2, 3,4. For example, for @, moving once along 4 and then ¥ (or in the other order)
gets us to w,

Wy =i+ 7 (2.14)

so that a; = 1 and b; = 1. Wy and wy are relatively simple to see because they are just the vectors
u and v flipped, i.e.
Wy = —U & Wy = —10. (2.15)

For 3, we illustrate the combinations

Wy = —i — T (2.16)

The intersections of the red grid only depict integral linear combinations, but by scaling these
vectors by any real number, the entire plane can be filled.

Problem 2.17. In the previous example, show that every vector

[Zj (2.18)

can be written as a linear combination of @ and ¢. Thus {#, 7} spans R.

Answer. To see this, note that

i = {_QJ & U= {_21} : (2.19)
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To prove the claim, we must find real numbers a; and ay such that

ay @ + ay¥ = lbl} . (2.20)
by
But the left-hand-side is given by
N N 2 —1| 25) | 2a4 —as| (24) | 2a1 — ao
= = = ) 2.21
ity = {—1] e { 2 } {—al] " [2@2] [—@1 + 26621 (221)

Therefore, we need to solve the linear system of equations given by

2(11 — ag = bl

(2.22)
—aq + 2&2 = bz,
which should by now be a familiar procedure. Put it in augmented matrix form
2 —1|0b]
2.23
-1 2 | by (223)
Permute the first and second rows i
-1 2 |b
2.24
2 —1|bh (224)
Add two of row 1 to row 2 to get
-1 2 by
2.25
{ 0 3|0+ QbJ (225)
This is now in echelon form. Multiply row 1 by —1 and divide row 2 by 3
1 =2 —by
2.26
[0 1 %(bl + 262)} (2:26)
Add 2 of row 2 to row 1 )
L 0| —=by+ 5(by + 2b2)
2.27
[0 1 5 (b1 + 2b,) (2.27)
which is equal to
1 0] %(2by + by)
3 2.28
{O 1 %(bl + 2by) (228)
which says that
by 20y + b\ by + 2bs\
= : 2.29
)= () e (B5) =
For example,
2 4 2
= U+ =U. 2.30
{O} 34 + 50 (2.30)

Exercise 2.31. Vectors ¢ and ¥ are drawn (as solid arrows) with the center point being the origin
in R% Express the vectors )y, W, and w3 (drawn as dashed arrows) as linear combinations of @
and .
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Wy = U+ v
Ws = U+ U
Wy = U+ v
Wy = U+ U

You may have noticed that to express vectors as linear combinations of other vectors, we never
needed to add any numbers together. All that was needed was that all of the vectors had the
same reference point, i.e. origin. Once an origin is chosen, the span of the vectors given is the set
of all linear combinations of the vectors, where linear combinations in this context means that we
can scale the vectors and add them by putting them together “from head to toe.” This gives us a
geometric meaning of the concept of span for vectors that have the same origin. We cannot make
sense of vector addition when the vectors do not have the same reference point. For example, if a
train is traveling northwest towards Chicago at 50 mph and a completely different train is traveling
northeast to Boston at 70 mph, then it doesn’t make sense to add their velocities. However, if
I decided to ride a skateboard through the halls of the train going towards Chicago at 10 mph
towards the front of the train, I can put the velocities together in several possible ways. With
respect to a reference point given by someone waiting outside at a station, I would appear to be
moving at 50 4+ 10 = 60 mph northwest. With respect to someone on the Chicago train, I'm just
moving 10 mph northwest. From my perspective, if I didn’t notice any friction or air resistance, I
would think I'm not moving at all! Instead, the objects in the train would be moving at 10 mph
behind me and the world outside the train would be moving at 60 mph behind me.

Recommended Exercises. Exercises 12, 16, 23, and 31 in Section 1.2 of [3]. Exercises 8, 25, 26,
and 28 (you may use a calculator for exercise 28) in Section 1.3 of [3]. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems unless
otherwise stated!

In this lecture, we finished Sections 1.2 and 1.3 of [Lay].

Terminology checklist

vector
set notation {,:}, €,V,R,Z etc.
linear combination

span

26



3 Solution sets of linear systems

We will skip Section 1.4 in [Lay| for now. We just discussed the span of vectors, but let’s review
it and discuss the relationship between the span and the solution set of a linear system.

Problem 3.1. In Example 1.28, we graphed two planes and their intersection, which was the set
of solutions to the corresponding linear system. This intersection was a line. This line is spanned
by a vector in the sense that if p'is a vector on the line chosen as some reference point and « is a
vector that points in a direction along the line whose origin is p.

£y

Give one example of a vector that spans the solution set of Example 1.28. In particular, give a
reference point (origin) for this vector?

Answer. The set of solutions was given by

{(t,%(3+t),%(3t — 1)) eER® : te R}. (3.2)

We have used the variable t only because we will interpret it as time. Using the notation of vectors
written vertically, this looks like

t
1B+t | eR’ : teR . (3.3)

Sat-1
We can split any vector in this set into a constant vector plus a vector multiplied by (the common
factor) ¢ as

t 0 1
13414) | =1 3/2 | +t|1/2]. (3.4)
W6t-1]  L-1/2 3/2

As t varies over the set of real numbers, this traces out a straight line. This describes the solution
to (1.29) in parametric form. This line coincides with the “span” of the vector

1
1/2 (3.5)
3/2
whose origin is at
0
3/2 . (3.6)
—1/2
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Again, the reason “span” is in quotes is because this is not exactly the span of the vector if we
wrote its coordinates. It is the span of that vector when viewed as origin starting at p instead of
0. We will learn soon that this is technically the affine span of two vectors along the line. More
precisely, the line in R3 described by the set of vectors of the form

0 1
3/2 | +t|1/2| €eR® : teR (3.7)
—1/2 3/2
can also be written as
0 1
(1—t)| 3/2 | +t|2| €eR® . teR,. (3.8)
-1/2 1
0 1
The latter expresses the line as the affine span of the vectors | 3/2 | and [2| because it describes
—1/2 1

the straight line through these two vectors. More about this will be discussed in a few sections.

Problem 3.9. Find two vectors with the same origin so that they span the solution set of the
linear system
—r—y+z=-2 (3.10)

with respect to that origin.

Answer. Since z can be solved in terms of x and y via z = x 4+ y — 2, the set of solutions is given

by
T
Y eR® : z,yeR}. (3.11)
T+y—2
Each such vector can be expressed as
T 0 1
Yy =10 |+z|0|+y|1]. (3.12)
T+y—2 -2 1
The origin can therefore be taken as
0
0. (3.13)
—2

Since z and y can vary over the set of real numbers, two vectors that span this solution set are

1
& 1. (3.14)
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Proposition 3.15. Using the notation from Definition 1.26, if

Y1 21
and Z=|: (3.16)

Yn Zn

<y
I

are both solutions of the linear system (1.27), then every point on the straight line passing through
both the vectors & and § is a solution to (1.27).

This result is surprising! In particular, it says that if we have two distinct solutions of a linear
system, then we automatically have infinitely many solutions! To see that this fails for non-linear
systems, consider the quadratic polynomial of the form z? — 2 (with z taking values in R)

_1.2_2 9 |

The two solutions are y := V2 and z := —/2 but there are no other solutions at all!

Proof. The straight line passing through ¢ and Z can be described parametrically as®

(1—t)yr +tz

Rt (1—t)f+1t7= (3.17)

(1 —t)yn +tz,

We have to show that each point on this line is a solution. It suffices to show this for the i-th
equation in (1.27) for any ¢ € {1,...,m}. Plugging in a point along the straight line, we get

@it <(1 — )y + tZl) +o am((l —t)y, + th> =(1-1) (ailyl + et ainyn>
+ t(ailzl + -4 CLmZn>

(1— £)b; + thy

b;

(3.18)

using the distributive law (among other properties) for adding and multiplying real numbers. W

5You might have written down a different formula, but the line you get should be the same as the one we get
here.
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Problem 3.19 (Exercise 1.6.8 in [Lay]). Consider a chemical reaction that turns limestone CaCOj
and acid H3O into water HyO, calcium Ca, and carbon dioxide CO,. In a chemical reaction, all
elements must be accounted for. Find the appropriate ratios of these compounds and elements
needed for this reaction to occur without other waste products.

Answer. Introduce variables x1, x9, x3, x4 and x5 for the coefficients of limestone, acid, water, cal-
cium, and carbon dioxide, respectively. The elements appearing in these compounds and elements
are H, O, C, and Ca. We can therefore write the compounds as a vector in these variables (in this
order). For example, limestone, CaCOs, is

+—H
+ O
+ C
+ Ca

(3.20)

= = W O

since it is composed of zero hydrogen atoms, three oxygen atoms, one carbon atom, and one
calcium atom. Thus, the linear system we need to solve is given by

xlCaCOg + IQHgO = l’gHQO + I4Ca + 1’5002

0 3 2 0 0

T + o L = T3 L + 24 X + x5 2 (321)
1 0 0 0 1
1 0 0 1 0

The associated augmented matrix together with the row reduction procedure is

03 -2 0 010 03 -2 0 010
31 -1 0 =210 R3— R3— R4 01 -1 3 =210
1 0 O 0O —-110 R2+— R2 —3R4 00 0 1 —-110
10 0 -1 010 10 0 -1 010
Rl— R1—-3R2
10 0 -1 010 00 1 -9 6 |0
01 -1 3 =210 permute 01 -1 3 =210
00 1 -9 610 00 0 1 -110
00 0O 1 -110 10 0 -1 010
Rl1— R1+ R4
R2+— R2+ R3
100 0 —-1|0 1000 —-1/0
01 0 -6 410 R3+— R3+9R4 01 00 =210
001 -9 6|0 R2— R2+6R4 001 0 =310
000 1 -110 0001 —-110
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Now the augmented matrix is in reduced echelon form. Notice that although solutions exist, they
are not unique! We saw this happening in Example 1.28. Let us write the concentrations in terms
of x5, the concentration of calcium (this choice is somewhat arbitrary).

T1 = Ts, To = 2T5, T3 = 3ws, T4 = Ts, x5 free. (3.22)
Thus, the resulting reaction is given by
15CaCO3 + 225H30 — 325H50 + 25Ca + 25C0O, (3.23)
It is common to set the smallest quantity to 1 so that this becomes
CaCOj3 + 2H50 — 3H,0 + Ca 4 COs,. (3.24)

Nevertheless, we do not have to do this, and a proper way to express the solution is in parametric
form in terms of the concentration of calcium (for instance) as

T
X2
(3.25)

I3| = Is
Ty

— = W N

X5

We did not have to choose calcium as the free variable. Any of the other elements would have
been as good of a choice as any other, but in some instances, the resulting coefficients might be
fractions.

The previous example leads us to the notion of homogeneous linear systems. For brevity, instead
of writing the linear system (1.27) over and over again, we use the shorthand notation (for now,

it is only notation!)
AZ =b. (3.26)

Definition 3.27. A linear system AZ = b is said to be homogeneous whenever b=10.

Note that a homogeneous linear system always has at least one solution (as we saw in Problem
1.36), namely ¥ = 0, which is called the trivial solution. For example, the trivial solution to

Example 1.1 signifies that there are no cars going down any of the roads, a perfectly valid (yet
perhaps suspicious) solution. We have also noticed in the example that there is a free variable in
the solution. This is a generic phenomena:

Theorem 3.28. The homogeneous equation AT = 0 has a nontrivial solution if and only if 7 the
corresponding system of linear equations has a free variable.

"To prove a statement of the form “A if and only if B,” one must show that A implies B and B implies A. In a
proof, we often depict the former by (=) and the latter by (<).
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Proof.
(=) Let Z be a non-zero vector (i.e. a non-trivial solution) that satisfies A7 = 0. Since 0 is also
a solution, this system has two distinct solutions. By Proposition 3.15, all the points along the
straight line

R>t— (1—1)0+t7 =7 (3.29)
are solutions as well. Since ¥ is not zero, at least one of the components is non-zero. Suppose it
is x; for some i € {1,...,n}. Setting ¢ := xi shows that the vector

_ 5171/33i _
331'71/901'

1 (3.30)

$i+1/l’i

| xn/xz i

is also a solution. Hence, any constant multiple of this vector is also a solution. In particular, z;
can be taken to be a free variable for the linear system since

T —351/1’1'_
N E2yen

(<) Suppose that z; is a free variable. Setting x; = 1 and all other free variables (if they exist) to
zero gives a non-trivial solution to AZ = 0. ]

In (3.25), the solution of the homogeneous equation was written in the form
T=p+10 (3.32)

where in that example § was 0, ¢ was x5, and 7 was the vector

(3.33)

— = W N

This form of the solution of a linear equation is also in parametric form because its value depends
on an additional unspecified parameter, which in this case is ¢t. In other words, all solutions are
valid as ¢ varies over the real numbers. For a homogeneous equation, 7 is always 0. In fact, there
could be more than one such parameter involved.
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Theorem 3.34. Suppose that the linear system described by Ax = b is consistent and let T = P be
a solution. Then the solution set of AZ = b is the set of all vectors of the form p+ 4 where U is
any solution of the homogeneous equation At = 0.

Proof. Let S be the solution set of A7 = l;, ie.
S::{feﬂv/:Afzg} (3.35)

The claim that we must prove is that for some fized (also known as particular) solution p' € R"
satisfying Ap' = b,
S = {ﬁ+UeR” : Aﬁzﬁ}. (3.36)

Let’s call the right-hand-side of (3.36) 7. To prove that two sets are equal, S = T, we must show
that each one is contained in the other. First let us show that T is contained in S, which is written
mathematically as T' C S. To prove this, let & := p+u € T so that p satisfies Ap = b and 7 satisfies
At = 0. By a similar calculation as in (3.18), we see that AZ = 0 (I'm leaving this calculation to
you as an exercise). This shows that & € S so that T" C S (because we showed that any arbitrary
element in 7" is in S).

Now let # € S. This means that AZ = b. Our goal is to find a « that satisfies the two conditions

(a) Ad =0 and
(b) &= p+ .
This would prove that ¥ € T. Let’s therefore define @ to be @ := ¥ — p. Then, by a similar

calculation as in (3.18), we see that A# = 0 (exercise!). Also, from this definition, it immediately
follows that g+ u = p+ (f— ]7) = Z. Hence, S C T.

Together, T'C S and S C T prove that S =T. [ |
This theorem says that the solution set of a consistent linear system A7 = b can be expressed

as
T=p+tt + -+ tpig, (3.37)
where p'is one solution of AT = g, k is a positive integer, {t1,...,tx} are the parameters (real
numbers), and the set {ay, ..., 4} spans the solution set of AZ = 0. A linear combination of

solutions to AZ = 0 is a solution as well. Here’s an application of the theorem.
Problem 3.38. Consider the linear system
201 + 4xg — 205 = 2
et Z ) Z _ 1_1 (3.39)
T3 — Ty — x5 =0

Check that

(3.40)

Ty
I
_ o O O =
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is a solution to this linear system. Then, find all the solutions of this system.

Answer. I'll leave the check that p'is a solution to you. To find all the solutions, all we need to
do now is solve the homogeneous system

21’1+4$2—22§5:0
—$1—2ZE2+1’3—$4:0 (341)
ry— 25 =0 '

T3 — Ty — Ty = 0
This is a little easier than solving the original system because we have fewer numbers to keep track

of (and therefore have a less likely probability of making a mistake!). After row reduction, the
augmented matrix becomes (exercise!)

1 200 —-11]0
0010 =20
42
0001 =110 (3.42)
00 0O0 010
which is in reduced echelon form. The set of solutions here are all of the form
(25 — 215 | [ 2] [1]
i) 1 0
Ty 0 1
| Ty i | 0 ] _1_

with xs, x5 free. Hence, the set of solutions of the linear system consists of vectors of the form

+ 29 + x5 (344)

— =N O =

m{:HOOO»—

-~
u

where x5, x5 € R are the free variables.

Exercise 3.45. State whether the following claims are True or False. If the claim is true, be
able to precisely deduce why the claim is true. If the claim is false, be able to provide an explicit
counter-example.

(a) If there is a nonzero (aka nontrivial) solution to a linear homogeneous system, then there are
infinitely many solutions.

(b) If there are infinitely many solutions to a linear system, then the system is homogeneous.

(¢) & =0 is always a solution to every linear system AZ = b.
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We have introduced several kinds of notation for linear systems so far. All of the following are
equivalent ways of describing the same linear system:

(a) as a collection of linear equations

1121 + A12T2 + *++ + ATy = bl

2121 + ATy + - - + ATy = by

(3.46)

1T + Qoo + - + ATy, = by,

(b) as an augmented matriz (with the understanding that the columns are read from left to right

in the order 1,9, ..., x,)
ain a2 o0 A | b
Qg1 gy -+ Qo | by ( 3 47)
Am1 Gm2  ** Qmp | b
(c) as a single vector equation
an a2 A1n by
o | [ e | = bf (3.48)
A1 Am2 A b,
(d) as a matriz equation B
AT =1, (3.49)

The meaning of this last version will make more sense when we discuss linear transformations
and matrices.

Recommended Exercises. Exercises 15, 27, and 40 in Section 1.5 of [Lay]. Exercises 7 and 15
(this one is similar to the circuit problem from last class) in Section 1.6 of [Lay]. You may (and
are encouraged to) use any theorems we have done in class! Be able to show all your work, step
by step! Do not use calculators or computer programs to solve any problems!

Today, we finished Sections 1.5 and 1.6 of [Lay| (we skipped Section 1.4). Whenever you see
the equation AZ = b, just read it as the associated linear system as in (1.27). We will not provide
an algebraic interpretation of the expression “Ax’

Y

until a few lectures from now.
Terminology checklist

parametric form

affine span

homogeneous linear system

trivial solution

homogeneous solution

particular solution
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4 Linear independence and dimension of solution sets

The solution sets of Problems 3.1 and 3.9 are visually different, and we would like to say that the
span of one nonzero vector is a 1-dimensional line and the span of the two vectors in (3.14) is a
2-dimensional plane. But we need to be a bit more precise about what we mean by dimension.
To get there, we first introduce the notion of linear independence. Heuristically, a solution set is
n-dimensional if the minimum number of vectors needed to span it is n. This would answer our
earlier question when we did Example 1.1 for traffic flow. The dimensionality of the solution set
corresponds to the minimal number of people needed to count traffic to obtain the full traffic flow
for a given set of streets and intersections. Where we place those people is related to a choice of
linearly independent vectors that span the set of solutions.

Definition 4.1. A set of vectors {uy, ..., U} in R" is linearly independent if the solution set of

the vector equation
Tyl + -+ apily =0 (4.2)

consists of only the trivial solution. Otherwise, the set is said to be linearly dependent in which

case there exist some coefficients xy, ..., 2y, not all of which are zero, such that (4.2) holds.

Example 4.3. The vectors

1 -3
-2 & 6 (4.4)
0 0
are linearly dependent because
[—37 1
6| =-3|-2 (4.5)
L 0 0
so that -
1 -3
32|+ ]6 |=0. (4.6)
| 0] 0

Example 4.7. The vectors

o b 43

are linearly independent for the following reason. Let x; and x5 be two real numbers such that

[

This equation describes the linear system associated to the augmented matrix

E _11 8] . (4.10)
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Performing row operations,

1 —1|0| resr2-r1 |1 —1]0] R2=4R2 |1 —1|0| risri+r2 [1 0|0 (4.11)
1 110 0 210 0 2|0 0 1]0]° '
The only solution to (4.9) is therefore x; = 0 and x5 = 0. Thus, the two vectors in (4.8) are linearly

independent.

Example 4.12. A set {u, U} of two vectors in R™ is linearly dependent if and only if® one can
be written as a scalar multiple of the other, i.e. there exists a real number ¢ such that u; = cus

or? cily = Uy. 10

Proof. First'! note that the associated vector equation is of the form
211y + 2oty = 0, (4.13)
where!? x; and x5 are coefficients, or upon rearranging
U = —Tols. (4.14)

(=) If the set is linearly dependent, then z; and x5 cannot both be zero.!® Without loss of
generality, suppose that x; is nonzero.!* Then dividing both sides of (4.14) by z; gives

- T2
= ——Us. 4.15
U1l o U2 ( )

Thus, setting ¢ := —2 proves the first claim'® (a similar argument can be made if 5 is nonzero).

t17

(<) Conversely,'® suppose that there exists a real number ¢ such that'” @; = ciy. Then

i —cliy =0 (4.16)

8If A and B are statements, the phrase “A if and only if B” means two things. First, it means “A implies B.”
Second, it means “B implies A.”

9In mathematics, the word “or” is never exclusive. If “A or B” are true, it always means that “at least one of
A or B is true.” It does not mean that if A is true, then B is false, or vice versa. If A happens to be true, we make
no additional assumptions about B (and vice versa).

10 Tn what follows, we will work through the proof very closely. We will try to guide you using footnotes so that
you know what is part of the proof and what is based on intuition. Instead of first teaching you how to do proofs
from scratch, we will go through several examples so that you see what they are like first. This is like learning a new
language. Before learning the grammar, you want to first listen to people talking to get a feel for what the language
sounds like. Then, when you learn the alphabet, you want to read a few passages before you start constructing
sentences on your own. The point is not to know/memorize proofs. The point is to know how to read, understand,
and construct proofs of your own.

HBefore proving anything, we just recall what the vector equation is to remind us of what we’ll need to refer to.

2Tf you introduce notation in a proof, please say what it is every time!

13What we have done so far is just state the definition of what it means for {iy, s} to be linearly dependent.
Stating these definitions to remind ourselves of what we know is a large part of the battle in constructing a proof.

14We know from the definition that at least one of 1 or z4 is not zero but we do not know which one. It won’t
matter which one we pick in the end (some insight is required to notice this), so we may use the phrase “without
loss of generality” to cover all other possible cases.

15Remember, we wanted to show that i is a scalar multiple of 5.

16We say “conversely” when we want to prove an assertion in the opposite direction to the previously proven
assertion.

"Remember, this is literally the latter assumption in the claim.
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showing that the set {u;, @y} is linearly dependent since the coefficient in front of #; is nonzero (it

is 1).18 [ ]
Example 4.17. Let
1 0 0
z:= |0}, g:= |1/, & z:= |0 (4.18)
0 0 1

be the three unit vectors in R3. A lot of different notation is used for this, sometimes 1z, j, and /2:,
and sometimes €}, &, and €3, respectively. In addition, let @ be any other vector in R*. Then the
set {%,9, z,u} is linearly dependent because u can be written as a linear combination of the three
unit vectors. This is apparent if we write

Uy
us
since
Here’s a slightly more complicated example.
Example 4.21. The vectors
1 -1
, 1], & -2 (4.22)
1 3 -3

are linearly dependent. This is a little bit more difficult to see so let us try to solve it from scratch.
We must find z1, x5, and x5 such that

1 2 -1 0
1 3 -3 0

Putting the left-hand-side together into a single vector gives us an equality of vectors

xrq + 2.172 — T3 0
T+ 31’2 — 3$3 0

We therefore have to solve the linear system whose augmented matrix is given by

—210 (4.25)

18Recall the definition of what it means to be linearly dependent and confirm that you agree with the conclusion.
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which after some row operations is equivalent to

10 310
01 =210 (4.26)
00 010

This has non-zero solutions. Setting x3 = —1 (we don’t have to do this—we can leave 3 as a free

variable, but T just want to show that we can write the last vector in terms of the first two) shows
that

~1 1 2
—2| =3 o] —2|1]. (4.27)
-3 1 3

The previous examples hint at a more general situation.

Theorem 4.28. Let S := {i;,..., U} be a set of vectors in R™. S is linearly dependent if and
only if at least one vector from S can be written as a linear combination of the others.

The proof of Theorem 4.28 will be similar to the previous example. Why should we expect
this? Well, if k = 3, then we have {u;, Uy, 3} and we could imagine doing something very similar.
Think about this! If you're not comfortable working with arbitrary k just yet, specialize to the
case k = 3 and try to mimic the previous proof. Then try & = 4. Do you see the pattern? Once
you're ready, try the following.'?

Proof. The vector equation associated to S is

k
> iy =0, (4.29)
j=1

where the z; are coefficients.

(=) If the set S is linearly dependent, then there exists® a nonzero x; (for some i between 1 and
k). Therefore,

k
- Z Lj\ o

where the sum is over all numbers j from 1 to k except 7. Hence, the vector u; can be written as
a linear combination of the others.

(<) Conversely, suppose that there exists a vector u; from S that can be written as a linear
combination of the others, i.e.

k
0= Yy, (431)

7j=1
J#i

I9Tf this is your first time proving things outside of geometry in highschool, study how these proofs are written.
Try to prove things on your own. Do not be discouraged if you are wrong. Keep trying. A good book on learning
how to think about proofs is How to Solve It by G. Polya [4]. A course in discrete mathematics also helps. Practice,
practice, practice!

20By definition of a linearly dependent set, at least one of the z;’s must be nonzero. This is phrased concisely
by the statement “there exists a nonzero x;...”.
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where the y; are real numbers.?! Rearranging gives
k
iy = il =0, (4.32)
J#
and we see that the coefficient in front of u; is nonzero (it is 1). Hence S is linearly dependent. W
Let’s give a simple application of this theorem.

Example 4.33. On a computer, colors can be obtained from choosing three integers from the set
of numbers {0,1,2,...,255}. These three integers represent the level of red, green, and blue. If

we denote these three colors as constructing a column “vector”,?? we can write
e
G (4.34)
B
255 [0 0
.<—> 0 C—— [255 E<—> 0
0 | 0 255

The <> should be read as “corresponds to.” Because there are 256 numbers allowed for each of
these three colors, the total number of vectors allowed is

(256)% = 16, 777, 216. (4.35)

8-bit computer displays?® work using these colors. Therefore, each pixel on your computer has this
many possibilities. Multiply that by the number of pixels on your computer display. That’s a lot
of information. These colors are all obtained from linear combinations of the form

1 0 0
zr |0 +2¢ |1| + 25 |0 (436)
0 0 1

with xg,zq, 25 € {0,1,2,3,...,255}. For example,

255 1 0
Y — |255| =255 |0| +255 |1| —Jf]+]@
0 0 0

21We call our variables y to avoid potentially confusing them with the previous variables z.

22Technically, these are not vectors. They are just arrays. The reason these are not vectors is because we cannot
scale these arrays by an arbitrary number because the maximum value of any entry is 255. Similarly, we cannot
add combinations of colors arbitrarily because of the maximum and minimum values allowed. Nevertheless, this
example describes the content of the previous theorem with hopefully something you can relate to.

231 need a reference for this.
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255 1] 0]

Bl— | o | =255 |0] +255 0| — ]+ &}
255 u 1]
0 . -

€« |255| =255 |1| +255 |0| —|G +|E]
255 0, 1]

The colors . , G ,and E are linearly independent in the sense of the above definition, namely

G R B B Black (4.37)

the only solution to
is
rp=xg=1xp=0. (4.38)

Using the previous theorem, another way of saying this is that none of the colors ., G , and E
can be expressed in terms of the other two as linear combinations. What about the colors -,
., and E ? Are these linearly independent? Or can we express any of these colors in terms of
the others? Well, we already know we can express - in terms of . and E so the three are

not linearly independent—they are linearly dependent. However, the colors Y , -, and 1€ are
linearly independent—mnone of these colors can be expressed in terms of the others.

Problem 4.39. Is the set of vectors

R I O R I B B (4.40)

linearly independent? Explain your answer.

Answer. To answer this question, we need to solve the system

1 1 —1 1 0
1 —1 0 1 0

for the variables xy, x9, x3, 4. Putting this into an augmented matrix gives

1 1 -1 1]0 1 1 -1 1]0 11 -1 1]0
0 1 1 1|o|E=2E=Edg 10 1 1fo| 220 1 1 10| (4.42)
1 -1 0 1]0 0 -2 1 0]0 00 3 20

This augmented matrix is in echelon form, it is consistent, and it has 3 pivots and 1 free vari-
able. Therefore, there exists more than one solution, and the vectors in the question are linearly
dependent.
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The following two theorems will give quick methods to figure out whether a given set of vectors
is linearly dependent.

Theorem 4.43. Let S := {i,...,ux} be a set of vectors in R"™ with k > n. Then S is linearly
dependent.

Proof. Recall, S is linearly dependent?* if there exist numbers z1, ...,z not all zero such that

k
> ;= 0. (4.44)
=1

This equation can be expressed as a linear system

k
=1

(4.45)

Z xi(u;)n =0,

=1

where® (u;); is the j-th component of the vector ;. In this linear system, there are & unknowns
given by the variables xi,...,x; and there are n equations. Because k > n, there are more
unknowns than equations, and hence there is at least one free variable.?® Let x, be one of these
free variables. Then the other x;’s might depend on z, so we may write z;(z,).>” Then by setting
z, = 1, we find

k
Lii, + > ai(x, = 1)ii; = 0 (4.46)
i=1
i7#p
showing that S is linearly dependent (again since the coefficient in front of ), is nonzero). |
Warning! Using an ezample of S := {u, ..., d;} and showing that it is linearly dependent is not

a proof! We have to prove the claim for all potential cases. Nevertheless, an example helps to see
why the claim might be true in the first place.

Another warning! The theorem does not say that if k& < n, then the set is linearly independent!
This is an important distinction, one that comes from logic. If A is a statement and B is a
statement, then the claim “A implies B” does not imply that “not A implies not B.” Also, “A
implies B” does not imply “B implies A.” However, “A implies B” does imply “not B implies not
A.” To see this in a concrete example, suppose the manager of some company is in charge of giving

24 Again, it is always helpful to constantly remind yourself and the reader of definitions that are crucial to
solving the problem at hand. It is also helpful to use them to introduce notation that has not been introduced in
the statement of the claim (the theorem).

25We have introduced some notation, so we should define it.

26But wait, how do we know that a solution even exists? If a solution doesn’t exist, then our conclusion must
be false! Thankfully, by our earlier comments from the previous lecture, we know that every homogeneous linear
system has at least one solution, namely the trivial solution. Hence, the solution set is not empty.

2TThis is read as “z; is a function of z,.”
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his workers a raise, particularly to those who do not make so much money. If a worker’s salary is
less than $50,000 a year (A), the manager will give them a raise (B). Does this statement imply
that if a worker’s salary is greater than $50,000 a year (not A), then that worker will not get a
raise (not B)? No, it doesn’t. We don’t know what happens in this situation. Similarly, if a worker
received a raise (B), does this mean that the worker must have made less than $50,000 a year (A)?
No, it doesn’t mean that either. If a worker does not receive a raise (not B), then what do we
know? We know that this guarantees that the worker in question could not have a salary that is
less than $50,000 a year because otherwise that worker would get a raise! Hence, the worker must
make more than $50,000 a year (not B).

Theorem 4.47. Let S := {iy, ..., U} be a set of vectors in R™ with at least one of the u; being
zero. Then S is linearly dependent.

Proof. Suppose @; = 0. Then choose? the coefficient of i; to be
1 ifj=i
T = J (4.48)
0 otherwise

Then

> iy = 1i; = 1(0) =0 (4.49)
j=1
because any scalar multiple of the zero vector is the zero vector. Since not all of the coefficients
are zero (one of them is 1), S is linearly dependent. |

Another way to see this result is to imagine 0 was one of the vectors, such as

1 0 ~1
of, o], )%, (4.50)
1 0 0

The augmented matrix associated to finding out if these vectors are linearly independent or not is

10 -1]0
00 1]0]. (4.51)
10 010

The second column is all zeros and will therefore always correspond to a free variable. Because
the system is consistent, there are infinitely many solutions so that the above vectors are linearly
dependent.

Definition 4.52. Let A7 = b be a consistent linear system with a particular solution p. The
dimension of the solution set of AZ = b is the number k € N of linearly independent homogeneous
solutions {7y, ..., U} needed so that the solution set consists of all vectors of the form p+ ¢y +
oottty with ¢, ...t € R

28To show that the set is linearly dependent, we have to find a set of coefficients, not all of which are zero, so
that their linear combination results in the zero vector. The coefficients that I've chosen here are not the only
coeflicients that will work. You may choose have chosen others. All we have to do is exhibit the existence of one
such choice. We do not have to exhaust all posibilities.
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Intuitively, the dimension of the solution set of A¥ = b is the number of free variables you
would find after reducing the augmented matrix [A ‘ 5} to echelon form provided the system is

consistent (we will formally state this soon). If the linear system is inconsistent, then there are
no solutions, so we cannot talk about the dimension. Be careful: this is different from saying that
the number of free variables is zero. If a system A¥ = b is consistent, there might only be one
solution, in which case the number of free variables is zero. There is also something else that is
sneaky about the “definition” of dimension. If you find the vectors {uy, ..., 4} but your neighbor
finds another linearly independent set of vectors {v,...,0;} with [ € N, then does [ = k? In order
for the above definition to make sense, the answer to this question better be yes. In terms of the
augmented matrix, if you redefine the echelon form of a matrix so that the pivots do not have to
go in the order we have demanded, then will the number of free variables still be the same? That’s
not completely obvious to me, so we should prove it.

Theorem 4.53. Let {i;,..., U} and {¥y,..., 0} be two sets of linearly independent vectors that
span the solution set to the homogeneous linear system AZ = 0. Then k = [.

The proof of this introduces more ideas from logic, namely proof by contradiction. This logic
is as follows. To prove that “A implies B” we can “assume that A is true and B is false.” If we
can deduce some logical contradiction (such as “A is false” or “C is false” where C is something
that must be true provided A is true), then the initial assumption, namely that “A is true and
B is false”, is false. Since the claim assumes “A is true,” we must conclude that “B is true.”
The following proof might not be easy to follow if this is your first time proving something by
contradiction. What also makes the following proof difficult is that it is broken up into many
steps. Before we prove it, we will prove an important preliminary fact.

Lemma 4.54. Let V' be the solution set to the homogeneous linear system AT = 0 of m equations
in n variables with m,n € N. Let S := {uy,..., U} be a linearly independent set of vectors such
that span(S) =V and let T := {vy,..., Ui} be a set that spans V, where k,l € N. Then k <.

Proof. Since T spans V, u; can be written as a linear combination of the #’s, i.e. there exist
coefficients c11,...,cy; € R such that

Uy = et + -+ cutp. (4.55)

Since S is linearly independent, Theorem 4.47 says that u; is not zero. Therefore, one of the ¢’s
is not zero, i.e. there exists an i; € {1,...,1} such that cy;, # 0. Therefore, we can divide by it to
write ¥, in terms of the other vectors, namely (the second line just compactifies the expression)

- I C11 Clip—1 - Cliy+1 - Cil
Vi = Uy — Uy — = VUj—1— = VU1 — " — Uy

Cliy C14y Cliy Cliy C14y

l
1 . Cij (456)
== uy — Uy
C1iy = C1iy
J#i

We might sometimes write this as

1 Ci1 . C1
Uy — Uy — - — 17 term — .- —

C1iy C1iy C1iy

(4.57)

b J—
Vi, =



where the wide hat over an expression indicates to exclude it. Now, define
T1 = {617171,.. U“,.. Ul} (458)

which appends u; to T" and removes 0;,. Notice that 77 still spans V. Hence, there exist coefficients
d21,Ca1, -+ Coiys - - -, Cop € R (the hat still means that we exclude this term—I'm only writing it to
keep track of the numbers) such that

—

’l_jg = dgll_l:l + 021171 —+ -+ C?ilﬁil i I ,Cgﬂ_ﬁ. (459)

Claim. There exists an iy € {1,... ,Z'Al, ..., 1} such that ¢y, # 0. Proof of claim. Suppose to the
contradiction that all of the ¢ coefficients were zero in (4.59). Since 5 is not zero, this would say
ly o< 11,%? which contradicts that S is linearly independent (see Example 4.12). End of proof of
claim. Therefore,

l
1
B, = — ity — Z g (4.60)

C2iy 0212 C2z2
# 7]#12

Hence, we can also remove this vector from T}, define

—

Ty = {y, o, U1y ..o, Uyyee oy Uigye o, U ) (4.61)

and 75 still spans V. We can continue to remove one 177;]. at a time from 7;_; and replace it with
a u; to construct T; (instead of using Example 4.12, we need to use Theorem 4.28 to show that
there exist nonzero coefficients c;;;—1I encourage you to do the next step to see this explicitly).
This process ends at T}, where we have

Ty =, ..., U, Voo Uy b (4.62)

where the v,.’s are the leftover ¢’s from this procedure. Note that there are exactly | — k of them.
T}, still spans V' and we have that S is now a subset of T, written as S C T}. Therefore £ <. W

Proof of Theorem 4.53. Lemma 4.54 shows that k£ <[ and [ < k. Hence | = k. |

Theorem 4.63. Let AT = b be a consistent linear system. The dimension of the solution set of
AZ = b is the number of free variables.

Proof. Sorry, that last proof wore me out and so I'm leaving this as an exercise. However, you
should be able to use an idea similar to the proof of Theorem 3.28. |

Example 4.64. One of the conclusions of Example 1.1 was that there are a minimum of five
scouts needed to count traffic in a certain part of Queens, New York. This number corresponded
to the number of free variables we found when row reducing a system describing the traffic flow
through these streets. The number five here corresponds to the dimension of the solution set to
the homogeneous system described by (1.14).

29The notation A oc B means “A is proportional to B”.
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There have been many definitions introduced so far and it is important to not confuse them.

For example, let’s distinguish span from linear independence. Let vy, . .., vy be vectors in R™.

The following are equivalent. The following are equivalent.

(a) b€ span{dy,..., 0} (a) {¥1,...,Ty} is linearly independent
Y AT

(b) |#, --- U |b]| is consistent (b) |0y --- U | 0] has no free variables
| | | ||

(c) there exist real numbers z1, ...,z such (c) the only solution to x10; +- - - +x U = 0

that z,;0; + -+ + x, U, = . sz ==z, =0.

There is also a grammatical difference between the notion of span and linear independence. Span
is used as a moun associated to a collection of vectors while linear independence is used as a
descriptor of such a set, so being linearly independent is an adjective associated to a set.

Recommended Exercises. Exercises 6, 8 (use a theorem!), 36, and 38 in Section 1.7 of [Lay].
You may (and are encouraged to) use any theorems we have done in class! Be able to show all
your work, step by step! Do not use calculators or computer programs to solve any problems!

In this lecture, we finished Section 1.7 of [Lay] and explored some ideas from Section 2.9 of

—

[Lay]. Whenever you see the equation AZ = b, just read it as the associated linear system as in
(1.27).

Terminology checklist

linearly independent

linearly dependent

dimension
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5 Subspaces, bases, and linear manifolds

We need some more experience with vectors in Euclidean space (R™) and certain subsets of it when
working with the systems of equations that appear in linear algebra. We have already seen that
the set of solutions to a system of linear equations is always “linear” in the sense that it is either a
point, a line, a plane, or a higher-dimensional plane. We often distinguish solution sets depending
on whether they contain the zero vector or not.

Definition 5.1. A subspace of R™ is a set H of vectors in R" satisfying the following conditions.
(a) O e H.
(b) For every pair of vectors ¥ and ¢ in H, their sum % + ¢ is also in H.

(c) For every vector ¥ and constant ¢, the scalar multiple ¢/ is in H.

Example 5.2. R” itself is a subspace of R". Also, the set {5} consisting of just the zero vector in
R™ is a subspace.

Are there other subspaces?

Exercise 5.3. Let H be the set of points in R? described by the solution set of
3r —2y+2=0, (5.4)

which is depicted in Figure 6.

Figure 6: A plot of the planes described by 3z — 2y + z = 0 (Exercise 5.3) and 3z —
2y + z = 12 (Exercise 5.6)

Is 0 in H? Let

Uy (%1
U= U9 & U= (%) (55)
Uus U3

be two vectors in H and let ¢ be a real number. Is 4 + ¢ in H? Is ¢ in H?
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Exercise 5.6. Is the set of solutions to
3z —2y+2z=12 (5.7)

a subspace of R3? See Figure 6 for a comparison of this solution set to the one from Exercise 5.3.
If not, what goes wrong?

The last example was a subspace that has been shifted by a vector. To see this, notice that
any point on the set of solutions to 3z — 2y 4+ z = 12 can be expressed as the set of vectors of the
form (exercise!)

x 0 1 0
Y =|0|+2|0]|+y|l (5.8)
12 — 3z + 2y 12 -3 2

for all x,y € R. This is almost the same as the set of solutions of 3z — 2y + z = 0 except for the
additional constant vector (0,0, 12). The set of solutions is of the form p’'+ « where

0
0

1 0
= & d=x2|0]|+yll (5.9)
2

12 -3

are particular and homogeneous solutions, respectively. In other words, if we denote the set of
solutions to 3x — 2y + z = 0 by H and the set of solutions to 3x — 2y + z = 12 by .S, then

S=p+ H, (5.10)
where the latter notation means
p+H ={p+id : ueH} (5.11)

Definition 5.12. A linear manifold (sometimes called an affine subspace®®) in R™ is a subset S of

R™ for which there exists a vector p such that the set
S—p:={0-p:0€S} (5.13)
is a subspace of R".

In other words, a linear manifold is a subspace that is shifted from the origin by some vector.
Therefore, every subspace is a linear manifold (because all we have to do is shift by the zero vector)
but not conversely, meaning that not every linear manifold is a subspace. In fact, we will soon see
that a subspace is precisely a linear manifold that contains the zero vector. But before that, we
will get a feeling for more of the geometric properties of subspaces and linear manifolds.

Exercise 5.14. Is the set of solutions to
3r—2y+2=0 (5.15)

with the constraint that
Pyt <1 (5.16)
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(a) A plot of the set of solutions to 3z —2y+z =0 (b) A plot of the set of solutions to 3z —2y+2z =0
with the constraint z2 + y2 <1. with the constraint % < a4 y2 <1.

Figure 7: A plot of the set of solutions to 3z — 2y 4+ z = 0 with different constraints.

a subspace of R3? See Figure 7a. What goes wrong? Which of the three properties of the definition
of subspace remain valid even in this example? What about the same linear system but with the

constraint that
<2yt <1? (5.17)

See Figure 7b. Are either of these linear manifolds?
The previous example leads to the following definition and hints at the following fact.

Theorem 5.18. Let AT = b be a consistent linear system of m equations in n unknowns. Then
the set of solutions to this system is a linear manifold in R™. Furthermore, if b = 0, then the set
of solutions is a subspace.

Proof. We first prove the second claim. Let H be the solution set of A7 = 0. Then A0 = 0 so that
0 is a solution. If @ and @ are solutions, then A(7 + ) = A + AT = 0+ 0 = 0 so that @ + 7 is a
solution. If @ is a solution, then A(c#) = cAil = ¢0 = 0 so that ci is a solution for all ¢ € R.

To prove the first claim, let S be the solution set of A¥ = b and let p € S. By Theorem 3.34,
S = H + p. Hence, H = S — p'is a subspace by the previous paragraph. Therefore, S is a linear
manifold. |

Definition 5.19. A basis for a subspace H of R™ is a set of vectors that is both linearly independent
and spans H. A tangent basis for a linear manifold S in R" at a point p’ € S is a basis for the

subspace H := S — p.

Why do we call it a tangent basis when talking about a linear manifold? There are two reasons.
First of all, we use tangent basis because it should remind you of the tangent space to a surface
in three-dimensional space. For example, the tangent space to the north pole on a sphere is a
plane that is tangent to the sphere and has its origin at the north pole. A tangent basis for this
plane consists of two tangent vectors whose origins begin at the north pole (see Figure 8). The

30T will avoid this terminology because we are already using the word “subspace” to mean something else.
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Figure 8: A sphere with tangent plane at the north pole together with a tangent basis.

second reason we call it a tangent basis in the context of linear manifolds is because we will later
introduce the closely related concept of an affine basis. These will be vectors whose origin is the
zero vector in Euclidean space (so the origin is not the north pole in the sphere example). One
relationship between these two slightly different definitions is summarized in Figure 9.

Figure 9: A sphere with tangent plane at the north pole together with a tangent basis
(in black) and an affine basis (in white). The sphere is centered at the origin. The
image has been tilted from Figure 8 so that it is easier to see the affine basis.

Exercise 5.20. Going back to our previous example of the plane in R3 specified by the linear

System
3x—2y+2=0, (5.21)

what is a basis for the vectors in this plane? Since the set of all vectors

y (5.22)

z

satisfying this linear system define this plane, we just need to find a basis for these solutions. We
know that if we specify x and y as our free variables, then a general solution of this system is of

the form
T

Y (5.23)
-3z + 2y
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with z and y free. How about testing the cases + = 1 with y = 0 and x = 0 with y = 1?7 This
gives
1 0
& 1 (5.24)
-3 2

respectively. Any other vector in the solution set is a linear combination of these two vectors.

Definition 5.25. The number of elements in a basis for a subspace H of R" is the dimension of
H and is denoted by dim H.

As before, the fact that this number is well-defined is not obvious. How can we be sure that any
two choices of bases have the same number of vectors in them? However, the proof given for the
dimension of a solution set in Theorem 4.53 is exactly the same as the proof of this claim. Given
an arbitrary set of vectors, one can always reduce this set enough so that the left-over vectors form
a basis for the span of the initial set of vectors.

Theorem 5.26. Let k € N and let {v}, ..., U} be a set of vectors in R™ and set H := span{v, ..., U }.
Then either H = {0} or there exists a finite subset {T;,,..., 0} for some | € {1,...,k} of
{¥1,..., U} that is linearly independent and span{t;,,...,v;,} = H, i.e. {¥;,,...,0;} is a basis for
H.

Proof. The only way that H = {6} is if every vector is the zero vector. Otherwise, we proceed by
exhaustion. If {7,..., 7} is linearly independent already, then we are done. Else, by Theorem
4.28, there exists a number i; € {1,...,k} so that the vector ¢, € {¥,...,0;} can be expressed
as a linear combination of the others. Then

span{y, ..., Ui, 1, Uiy 41, .-, Uk = H. (5.27)

If now {¢, ..., 1, ¥ 41,- .-, 0k} is linearly independent, then we are done. Else, we repeat the
procedure until we have obtained a linearly independent subset of vectors. This procedure must
end because the number of vectors is finite and because at least one of the vectors is non-zero. W

If it is not clear which vectors are linear combinations of the others, there is a systematic way
of determining which vectors one can get rid of. Write

—

v -+ U |0 (5.28)
| ]

as an augmented matrix and row reduce. The pivot columns of the original augmented matrix
form a basis for the span of all the vectors. In other words, one can remove the vectors whose
columns correspond to the free variables. The following example illustrates how this can be done.

Problem 5.29. Find a basis for the subspace spanned by the following set of vectors

(T« 7 B 7] A B T )

1 2] o] [-1
ol [=1] [1] |1
1, o, [2],]1]}% (5.30)
~1| |-2| |o| |1

Lo (-1 [ |t




in R®.

Answer. Let H be the subspace spanned by the given vectors. Row reducing the associated
augmented matrix gives

(1 2 0 —1]0] [t o0 2 1]0]
0O -1 1 110 01 -1 =110
1 0 2 10— 1]0O0 0 010 (5.31)
-1 -2 0 110 00 0 010
|0 -1 1 1|0} 00 0 0 |0]
in reduce echelon form.?' The first two columns are pivot columns. Hence,
(1] [2])
0 -1
11,10 (5.32)
-1 —2
\ L 0 i __1_ J

forms a basis for H.

A linear manifold is equivalently described by the geometric property that says it contains the
straight line (going infinitely far in both directions) through any two points inside of it.

Theorem 5.33. A nonempty subset S C R"™ is a linear manifold if and only if for any two vectors
Z and iy in S, the vector
tZ+ (1 —t)y (5.34)

s in S for all t € R.

Proof.

(=) Suppose that S is a linear manifold so that there exists a vector € S such that H := S—p'is a
subspace. Let &, i € S and let ¢t € R. The goal is to show that tZ+(1—t)y € S. Because H := S—p,
it follows that ¥ — p, ¥ — p € H. By definition of H being a subspace, t(Z —p)+ (1 —t)(§—p) € H
(this is combining two facts, the first of which is that any scalar multiples of ¥ — p'and 3 — p’ are
in H and the second of which is that the sum of any two vectors in H is also in H). Therefore,
adding back p’ gives us a vector in S, namely ¢(Z — p) + (1 —t)(§ — p) + p € S since S = H + p.
But this expression is equal to

HE—P)+(1—t)F—p)+P=ti+ (1 -1, (5.35)

which shows that tZ+ (1 —t)y € S.

(<) Suppose S is a set for which the straight line going through any two vectors in S is also in
S. We must find a subspace H and a vector p such that S = p'+ H. First, since S is nonempty, it
contains at least one vector. Let p' be any such vector in S and set H := .S — p. We show that H
is a subspace.

31You only need to bring the augmented matrix to echelon form to find the pivot columns. I just wrote the
reduced echelon form because the echelon form is not unique while the reduced echelon form is (provided you are
following my ordering convention).
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(a) 0 € H because 0 = p— pe S — psince g€ S.
(b) Let us actually check the scalar condition first since that is easier. Let @ € H and let t € R.

(1—t)p+t(@+p) =td+7p

Then
ti=(1—-t)p+tu+p) —p (5.36)

-

es

showing that tu € H = S — p.
(c) Let w,v € H. Since 0 is also in H, we can draw the straight lines through any pairs of these

two vectors.

Drawing where « + ¢ shows that it lies along a line parallel to the line straight through « and
v and is explicitly given by
1 1

A visualization of where this expression comes from is given by the following graphic.
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Just as in (b), we can draw this in S by adding p. Using our assumption gives @ + v+ p € S.
This shows that «+v € H =5 — p.

Hence, H is a subspace of R” showing that S is a linear manifold. |

The previous proof indicates how 3 distinct points determine a plane. Notice that the point 0
could have been anything and the geometric idea would still hold.

Definition 5.38. Let S be a set of vectors in R™. The affine span of S is the set of all linear
combinations of vectors v in S of the form

Z agv such that Z ag =1 (5.39)

and all but finitely many az are zero. A linear combinations of this form is called an affine linear
combination. The affine span of S is denoted by aff(.S). For example, if S = {3, ..., 7,,} is a finite
set of m vectors, the affine span of S is all linear combinations of these vectors of the form

a U1 + - + AU, such that a4+ -+ A, (5.40)

Example 5.41. In the proof of Theorem 5.33, @ + ¢ is in the affine span of the vectors {5, w, v}
while @ + ¥ is not in the affine span of {u, 7}. However, @ + ¥ is in the affine span of {2, 2v}.

The affine span, not the usual span of vectors, is used to add vectors in linear manifolds. The
reason is because if we do not impose the additional condition that the sum of the coefficients is
1, we might “jump off” the linear manifold. We formalize this as follows.

Theorem 5.42. A set S is a linear manifold if and only if for every subset R C S, the affine span
of Risin S, i.e. aff(R) C S.

Proof. Exercise. ]

The definition of linear dependence and independence of vectors can also be applied to linear
manifolds and affine combinations.
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Definition 5.43. A set of vectors {uy,...,u} in R™ is affinely linearly dependent if there exist

real numbers x4, ..., xy, not all of which are zero, such that

.T1++.Z‘k:0 and $1ﬁ1++$kﬁk:6 (544)
Otherwise, the set of vectors {1, . . . , U} is affinely linearly independent. A set of vectors {uy, . .., U}
in R™ is an affine basis for a linear manifold S in R™ iff {1, ..., 4} is affinely linearly independent

and aff({ﬁl, . ,ﬁk}) = S, the affine span of the vectors is equal to S.

Example 5.45. Going back to the tangent plane to the unit sphere at the north pole such as in
Figure 9, let S be the z = 1 plane. The vectors

1
_»1 = |0 & 172 =1 (546)
0 0

(in black in Figure 9) form a tangent basis for S while the vectors

1 0 0
'Jl =10 5 62 = |1 y & 17:3 = 1|0 (547)
1 1 1

(the first two are drawn in white in Figure 9) form an affine basis for S. The north pole specifies
the origin of the tangent plane and is given by the vector

0
p= 101, (5.48)
1

which coincides with our choice of w3 in this case. The relationship between the tangent basis and
the affine basis is given by

1+ D, Uy = Us + P, ﬁ3=6+ﬁ (5.49)

What is the difference between affine independence and linear independence? In terms of

augmented matrices, {1, ..., U} in R™ is linearly independent iff the only solution to
R
v - U, |0 (5.50)
| ||

is the trivial solution (i.e. if there are no free variables). To the contrast, {uy,..., 4} in R™ is

affinely independent iff the only solution to
1 - 1
I (5.51)

— ol— O

v Vg
| |

is the trivial solution (i.e. if there are no free variables). This is because the first row is precisely
the equation x; + - - - + x; = 0 while the rows below it collectively give x19; + - - - 4+ x,0) = 0.

95



Recommended Exercises. Exercises 3, 4, and 17 in Section 2.8 of [Lay] and Exercises 7 and
20 in Section 2.9 of [Lay]. Be able to show all your work, step by step! Do not use calculators or
computer programs to solve any problems!

In this lecture, we went through parts of Sections 2.8, 2.9, 8.1, and 8.2 of [Lay].

Terminology checklist

subspace

linear manifold (affine subspace)

basis for a subspace

tangent basis for a linear manifold at a point

dimension

affine span

affine linear combination

affinely linearly independent

affine basis
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6 Convex spaces and linear programming

Linear manifolds with certain constraints are described by convex spaces. The quintessential
example of a convex space that will occur in many contexts, especially probability theory, is that
of a simplex.

Example 6.1. The set of all probability distributions on an n-element set can be described by a
mathematical object known as the standard (n — 1)-simplex and denoted by A"~!. Tt is defined by

ANG ::{(pl,...,pn)E]Rn : ZpizlandpiZOVi:L...,n}. (6.2)

=1

The interpretation of an (n — 1) simplex is as follows. For a set of events labeled by the numbers
1 through n, the probability of the event ¢ taking place is p;. For example, the 2-simplex looks like
the following subset of R? viewed from two different angles

D3 b3
[ 1

The 1-simplex describes the probability space associated with flipping a weighted coin. Is the
n-simplex a vector subspace of R"*1? Is it a linear manifold? Why or why not?

The previous example motivates the following definition.

Definition 6.3. A convex space®? is a subset C' of R" such that if @, 7 are any two vectors in C
then
M+ (1 — N, (6.4)

with A € [0, 1], is also in C. The set of points between # and ' is called the interval between u and
v.

Example 6.5. Every linear manifold is a convex space. This is because for a linear manifold S,
if the vectors @ and ¢ are in S, then all vectors of the form Ad + (1 — A\)v for all A € R are also
in S. In particular, since all numbers between 0 and 1 are real numbers, A\d + (1 — A\)¥ are in
S for all A € [0, 1] as well. However, not every convex space is a linear manifold. For example,

32T do not want to go into the technicalities of closed and open sets, but throughout, we will always assume that
our convex spaces are also closed. Visually, it means that our convex spaces always include their boundaries, (faces,
edges, vertices, etc.).
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the n-simplex is a convex space but it is not a linear manifold. Intuitively, linear manifolds must
extend infinitely far in all directions. Convex spaces can also extend in all directions, but they do
not have to.

Exercise 6.6. Which of the examples in the previous section are convex spaces?

Example 6.7. PacMan

£y

<y

is not a convex space since the interval connecting ¢ and v is not in the space.

Convex spaces are important in linear algebra because they often arise as the solution sets of
systems of linear inequalities (instead of systems of equalities) of the form
a1+ a1pZs + -+ anZn < by
a2171 + G22%2 + - -+ + a2y < by
(6.8)
Am1T1 + QpaZo + ++  + QppTyn S bm

You might ask why not also allow the reversed inequality on some of these equations? The reason
for this is because we can multiply the whole inequality by —1, reverse the > to a <, and then
just rename the constant coefficients reproducing something of the form (6.8). How can we include
equalities? This is done by replacing any equality, such as

2171 + A22T2 + - + ATy = by (6.9)
by the two inequalities

a21T1 + A22%2 + -+ + G2y < by (6.10)

—Q21T1 — A2aTg — +++ — ATy, < —bo

(the second inequality is equivalent to the first one with a > instead after multiplying both sides
by —1).

Example 6.11. Consider the following linear system of inequalities

y<1
20 —y <0 (6.12)
—2r—y <0

These regions are depicted in the following figure (the central point is the origin)
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The intersection describes an isosceles triangle with vertices given by

[8] m v {ﬂ’ (6.13)

Solving systems of inequalities is difficult in general. Row operations do not work because
multiplying by negative numbers reverses the sign of the inequality. Sometimes, one deals with
a combination of linear systems of equalities and inequalities such as in Example 6.1. There, the
linear system consists of only a single equation in n variables given by

p1+p2+...+pn:1 (614)
and a system of n inequalities
p1=>0
(6.15)
pn =0

Theorem 6.16. The set of solutions to any linear system of inequalities (6.8) is a convex space.

If you parse through the definition of a convex space, this says that if i/ and 2" are two solutions to
(6.8), then the interval connecting these two vectors, i.e. the set of points of the form A\g+ (1 —\)Z
with A € [0, 1], is also in the solution set.
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Proof. The proof is almost the same as it was for a linear system of equalities (Proposition 3.15)
with one important difference. To see this let the system be described by AZ < b and let i and 2’
be two solutions. Fix A € [0, 1]. Then,

an(Ayr+ (1= Nz1) + -+ amn Ay + (1 = N)z)
= MNanyr + -+ anyn) + (L = N)(a1121 + -+ - + a1n2n)
< Aby + (1= \)by
=by.

(6.17)

Note that it was crucial in the second last step that A € [0, 1] since if A was not in this set, either
A or 1 — X would be negative, and then one of the inequalities would have to flip. |

There are many convex spaces that do not come from linear inequalities.

Exercise 6.18. Which of the following are convex spaces?

(a){:; :x2+y2§1} (e){?j :xQ—yQZLxZO}
] 2, ,2 ] 2,2
(b){y catty 21} (f){y Dot —y Zl,yzo}
(c){x :x2—y2§1} (g){x :xQ—yQZ—l,xZO}
LY LY ]
(d){z :xQ—yzzl} (h){"; 11’2—y22—1,y20}
Problem 6.19 (Problem 9.2.9 in [2]). Find all solutions to the linear system of inequalities
—2r+y <4
r—2y<—4
<0 (6.20)
-y <0.

Draw the solution set as a convex subset of R2.

Answer. These regions are depicted in the following figure (the origin is represented by a )
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y<4+2x y>0

<
Y
M
|
)

One often wants to optimize functions over linear constraints. As a result, one studies functions
Over convex spaces.

Definition 6.21. A linear functional on R™ is a function f : R"™ — R satisfying the condition

flat +v) = af (@) + f(?) (6.22)
for all real numbers a and vectors @, 7 € R".

For example, in Example 1 from Section 9.2 of [2], the function was given by
R? > m — 22 + 3y € R. (6.23)
Yy

This described the profit obtained. In trying to maximize this function, we looked at the level sets
of this function, which are described by the formula 2z + 3y = ¢, with ¢ a fixed constant.

Problem 6.24. Maximize the linear functional f : R? — R given by
R? > m 2+ Ty €R (6.25)

over the convex set in Problem 6.19.
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Answer. The level sets of this function are drawn for a few values below

\\\
\\\
T~ 20+ Ty =35
:\\\\ 2% J+r 7Z — 28
\\\\\ 2w + Ty = 21
\\\\\ 2 + Ty = 14
\\\\
~—_ 2+ Ty =17

\2x+7y:0

Although the minimum of this function is attained, namely at (z,y) = (0,0), the maximum is not
attained.

The fact that a maximum was not attained in the previous problem is due largely to the fact
that the solution set of the linear system of inequalities is unbounded.

Definition 6.26. A subset S C R" is bounded if there exists a positive number R > 0 such that
S C [-R, R] x --- x [-R, R], where [— R, R] denotes the interval of diameter 2R centered at 0 and
[—R, R] X -+ x [=R, R] denotes the n-dimensional cube centered at 0 and whose side lengths are
all 2R. If no such R exists, S is said to be unbounded.

We have already learned that the set of solutions to a linear system of inequalities is a convex
set. If this convex set is, in addition, bounded, then it is a polytope (in two dimensions, a polytope
is just a polygon).

Theorem 6.27. Let AT < b be a consistent linear system of inequalities, let S denote the set of
solutions, and let f : R™ — R be a linear functional. If S is bounded, then [ attains a maximum
and a minimum on S.

In fact, much more is true! The example we went over, namely Example 1 in Section 9.2
of [2], shows us that not only did a maximum occur on the polytope, but it occurred on a point of
intersection given by the lines separating regions from the inequality. These points are incredibly
significant because instead of checking infinitely many possible values to optimize a functional, one
can merely check these extreme points.

Definition 6.28. An extreme point of a convex space C' in R™ is a vector @ € C' such that if
U= A0+ (1 — \)w for some ¢, € C and A € [0,1], then ¢ = @ and/or @ = 4. The set of extreme
points of C' is denoted by ex(C).
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Example 6.29. The following figures show two examples of extreme points of convex spaces
illustrating the wide variety of possibilities.

77N\

ex L

Extreme points of a convex space are important because the entire convex space can be obtained

via convex combinations of these points.

Definition 6.30. Let {1, ..., 4, } be aset of vectors in R". A convex combination of these vectors

is a linear combination of these vectors of the form
plﬁl + - +pmﬁm, (631)

where (py1,...,pm) € A™ 1 ie.
pi>0 Vie{l,...m} & Y p=L1 (6.32)
i=1

A convex combination of vectors is similar to an affine combination except that one can only
obtain the vectors “between” the vectors given. We do not extend lines infinitely in both directions
when taking a convex combination.

Definition 6.33. The convex hull of a set S of vectors in R"” is the set of all vectors in R™ that

are (finite) convex combinations of the vectors in S. The convex hull of S is denoted by conv(.S).

Example 6.34.

conv =
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Theorem 6.35. Let C' be a bounded® convez set. Then
C = conv(ex(C)). (6.36)

Theorem 6.37. Let A7 < b be a consistent linear system of inequalities, let S denote the set of
solutions, and let f : R™ — R be a linear functional. If S is bounded, then f attains a maximum

and a minimum on ex(S).

This theorem is related to something you may have learned in calculus. Given any continuously
differentiable function f : [a,¢] — R on the domain [a, ¢], (where a, ¢ € R and a < ¢) the maximum
of f occurs at the critical points, i.e. where the derivative vanishes, or at the extreme points, which
in this case are a and ¢. When f is a linear function, f(z) = ma + b for some m,b € R, and its
derivative is always nonzero provided that m # 0. Therefore, it has no critical points and its
maximum occurs at a or c¢. If m > 0, the maximum occurs at ¢ and if m < 0, the maximum
occurs at a. Theorem 6.37 generalizes this result. If f is a linear function (now of any number of
variables) on a (compact) convex space, the maximum of f must occur at the extreme points of
the convex space.

Proof of Theorem 6.37. See Theorem 16 in Section 8.5 of [3]. [ |

This theorem is supplemented by the important fact that the number of extreme points of a
bounded convex set of solutions to a linear system of inequalities is finite. Let’s use it to solve
Example 1 from Section 9.2 in [2].

Problem 6.38. A company blends two types of seed mixtures, denoted by A and B. Each bag of
A contains 3 pounds of fescue seed, 1 pound of rye seed, and 1 pound of bluegrass. Each bag of
B contains 2 pounds of fescue, 2 pounds of rye, and 1 pound of bluegrass. The company has 1200
pounds of fescue, 800 pounds of rye, and 450 pounds of bluegrass. The company makes a profit
of $2 for each bag of A sold and $3 for each bag of B sold. Assume that all bags are sold. How
many bags of A and B should the company make so as to maximize its profit?

Answer. Let z and y denote the number of bags of A and B produced, respectively. Because
the number of seeds of each time is positive and finite, there are inequalities enforced for the
production of different quantities of bags A and B. These inequalities are given as follows

0 < 3x + 2y <1200 for fescue
0 < x+ 2y <800 for rye (6.39)
0 <z +y <450 for bluegrass

and the corresponding regions are given by

33Technically, C must be compact for this to be true, since otherwise C' might not have any extreme points. C
is compact if and only if it is closed and bounded.
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By looking at the common intersection of the above three regions, we can conclude that the extreme
points are (0,0), (0,400), (400, 0) and then the intersection of the lines described by = + 2y = 800
and x + y = 450 and the intersection of the lines described by 3z 4 2y = 1200 and x + y = 450.
The solution of the first is given by (100, 350) and the second is given by (300, 150). These extreme
points are bulleted in the graph below.

Yy
600 X
=

X
500

\e

400 %

Q\
O

300

200

100 &

@

(&

0 T
0 100 200 300 400 500 600 700 800

The profit function is given by
p(x,y) = 2z + 3y. (6.40)

Hence, to maximize p subject to the above constraints, it suffices to compute p on the above
extreme points
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extreme points | profit
(0,0) 0
(0,400) 1200
(100, 350) 1250
(300, 150) 1050
(400, 0) 800

so that the maximum profit possible given the constraints is $1250.

The following table summarizes the relationship between the three types of linear systems we

have come across and their associated solution spaces.

allowed combinations for {7y, ..., Uy}

Linear system Solution set .
Y a subset of the solution set

all linear combinations
a1 + - - + apUy with aq,...,a; € R
called the span of {01, ..., U}
written span ({7, ..., U})
all affine linear combinations
a1 + -+ + apv, with aq,...,a; € R
AZ=1b linear manifold satisfying Zle a; =1
called the affine span of {vy, ..., 7}
written aff ({7, ..., U})
convex linear combinations
a1t + - - - + agUy with ai,...,0k eR
AZ<b convex space satisfying Zle a;=1and ay,...,a;, >0
called the convex hull of {#},..., U}
written conv ({1, ..., U})

AZ =0 subspace

Recommended Exercises. Exercises 5, 11, 12 in Section 8.3 and 1 in Section 8.5 of [3]. Exercises
1 and 15 in Section 9.2 of [2]. Be able to show all your work, step by step!

In this lecture, we went through parts of Sections 8.3, 8.5, and 9.2 of [Lay].
Terminology checklist

the standard simplex

convex space

linear system of inequalities

linear functional
bounded
unbounded

extreme point

convex combination

convex hull
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7 Linear transformations and their matrices

In the context of linear programming, we discussed the notion of a linear functional. These are
special cases of linear transformations, which can be thought of as families of linear functionals.
Linear transformations arise in many familiar situations.

Problem 7.1. Mark makes three types of sandwiches at the deli: BLT (bacon, lettuce, and
tomato), HS (ham and swiss), and MS (meatball sub). It takes 3 minutes to make the BLT, 2
minutes to make the HS, and 1 minute to make the MS. The profit made is $2 from the BLT, $1
from the HS, and $1 from the MS. Last Tuesday, Mark made 40 BLT’s, 30 HS’s, and 50 MS’s. How
much profit did Mark make for the deli? How much time did Mark spend making sandwiches?

Answer. Let z,y, and z denote the number of BLT, HS, and MS, respectively, sold. The profit p,
in dollars, made as a function of z,y, z is given by p(z,y, z) = 2z + y + z. The time ¢, in minutes,
it took to make the sandwiches as a function of x,y, z is t(x,y, 2) = 3x + 2y + z. We can put these
two quantities together as a 2-component vector

m - [32; N nyizz] - E] Y H o m | 2

In our case, x = 40,y = 30, z = 50. Therefore,

P 2 1 1 160
=40 30 50 = 7.3
H R AR R fiR =
so that Mark will have made the deli a $160 profit in 230 minutes, or roughly just under 4 hours.
Notice that this procedure works for any x, y, z. In other words, the two linear equations describing

the profit and time can be viewed as transforming the quantities of different sandwich types being
made into their associated profit and time taken

profit & time sandwiches
RZ R3

i

el ol e ) m

z

because

Example 7.5. A bakery produces pancakes, tres leches cake, strawberry shortcake, and egg tarts.
Each of these items requires several ingredients, some of which are listed in the table below.
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Pancakes Tres leches Strawberry shortcake Egg tarts
(makes 12) | (makes 8 slices) (makes 8 slices) (makes 16 tarts)
eggs 2 6 0 6
strawberries | 1+ % lbs 0 1+ % Ibs 0
heavy cream 1 cup 1 pint 3 cups 0
flour 3 cups 1 cup 4 cups 3+ % cups
butter 4 tbsp 0 1+ 411 cups 1+ % cups
sugar 3 thsp 1 cup % cup % cup
milk 2 cups % cup 0 % cup

How much flour is needed to make 4 batches of pancakes, 3 batches of tres leches cakes, 2 batches
of strawberry shortcakes, and 4 batches of egg tarts? To answer this, we would simply multiply
the number of batches for each item by the amount of flour needed for that item, and then add
up all these quantities for the different recipes:
3
4X3+3X1+2X4+4X(3+Z):38 (7.6)

cups of flour. This procedure of decomposing a pastry into its ingredients in this way can be
described by a transformation

pastries

ingredients

R7 R*

On the right, we view the four different pastry items that we can think of as four linearly inde-
pendent vectors. This is because no item, once made, can be obtained from the other items as
a linear combination (we cannot take an egg tart, two strawberry shortcakes, and one tres leches
cake, and turn them into a pancake). On the left, we view the seven different ingredients as seven
linearly independent vectors. Of course, milk, butter, and heavy cream are closely related, but
let’s say that we do not want to put in the extra effort to turn one of them into another form.

Now let’s try to provide a general abstract formula for which we can simply plug in numbers
when needed. How much flour is needed to make p batches of pancakes, ¢ batches of tres leches
cakes, s batches of strawberry shortcakes, and e batches of egg tarts? Let F' denote cups of flour
so that F'is a function of p,t, s, and e. The idea is similar to above and the flour function is

15
F(p,t,s,e) =3p+t+4s+ —e.

: (7.7)

Notice that the flour function is an example of a linear functional (see Definition 6.21). Simi-
lar equations can be written for the other ingredients. To describe the full transformation, we
would have to write a list of such linear functionals for each ingredient. The functions for eggs,
strawberries (by pounds), heavy cream (by cups), butter (by cups), sugar (by cups), and milk (by
cups), respectively, would also all be linear functionals. When put together, they define a linear
transformation.
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Example 7.8. Figure 10 shows the difference between what an individual with protanopia sees
(on the left) and what an individual without any colorblindness sees (on the right).3* Since each

Figure 10: Protanopia colorblindness.

color can be identified numerically, by testing out several points, we can find out how each color
changes. We can then hope to describe the relationship between normal eyesight and protanopia
as a type of transformation

color space P color space

R3 R3

which we have called P. It is far from obvious, but it is true (to a reasonable degree),* that such
a transformation is linear. In particular, this means that it can be determined by just knowing
where three linearly independent colors go (recall Example 4.33). Under this transformation, the
images of the pure RGB colors look like:

P(R) -
PG @

P(p) M

For the YMC colors, the transformation looks like:

34These figures were obtained from https://ssodelta.wordpress.com/tag/rgb-to-1ms/ and the original
photo is from https://animals.desktopnexus.com/wallpaper/480778/. If you have protanopia, you should
see no difference between these images (note: I have done this experiment with somebody who has protanopia and
although some of this is correct, not all of it seems to be correct... this requires further investigation).

35The filter might not be exactly linear. I need to do some research to figure out if there are corrections to
linearity. Hence, take this with a grain of salt.
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P(Y)——Y

P(M) L-

pc) L i@

Example 7.9. An experiment®® was done in 1926 to determine which color paint on walls helps a
baby sleep more. In this study, it was not only found that different color paints are more conducive
to healthier sleeping habits, but also that different genders were affected by colors differently. Table
1 shows the fractions of babies that had the healthiest sleeping habits to the corresponding color
paints. A couple visited the doctor, who, upon analyzing their DNA, indicated that their odds of

peach | lavender | sky blue | light green | light yellow
boy | 0.15 0.2 0.2 0.2 0.25
girl 0.3 0.2 0.25 0.1 0.15

Table 1: Percentages for a study examining the healthiest sleeping habits for baby boys
and girls depending on the color used for painting walls in a baby’s room.

giving birth to a baby boy is actually 60%. The couple wants to finish the paint job in the baby’s
room well before the baby is born. What color should they paint their walls?

For this situation, we multiply all the respective probabilities for a boy by 0.6 and for a girl by
0.4 and then sum the results as in Table 2. The highest percentage occurs for sky blue. Hence,

peach | lavender | sky blue | light green | light yellow
boy | 0.09 0.12 0.12 0.12 0.15
girl | 0.12 0.08 0.1 0.04 0.06
sum | 0.21 0.2 0.22 0.16 0.21

Table 2: Percentages for 60% chance of giving birth to a boy

the couple should paint the room sky blue.

How would these results change if the doctor told them they are actually only 40% likely to
give birth to a boy? For this situation, we multiply all the respective probabilities for a boy by
0.4 and for a girl by 0.6 and then sum the results as in Table 3. In this case, peach wins.

Definition 7.10. A linear transformation (sometimes called an operator) from R"™ to R™ is an

assignment, denoted by 7', sending any vector Z in R™ to a unique vector 7'(Z) in R™ satisfying

T(Z+79)=T(%) +T(Y) (7.11)

36This is an example of a poorly designed experiment, but let’s just go with it...
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peach | lavender | sky blue | light green | light yellow
boy | 0.06 0.08 0.08 0.08 0.1
girl | 0.18 0.12 0.15 0.06 0.09
sum | 0.24 0.2 0.23 0.14 0.19

Table 3: Percentages for 40% chance of giving birth to a boy

and
T(cZ) = T'(Z) (7.12)

for all Z, 7 in R™ and all ¢ in R. Such a linear transformation can be written in any of the following
37
ways
T:R"5R™", R*"5R™ R"«R*:T, o R"&ER (7.13)

Given a vector Z in R" and a linear operator R™ < R™ the vector T(Z) in R™ is called the image

of Z under T. R" is called the domain or source of T and R™ is called the codomain or target. The

image of all vectors in R™ under T is called the range of T, i.e.

image(T) = range(T) := {T(Z¥) e R™ : Z € R"}. (7.14)

Do not confuse range with codomain/target. The range of a function is all the elements that are
“hit” by the function, whereas the codomain/target just notifies the reader what kinds of values
the function takes. For example, we say that the sin function is a real-valued function meaning
that sin : R — R, but we know that sin cannot take on all values. sin can only take on values
between —1 and 1 so we say its codomain/target is [—1, 1], the interval between —1 and 1.

A linear transformation is completely determined by what it does to a basis.

Example 7.15. In Example 7.5, we only needed to know the values of p,t, s, and e to determine
the amount of flour needed. The four pastry items pancakes, tres leches, strawberry shortcakes,
and egg tarts, form a basis in the sense that no one of these items can be obtained from any
combination of any other (linear independence) and all pastry items obtainable are precisely these
(they span the possible products of the bakery). Let E, T, H, F, B, S, M denote the functions for
eggs, strawberries (by pounds), heavy cream (by cups), flour (by cups), butter (by cups), sugar
(by cups), and milk (by cups), respectively. Given any value of p,t, s, and e, which can be viewed
as a vector in R* as

: (7.16)

D =+ 3

3TMy preference are the second and last.
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the resulting ingredients are given as a vector in R” as

E 2 6 0 6
T 3/2 0 3/2 0
H 1 2 3 0
Fl=p| 3 |+t| 1 |+s]| 4 |+e|l5/4 (7.17)
B 1/4 0 5/4 4/3
S 3/16 1 1/2 2/5
| M | | 2 ] [1/3] | 0 | 1/3 ]
We can then use the notation AZ = b to express this as
[ 2 6 0 6 [ B
3/2 0 3/2 0 T
12 3 o | [P |m
5 1 4 14|l =|F (7.18)
1/4 0 5/4 4/3||° B
3/16 1 1/2 2/5| L S
2 13 0 1/3] | M |

Example 7.19. Colorblindness can be modeled in terms of a linear transformation.®® Referring
back to Example 4.33 for notation, protanopia (a type of colorblindness) can be described in terms
of a linear transformation. To obtain this linear transformation, we should write the corresponding
RGB codes for what happens to R, G, and B when we view these colors as vectors in R3. These
are given by

226.3423 b,
P(G) = |226.3423
0
P

and for the YMC colors, the transformation looks like:

38The following is based on my understanding of the information on the website https://ssodelta.wordpress.
com/tag/rgb-to-1lms/.
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255 255
P(Y) = |255 Y = |255

226.3423 p 0
P(C) = [226.3423 1C'= |255
255 255
From where R,G, and B go, the matrix
0.112384 0.887617 0
P:= [0.112384 0.887617 0 (7.20)
0 0 1
describes the filter for protanopia because
Ricw 0.112384 0.887617 0] [R 0.112384 0.887617 0
Grew | = [0.112384 0.887617 0| |G| = R [0.112384| + G [0.887617| + B [0] . (7.21)
Bhew 0 0 1| |B 0 0 1
For example, let’s calculate P( ) where
251
= |212 (7.22)
185

By linearity,

251
P 212
185

(7.23)

216
= |216
185

Using this notation, we can now make sense of linear systems and why they are expressed in
the form Az = b.
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Definition 7.24. Let n € N be a positive integer and let i € {1,...,n}. The i-th unit vector in
R" is the vector

0

¢ = |1| < i-th entry, (7.25)

0

which is 0 in every entry except the i-th entry, where it is 1.

Example 7.26. In R, there is only one unit vector, €7, and it can be drawn as

I I I ) A I I
T T T T rd T T
—

€1

The distance between each pair of consecutive tick marks is 1.

Example 7.27. In R2, €, and &, can be drawn as

0
& &=:=k=|0 (7.29)
1
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The blue box is merely drawn to help the viewer in visualizing the coordinates in three dimensions.

Definition 7.30. Let R™ <1 R™ be a linear transformation. The m x n matriz associated to T is

the m x n array of numbers whose entries are given by

| |
@) - T(E)] . (7.31)
|

More explicitly, if the vector T'(€;) is written as

Q1
T@) =|: | (7.32)
Ami
then
| | 11 Q12 - Qip
a a “ .. a n
T@) - T@E)|=]|. . . (7.33)
‘ ‘ Am1 Am2 - Amn

The relationship between matrices and augmented matrices from before is given as follows.
An augmented matrix of the form (1.47) corresponding to a linear system (1.27) with variables

x1,...,T,, can be expressed as
AZ =0, (7.34)
where the notation AZ stands for the vector®®
a1 Gz - Qip 1 1121 + Q122 + - - - + A1pTy
Q1 Q22 -+ Qo To A21T1 + A22T9 + + - + A2, T
= _ (7.35)
Am1 Am2 Amn Tn Am1T1 + Am2T2 + -+ AmnTn

in R™. Notice that this vector can be decomposed, by factoring out the common factors, as

11 Q2 - Qip X1 a11 a2 A1n
Q21 Q22 -+ Q2 €2 21 22 Q2n,

=z | | +x| |+ tx, | . (7.36)
Am1 Am2 = Qmp Tn Qm1 Am2 Amn

This is nothing more than the linearity of T" expressed in matrix form. Equivalently, this equation
can be written as

| | 1
T@E) - TE)| | 1] =0T@)+- - +2.T(). (7.37)
|

| Tn

39The vector on the right-hand-side is a definition of the notation on the left-hand-side. Don’t be confused by
the fact that there are a lot of terms inside each component of the vector on the right-hand-side of (7.35)—it is not
an m x n matrix!
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In this way, we see the columns of the matrix A more clearly. Furthermore, an m x n matrix can be
viewed as having an existence independent of a linear transformation, at least a-priori. Therefore,
an m X n matrix acts on a vector in R"™ to produce a vector in R™. This is a way of consolidating
the augmented matrix and A is precisely the matrix corresponding to the linear system. One can
express the matrix A as a row of column vectors

| |

where the i-th component of the j-th vector a; is given by

(@) = ag;. (7.39)
In this case, b is explicitly expressed as a linear combination of the vectors dy, ..., d, via
b= 211 + - + Tyl (7.40)
Therefore, solving for the variables x4, ..., x, foz the linear system (1.27) is equivalent to finding
coefficients 1, ..., x, that satisfy (7.40). AZ = b is called a matriz equation.

Warning: we do not provide a definition for an m x n matrix acting on a vector in R* with

Thus, there are three equivalent ways to express a linear system.
(a) m linear equations in n variables (1.27).
(b) An augmented matrix (1.47).
(¢) A matrix equation AZ =b as in (7.35).

The above observations also lead to the following.

Theorem 7.41. Let A be a fixred m X n matriz. The following statements are equivalent (which
means that any one implies the other and vice versa).

(a) For every vector b in R™, the solution set of the equation AX = l;, meaning the set of all ©
satisfying this equation, is nonempty.

(b) Every vector b in R™ can be written as a linear combination of the columns of A, viewed as
vectors in R™, i.e. the columns of A span R™.

(c) A has a pivot position in every row.

Proof. Let’s just check part of the equivalence between (a) and (b) by showing that (b) implies
(a). Suppose that a vector b can be written as a linear combination



where the {z1,...,x,} are some coefficients. Rewriting this using column vector notation gives

by (al)l (%)1
bm (al)m (an>m
We can set our notation and write

Then, writing out this equation of vectors gives

b Tia1 + v+ Tplip
= : (7.45)
bm T10m1 + -+ Tplmn
by the rules about scaling and adding vectors from last lecture. The resulting equation is exactly

the linear system corresponding to AZ = b. Hence, the z’s from the linear combination in (7.42)
give a solution of the matrix equation Ax = b. [ |

Theorem 7.46. Let A be an m X n matriz, let £ and i be two vectors in R™, and let ¢ be any real
number. Then

A(Z+7y) = A+ Ay & A(cf) = cAZ. (7.47)
In other words, every m x n matrix determines a linear transformation R™ L Rre.

Exercise 7.48. Prove this! To do this, write out an arbitrary A matrix with entries as in (7.35)
along with two vectors & and 3 and simply work out both sides of the equation using the rule in
(7.35).

Recommended Exercises. Exercises 4, 13 (there is a typo in the 5th edition: you can ignore
the symbol R?), 17, 25, in Section 1.4 of [Lay]|, Exercises 10, 12, 17, 18, 27 (26)—this is the line
segment problem, 31, 33 in Section 1.8 of [Lay|, and Exercise 3 in Section 1.10 of [Lay]. Be able
to show all your work, step by step!

In this lecture, we went through parts of Sections 1.4, 1.8, 1.9, and 1.10 of [Lay].

Terminology checklist

linear transformation

domain /source

codomain/target

image /range

standard unit vectors €;

equivalent (system)

matrix associated to a linear transformation

matrix equation
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8 Visualizing linear transformations

Every m x n matrix A acts on a vector Z in R™ and produces a vector bin R™ as in
Az =b. (8.1)
Furthermore, a matrix acting on vectors in R” in this way satisfies the following two properties
A(Z+7y) = AP+ Ay (8.2)
and
A(ci) = cAZ (8.3)

for any other vector ¢ in R™ and any scalar c. Since ¥ is arbitrary, we can think of A as an operation
that acts on all of R". Any time you input a vector in R", you get out a vector in R™. We can
depict this diagrammatically as

R™ —@‘ R™ (8.4)

You will see right now (and several times throughout this course) why we write the arrows from
right to left (your book does not, which I personally find confusing).?’ For example,!

4 1 -1 2 1
1 0 3 -1

- - .
—4 4 =2 1 L (85)
-7 2 =3 -1

is a 4 X 3 matrix (in the middle) acting on a vector in R? (on the right) and producing a vector in
R* (on the left).

Example 8.6. In Exercise 1.3.28 in [Lay], two types of coal, denoted by A and B, respectively,
produce a certain amount of heat (H), sulfur dioxide (.5), and pollutants (P) based on the quantity
of input for the two types of coal. Let Hy4,S4, and P4 denote these quantities for one ton of A
and let Hg, S, and Pg denote these quantities for one ton of B. Visually, these can be described
as a linear transformation

Hx Hpg
Su :>A Sp >B (8.7)
Py Pp
and the matrix associated to this transformation is
Hys Hp
Sa Sp (8.8)
Py Pgp

40Tt doesn’t matter how you draw it as long as you are consistent and you know what it means. It’s not a ‘rule’
and only my preference.
41We use arrows with a vertical dash as in <+ at the beginning when we act on specific vectors.
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and it acts on vectors of the form

g

where x is the number of tons of coal of type A and y is the number of tons of coal of type B. The
rows of the matrix describe the type of output while the columns correspond to all outputs due to
a given input (the type of coal used). Indeed, the net output given x tons of A and y tons of B is

HA HB " ZL‘HA—I—yHB HA HB
Sas Sp |: :| = |zSa+ySg | =2 |Sa| +y |SB (810)
P, Py Y 2Py + yPy P Py

as you probably already know from doing that exercise. The rows in the resulting vector cor-
respond to the total heat, sulfur dioxide, and pollutant outputs, respectively. But thinking of
the transformation (8.7) abstractly without matrices, it can be viewed as a linear transformation
without reference to any given set of vectors. Abstractly, the transformation of the power plant

produces 3 outputs (heat, sulfur dioxide, and pollutants) from 2 inputs (the two types of coal
used).

From the above discussion, every m x n matrix is an example of a linear transformation from
R™ to R™. In the example above, namely (10.34), the image of

~1
1 (8.11)
2

under the linear operator given by the matrix

-1 2

3 -1
-2 1

-3 -1

(8.12)

N =~ O

18

1
» (813)
-7

Notice that the operator can act on any other vector in R? as well, not just the particular choice
we made. So for example, the image of

0
3 (8.14)
—1
would be -
1 -1 2 -5
0 3 -1 0 10
= . 1
4 -2 1 31 —7 (8.15)
2 -3 -1 —8



Maybe now you see why we wrote our arrows from right to left. It makes acting on the vectors with
the matrix much more straightforward (as written on the page). If we didn’t, we would have to flip
the vector to the other side of the matrix every time to calculate the image. In this calculation,

we showed
-5 1 -1 2
10 0 3 -1 0
- . - ) .
- 4 9 1 31 (8.16)
-8 2 -3 —1

Notice that the center matrix always stays the same no matter what vectors in R® we put on
the right. The matrix in the center is a rule that applies to all vectors in R®. When the matrix
changes, the rule changes, and we have a different linear transformation.

Example 8.17. Consider the transformation that multiplies every vector by 2. Under this trans-
formation, the vector

(8.18)

gets sent to

4 (8.19)

This transformation is linear and the matrix representing it is

2 0 0
02 0f. (8.20)
00 2

Example 8.21. Let 6 be some angle in [0,27). Let Ry : R? — R? be the transformation that
rotates (counter-clockwise) all the vectors in the plane by 6 degrees (for the pictures, let’s say
¢ = 7). This transformation is linear and is represented by the matrix

cos —sinf
= .22
Rs [sin 6 cost } (8.22)

For # = Z. this looks like

o

A~
v
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Visually, it is not difficult to believe that rotation by an angle # is a linear transformation.
However, to prove it is a bit non-trivial.

Problem 8.23. Prove that R? <% R2, defined by rotating all vectors by 0, is a linear transforma-
tion.

Answer. We will not prove this here as it is a homework problem, but we will set it up so that
you know what is involved in proving such a claim. Any vector in R? can be expressed in the

1=l o] ea1

where z,y € R are the coordinates of the vector. First show that

() - () o 1)

for all z,y € R. Therefore, you must calculate each side of this equality and prove that the results
you obtain are the same. To do this, use trigonometry. Let’s start this off by drawing a picture.

(L))
:

following two ways

In this picture, ¢ is defined as the angle obtained from the vector {x] and ¢ is the length of this
Y

vector (use Pythagorean’s theorem). The angle 6 is the additional angle that we rotate this vector
by. Once we have rotated by this angle, the total angle that we have is 8+ ¢. Hence, the coordinates

14 0
of T [*]) are given by Cf)s( +9) . Use trigonometric identities to simplify this expression so
Yy Csin(0 + ¢)

that the answer is purely in terms of x,y, and 6. Then show that the resulting expression equals
the right-hand-side of (8.25). The fact that this is a linear transformation will follow from this
equality upon further work (see the HW assignment for hints).

Example 8.26. A vertical shear in R? is given by a matrix of the form

Sl = E (1)] (8.27)
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while a horizontal shear is given by a matrix of the form

S, = B ﬂ : (8.28)

where k is a real number. When k£ = 1, the former is depicted by

while the latter is depicted by

1 1 .
. oy 01
Sr(e) a

Example 8.29. Many more examples are given in Section 1.9 of [Lay]. You should be comfortable
with all of them!

Recommended Exercises. Exercises 6 (8) and 13 in Section 1.9 of [Lay|. Many of the Chapter
1 Supplementary Exercises are good as well! Be able to show all your work, step by step!

In this lecture, we finished Sections 1.4, and 1.9 of [Lay]. We still have a few concepts to cover
from Section 1.8.

Terminology checklist

rotation

vertical shear

horizontal shear

reflection across a line
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9 Subspaces associated to linear transformations

Definition 9.1. R™ <= R" be a linear transformation with associated m x n matrix denoted by
A. The kernel of T is the set of all vectors & € R™ such that T'(Z) = 0

ker(T) = {Z € R" : T (%) = 6} (9.2)
Equivalently, the null space of A is the set of all solutions to the homogeneous equation
AZ = 0. (9.3)

Problem 9.4. Jake bought stocks A and B in 2013 at a cost of C'4 and Cpg per stock, respectively.
He spent a total of $10,000. In 2017, he sold the stocks at a selling price of S, and Sp per stock,
respectively. Suppose that S # Cp and S4 # C4. In the end, he broke even, because he was a
scrub and didn’t diversify his assets. How many of each stock did Jake buy? What if he initially
spent $15,000 and still broke even?

Answer. Let x and y denote the number of stocks (possibly not a whole number) of A and B
that Jake had purchased in 2013. Because he spent $10, 000,

2Cy + yCp = 10000. (9.5)
Because he broke even, his profit function R>¢ x Rsg 3 (x,y) — p(z,y) satisfies
I(SA—CA)er(SB—CB) =0. (96)

The different possible combinations of purchasing stocks A and B and breaking even describes the
kernel of the profit function. These two equations describe a linear manifold and a subspace of R?
sketched as follows

total value of B

\_—

\
N
_—

> total value of A

The intersection of these two lines indicates the quantity of stocks that were purchased. If Jake
had spent $15,000, only the first equation would change, and this would merely shift the blue line
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total value of B

N\
N

" \\

> total value of A

Kernels can also be used to describe that information is lost in some sense. This will be
discussed more precisely in Definition 9.43.

Example 9.7. Consider the example of protanopia colorblindness. The kernel of the protanopia
filter P can be calculated by solving

0.112384 0.887617 0] 0 0.112384 0.887617 0] 0
0.112384 0.887617 00| — 0 0o 1]o0]. (9.8)
0 0 1]0 0 0 00

Therefore, the kernel is the set of vectors of the form

—7.89807
al 1 |, (9.9)
0

where G is a free variable. As you can tell, the only solution that physically makes sense is when
G = 0 since colors cannot be chosen to be negative. Hence, although the kernel associated to the
linear transformation P is spanned by the vector

—7.89807
1 (9.10)
0

no multiple of this vector intersects the set of allowed color values. So is there any information
actually lost? Is it possible for a “reverse filter” to be applied to somebody with protanopia so
that they can see in full color? I'll let you think about it.

Theorem 9.11. The kernel (null space) of a linear transformation R™ LRisa subspace of R™.

Proof. We must check the axioms of a subspace.

84



(a) The zero vector satisfies 7(0) = 0 because T'(0) = T/(00) = 07'(0) = 0 since 0 times any vector
is the zero vector. Linearity of T" was used in the second equality.

(b) Let & € ker(T) and let ¢ € R. Then, T(cZ) = ¢T'(Z) = ¢0 = 0. The first equality follows from
linearity of 7.

(¢) Let Z, 7 € ker(T). Then T(Z + 7) = T(Z) + T() = 0 + 0 = 0. The first equality follows from
linearity of T.

There is actually an important consequence in the above proof. We will illustrate why this is
so in a short example.

-,

Corollary 9.12. Let R™ <~ R™ be a linear transformation. Then T(0) = 0.

This is important because it provides one quick method of showing that certain functions are
not linear transformations. This is because this corollary says that it is necessary (i.e. it must be
the case) that 0 is in the kernel for every linear transformation. In other words, if you show that
0 is not in the kernel of some function, then that means it cannot be linear.

Problem 9.13. Let R3 <= R? be the function defined by
R? > (2,9,2) = T(z,y,2) := (x +y — 2,22 — 3y + 2,3z — 52). (9.14)
Show that 7" is not a linear transformation.
Answer. T(0) = (0,2,0) so 7' is not a linear transformation.
Warning: showing that T((j) — 0 does not mean that the function is linear.
Problem 9.15. Let R? <= R? be the function defined by
R® > (z,y) = T(z,y) := ((2 —y)z, x + 3y, 2x — y) (9.16)
Show that 7" is not a linear transformation.
Notice that 7°(0,0) = (0,0,0) so this does not help in showing that 7" is not linear.

Answer. 27(1,1) = 2(1,4,1) = (2,8,2) while T'(2,2) = (0,8,2). Since 2T'(1,1) # T(2,2), T is
not a linear transformation.

Note that all we had to show was one instance where linearity failed. Linearity is supposed to
hold for all inputs so if we find just one case where it fails, the function cannot be linear. We now
go to illustrating some examples of Theorem 9.11.

85



Example 9.17. Consider the linear system

3r—2y+2=0 (9.18)
from an earlier section. The matrix corresponding to this linear system is just

A=[3 -2 1], (9.19)

a 1 x 3 matrix. Hence, it describes a linear transformation from R?® to R!. The nullspace of A
exactly corresponds to the solutions of

3 -2 1] [0] . (9.20)

IS SR
I

Definition 9.21. Let R™ <~ R" be a linear transformation with associated m x n matrix denoted
by A. The image (also called range) of T' is the set of all vectors in R™ of the form T'(Z) with Z in
R". Equivalently, the column space of A is the span of the columns of A.

The reason the image of transformation R™ & R is the same as the column space is because
the image of T" is spanned by the vectors in the columns of the associated matrix

T(€) - T(,) (9.22)
| |
In other words, b is in the image of A if and only if there exist coefficients z1, ..., x, such that
b=a,T(&)) + -+ 2,T(E,). (9.23)

Example 9.24. For the baker, the linear transformation from the batches of pastries to the
ingredients required, the image of this transformation describes the quantity of ingredients needed
to evenly make the batches of the pastries without any excess. For any point not in the image,
the baker will either have an excess of certain ingredients or a lack of certain ingredients.

Theorem 9.25. The image of a linear transformation R™ LR isa subspace of R™.
To avoid confusion between “imaginary,” the image of 7' will be denoted by ran(7).

Proof. We must check the axioms of a subspace.

(a) Since every linear transformation takes 0 to 0, the zero vector satisfies 0 = T'(0).

0 € ran(T).

Hence,

(b) Let & € ran(T) and let ¢ € R. By the first assumption, there exists a Z € R" such that
T(Z) = 2. Then & = ¢T'(Z) = T'(¢Z) which shows that ¢Z € ran(7T).

7,y € ran(T). Then there exist Z,w such that T'(Z) = & and T(w) = y. Therefore,
T+y=T(7)+ T (W) =T(Z+ W) so that ¥+ y € ran(T).
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Definition 9.26. Let R™ <= R" be a linear transformation. The dimension of the image of T is
called the rank of T and is denoted by rank T,

rank(7") = dim(ran(7")). (9.27)

The rank of a linear transformation R™ <~ R” can be calculated by counting the number of
pivot columns in the associated m x n matrix. In fact, the pivot columns (from the original matrix)
form a basis for the image of T'.

Proposition 9.28. Let R™ L R™ be a linear transformation then the pivot columns of the asso-
crated matrix

T@E) - T(E) (9.29)
|

form a basis for ran(T).

Proof. We have already established the the columns span ran(7'). Let iy, . .., i denote the indices
corresponding to the pivot columns. Then, removing the non-pivot columns from this matrix, we
get
10 0]0
| | 0 . 01 --- 010
. row operations
T(E,) - T@E)| | — . . . .|, (9.30)
| | 00 -~ 1]0
after reducing to reduced row echelon form. This shows that the pivot columns of the original
matrix are linearly independent. Hence, they form a basis for the image of T. |

Example 9.31. Consider the linear transformation from R? to R? described by the matrix

1 0
0 1f. (9.32)
—3 2

The images of the vectors €] and €5 get sent to the columns of the matrix. They span the plane
shown in Figure 11.

Problem 9.33. Let

1 -2 3
A= 34
[—5 10 —15} (9.34)
and set
- 2
b:= {_10} . (9.35)

(a) Find a vector # such that A7 = b.

(b) Is there more than one such Z as in part (a)?
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Figure 11: A plot of the plane described by 3z — 2y + 2z = 0 along with two vectors
spanning it.

(c) Is the vector
3
U= 9.36
o= (9.30)
in the range of A viewed as a linear transformation?
Answer.
(a) To answer this, we must solve
T1
1 -2 3 2
{—5 10 —15} 2= {—10] (9:37)
T3

which we can do in the usual way we have learned

1 —2 2 a of row 1 to row 1 -2 2
[ 3 :|Idd5f 1t 2\{ 3 } (0.38)

-5 10 —15|—10| “1o 0 010

There are two free variables here, say x5 and x3. Then z; is expressed in terms of them via

Therefore, any vector of the form
2+ 21‘2 - 35(]3
T3

for any choice of x5 and z3 will have image b.

(b) By the analysis from part (a), yes there is more than one such vector.
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(c¢) To see if ¥'is in the range of A, we must find a solution to

Lg.£ jJ 2 :B] (9.41)

€3

but applying row operations as above

(9.42)

-5 10 —15 ' 0 0 015

|:1 —2 3 3:| Iadd50frow1torow2\ |:1 -2 3 3:|
0

show that the system is inconsistent. This means that there are no solutions and therefore, v
is not in the range of A.

Definition 9.43. A linear transformation R™ <- R is onto if every vector bin R™ is in the range

of T and is one-to-one if for any vector b in the range of T, there is only a single vector ' in R"”
whose image is b.

Theorem 9.44. The following are equivalent for a linear transformation R™ L Rre,
(a) T is one-to-one.

(b) The only solution to the linear system T(&) = 0 is & = 0.

(c) The columns of the matriz associated to T are linearly independent.

Proof. We will prove (a) = (b) = (¢) = (a).

((a) = (b)) Suppose that T is one-to-one. Suppose there is an # € R” such that T'(Z) = 0. Since
T is linear, T'(0) = 0. Since T is one-to-one, # = 0.

((b) = (c)) Suppose that the only solution to T(Z) = 0 is & = 0. The goal is to show that
{T((?l), o ,T(é’l)} is linearly independent, since these are precisely the columns of the matrix
associated to T. The linear system

nT(€r) + - +yaT(en) =0 (9.45)

can be expressed as
T(yi€1 + -+ Yn€n) =0 (9.46)

using linearity of 7. By assumption, the only solution to this is
Y18+ Yoy = 0. (9.47)

Since {é1,...,€,} is linearly independent, the only solution to this system is y; = --- =y, = 0.
Hence {T'(€}),...,T(¢1)} is linearly independent.

((c) = (a)) Suppose that the columns of the matrix associated to T are linearly independent.
Let Z,7 € R satisfy T'(Z) = T(). The goal is to prove that & = ¢. By linearity of T, T'(Z — ) = 0.
Since T = x1€] + - -+ + x,€, and similarly for g, this reads

T((xl —y)e + -+ (x, — yn)€n) = 0. (9.48)
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By linearity of 7', this can be expressed as
(21 —y1)T(€1) + - + (n — yu)T(€,) = 0. (9.49)

Since {T'(€,),...,T(&)} is linearly independent, the only solution to this system is

In other words,
T =Y,y Ty = Yn (9.51)
so that ¥ = v/. |

Theorem 9.52. The following are equivalent for a linear transformation R™ L Rre,
(a) T is onto.
(b) For every b € R™, the linear system T(Z) = b always has at least one solution.

(¢c) The columns of the associated m x n matriz A span R™, i.e.

span({T'(€1),...,T(€,)}) =R™ (9.53)

Proof. This one is left as an exercise. Compare this to Theorem 7.41 (it’s the same thing!). W

Theorem 9.54. Let R™ <~ R” be a linear transformation. Then

rank 7' + dim(ker T') = n. (9.55)

In other words,
# pwot columns + # free variables = dimension of domain. (9.56)
Proof. Omitted. |

The idea behind this “rank-nullity” theorem is that the information you start with (the domain)
equals the information you obtained (the image) plus the information that was lost (the kernel).
Notice that this has nothing to do with the codomain of the linear transformation.

As a summary, given a linear transformation

R™ £ R™ (9.57)

with domain (source) domain(7") = R™ and codomain (target) codomain(7") = R™, the image and
kernel of T" are given by
image(T) := {T(Z) € R™ : ¥ € R"} (9.58)

and
ker(T) :== {# e R" : T(%) =0}. (9.59)
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Note that image(7") C codomain(7") and ker(T') C domain(7T’). Since every linear transformation
T has the matrix form

T(@) - T(E)|, (9.60)
|

the span of the columns is

span{T(€\),...,T(€,)} = image(T). (9.61)
In fact, the pivot columns provide a basis for image(7"). Hence,

dim (image(7')) = # of pivots of T'. (9.62)

Solving

| ]
T(&) --- T(&)]|0 (9.63)
| |

in parametric form will give you the basis for ker(7). Hence, the number of free variables is the
dimension of this kernel

dim (ker(T")) = # of free variables of (9.63). (9.64)

Because of this, it immediately makes sense why the number of pivots plus the number of free
variables is n.

Recommended Exercises. Exercises 10 and 12 in Section 1.8 of [Lay|. Exercises 22, 23, and 31
in Section 2.8 of [Lay|. Exercises 13, 15, and 20, in Section 2.9 of [Lay]. Be able to show all your
work, step by step!

In this lecture, we finished Sections 1.8, 2.8, and parts of 2.9 of [Lay].

Terminology checklist

kernel/null space

range/image/column space

linear combination

rank

one-to-one/injective

onto/surjective
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10 Iterating linear transformations—matrix multiplication

If you think of a linear transformation as a process (recall our examples: ingredients for a recipe
is a decomposition, colorblindness can be described by a filter, etc.), you can perform processes in
succession. For example, imagine you had two linear transformations

R™ —@‘ R" (10.1)
R! *—@‘ R™ . (10.2)

Then it should be reasonable to perform these operations in succession as

R! *—@ R™ @‘R" (10.3)

so that the result is some operation, denoted by ST, from R" to R/

R! ‘—@‘ R" . (10.4)

Problem 10.5. Most grocery stores give you discounts on items if you purchase more. In this

and

case, the cost per quantity of a good is not typically linear. So imagine, for purposes of illustrating
the example of iterating linear transformations, that a particular grocery store has a fixed price per
quantity of goods regardless of how much you buy. Refer to Example 7.5 on baking pastries and
their ingredients. For convenience, we have reproduced the table as well as the cost of ingredients
per quantity. In addition, we have added the selling price at the bottom of the table per item (as
opposed to per batch).

Pancakes Tres leches Strawberry shortcake | Egg tarts cost per
(makes 12) | (makes 8 slices) (makes 8 slices) (makes 16) | ingredient
eggs 2 6 0 6 $0.09 per egg
strawberries | 1+ 1 Ibs 0 1+ 3 Ibs 0 $1.00 per 1b
heavy cream 1 cup 1 pint 3 cups 0 $1.50 per cup
flour 3 cups 1 cup 4 cups 3+ % cups | $0.20 per cup
butter 4 tbsp 0 1+ }L cups 1+ % cups | $2.00 per cup
sugar 3 thsp 1 cup % cup % cup $0.25 per cup
milk 2 cups 3 cup 0 5 cup $0.25 per cup
selling price $2.00 $3.50 $3.00 $1.00

Note that there are 16 tablespoons in a cup and 2 cups in a pint. Ignoring the costs of maintaining
a business, what is the profit of the bakery if they sell 4 batches of pancakes, 3 batches of tres
leches cakes, 2 batches of strawberry shortcakes, and 4 batches of egg tarts?
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Answer. Before calculating, conceptually, we have the following list of linear transformations.

| cost ingredients
| R! R7
profit | pastries
L— R*
R! |
. | sell price
: Rl

The cost and sell price can be calculated separately, but we have boxed them together because the
profit is calculated as a difference of the two. The explicit matrices corresponding to these linear
transformations are given by

2 6 0 6
502 0
1 23 0
009 1 150 020 2 025 025 |3 1 4 2
,,,,,,,,,,,,,, \ 19 5 4
| 5 i3
| 6 L3 3
l cost ingredients [[ 2 3 0 3
: Rl : ]R7
profit [_1 1} i 3 pastries
Rl i 3 R4
. | sell price i
| R! | (24 28 24 16]

Given the known quantities that are sold, we can calculate the images of the batches sold under
these different linear transformations.
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2 6 0 6
2020
1 23 0
(50 1 01 3
3 1 1 2
9 16 2 5
2 1 g 1
(009 1 1.50 020 2 0.25 0.25] |16 L3 3
38
-1 1] 43 4
B 60.70 s 3
231. 127
[231.30] {292.00} 20 5
. 3 4

[24 28 24 16]

This leads to a profit of $231.30.

Definition 10.6. The composition of R™ £ R™ followed by R/ & R™ is the function R! <L R®
defined by
R" > & S(T()). (10.7)

In words, ST is the transformation that sends a vector & to T'(Z) by applying T first and then
applies S to the result, which is T'(Z). Diagrammatically this looks like

R™
N (1038)

Rl 7 R»

Proposition 10.9. The composition of a linear transformation R™ L re followed by a linear
transformation R! ER™ is a linear transformation R! SR,

Proof. Let ¢ € R and %,y € R™. Then

S(T(@+9) =S(T(@) +T(Y)) by linearity of T' (10.10)
=5(T(@) + S(T({¥)) by linearity of S '
and
S(T(ct)) = S(cT(T)) by linearity of T’ (10.11)
=cS (T(f)) by linearity of S. .
Hence, ST is a linear transformation. |

Il
=1

Exercise 10.12. Show that (ST)(0)

94



Because ST is a linear transformation, it must have a matrix associated to it. Let A be the
matrix associated to S and let B be the matrix associated to T. Remember, this means

| | | |
A= |S@E) - S(En) & B=|T@) - T(@)]. (10.13)
| |

Notice the difference in the unit vector inputs! Let’s try to figure out the matrix associated to ST.
To do this, we need to figure out what the columns of this matrix are, and this should be given by

(ST)(@) --- (ST)(E)] . (10.14)

Therefore, all we have to do is figure out what an arbitrary column in this matrix looks like.
Therefore, pick some i € {1,...,n}. Our goal is to calculate this column

| |
(STY@)| = |S(T(@) |- (10.15)

By definition, T'(€;) is the i-th column of

| |
B=|T(@) - T(E)|. (10.16)
|

Let’s therefore give some notation to the elements of this column:

| bu;
7@ = :|. (10.17)

Notice that the indices make sense because B is an m X n matrix, so its columns must have m
entries. We left the ¢ index on the right because we want to keep track that it is the i-th column.
Now we apply the linear transformation S to this vector, which we know how to compute

| | b
S(T(&) =|S@) - SEu)| | : | =buS@E)+ -+ bniS(En). (10.18)

Therefore, this particular linear combination of the columns of S is the i-th column of ST'. Let’s
also put in some notation here. Writing the [ x m matrix associated to S as

| | app - Qi
se) - Sem)| = | ¢ : (10.19)
|

| ap v Qun
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we can express the above linear combination as
S(T(é)) =0;5(€1) + -+ + biS(€m)
aii
= by
an . (10.20)
bijan + -+ -+ bmialm

biia;y + -+ by,

Yes, this looks complicated. And remember, that this is only the i-th column of ST. If we now
did this for all columns and entries, we would find that the matrix associated to ST is

Z a1;bk Z apbra - Z kb
h=1 h=1 b=l
AR — kz:; a21bi kz:; aspbra - kz:; a2kbn (10.21)
Z by Z apbre - Z a1bn
[ k=1 k=1 k=1

From this calculation, we see that the ij component (meaning the i-th row and j-th column entry)
(AB);; of the matrix AB is given by

(AB)ij :=>_ aubs;. (10.22)

k=1

The resulting formula seems overwhelming, but there is a convenient way to remember it instead
of this long derivation. The ij-th component of AB is given by multiplying the entries of the i-th
row of A with the entries of the j-th column of B one by one in order and then adding them all
together:

J-th column

i-th row —{|aa Qi -+ - Qim ) = Z ikbrj (10.23)

This operation makes sense because the number of entries in a row of A is m while the number of
entries in a column of B is also m. Yet another way of thinking about the matrix product AB is
if we write B as

|
B=|b, - b, (10.24)
| |



Then AB is the matrix

| |
AB = |Ab, -+ Ab,|. (10.25)

Example 10.26. Consider the following two linear transformations on R? given by a shear S and
then a rotation R by angle ¢ (in the figures, k =1 and 6 = 7).

) cosf@ —sinf ) 1 k ) 109
R [sin@ cos 0 R 0 1 R% (1027)
N
“\( A/‘\ \ N
TQS‘ /'q)
T = NI/ g
z\/\ ) N - 2
N : \
St (e1) €l

Let us compute the matrix associated to RS by calculating the first and second columns, i.e.

(RS)(€1) and (RS)(€3). The first one is

R(S() = [cos@ —sin@] H _ [cos@} (10.28)

sinf cos® 0 sin 0

while the second is

cos) —sinf| |k cosf —sinf kcosf —sinf
ey — — = . 1 2
R(5(@) Lin@ cos 6 } [1} g Lin 9} * [ cos 6 } {k sin 6 4 cos 9] (10-29)
Therefore, the resulting linear transformation is given by
) cos kcosf —sinf )
R [sin@ ksin @ — cos 6 R% (10:30)
which with k£ =1 and ¢ = 7 becomes
0 —1
2 2 10.31
R L 1} R (10.31)

If, however, we executed these operations in the opposite order

) 1 k ) cosf —sinf
R 01 R sinf cos®

R2 (10.32)
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(=8 = g
N

S (R(@)

we would find the resulting linear transformation to be

R?2 ksiné—i—cosé’ kcosf — sinf R? | (10.33)
sin 6 cos b
which with £ =1 and § = % becomes

1 -1
2 2 10.34
R [1 0 ] R ( )

If Ais an m x m matrix, then
k times

. t

AV :=A..- A (10.35)

Note that it does not make sense to raise an m X n matrix to some power other than 1. By
definition,
A% =1, (10.36)

is the identity m x m matrix.

Exercise 10.37. State whether the following claims are True or False. If the claim is true, be
able to precisely deduce why the claim is true. If the claim is false, be able to provide an explicit
counter-example.

@ |y 1] .

(b) The matrix [

{1 15k

0 } for all real numbers k.

-0.6 0.8

represents a rotation.
~0.8 —0.6} P

Exercise 10.38. Compute the matrices from exercises 7-11 in Section 1.9 of [Lay]| in the following
two ways. First, calculate each of the individual matrices for the transformations and then matrix
multiply (compose). Second, write the matrix associated to the over-all transformation. How are
these two methods of calculating related?

Recommended Exercises. Exercises 9, 10, 11, and 12 in Section 2.1 of [Lay]. Be able to show
all your work, step by step! Do not use calculators or computer programs to solve any problems!
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In this lecture, we finished Section 2.1 of [Lay].

Terminology checklist

composition/matrix multiplication ‘

raising a square matrix to a power ‘
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11 Hamming’s error correcting code

We will review several concepts in the context of an example. This example and a lot of the

wording comes directly from an exercise in [1]. Warning: our presentation differs slightly from

42

the one often given in computer science courses.”> We will try to include the computer science

descriptions in remarks. You do not need to know all of the details about binary to solve any of
the linear algebra problems, but if you already know binary, the remarks will help you understand
the differences between our presentation and the one you might be accustomed to. Our purpose is
to formulate Hamming’s error correcting codes in such a way as to utilize linear algebra without
having prior knowledge of computer science or binary.

Remark 11.1. In binary, one uses the numbers 0 and 1 only to represent arbitrary natural
numbers. We are used to doing arithmetic in base 10. For binary, we use base 2. For example,
the number 137 can be expressed as

137 =1x 10 + 3 x 10" + 7 x 10°. (11.2)

Another way to decompose this number is in terms of sums of powers of 2 but our coefficients
must be numbers less than 2, i.e. 0 or 1. So, 137, for example, is expressed as

137 =128 +8+ 1
=27 428 420 (11.3)
=1x2T4+0x204+0x224+0x2+1x22+0x22+0x2"+1 x 2%

Therefore, one can represent 137 as
137 = 10001001 (11.4)

in binary. Furthermore, one can do arithmetic analogous to how you learned how to do arithmetic
in primary school. For example, to add the number 85 to 137 you would carry over terms

137485 = (1 x 10° + 3 x 10" + 7 x 10°) + (0 x 10> + 8 x 10" 4+ 5 x 10°)
=(1+0) x 10* + (3+8) x 10" + (7+5) x 10°
=1x 10>+ (10 + 1) x 10" + (10 + 2) x 10°
=(1+1) x10* + (1 +1) x 10" +2 x 10°
=2 x10% +2 x 10" +2 x 10°
= 222.

(11.5)

The shortcut method of doing this is what you might have learned in primary school

11

137
+ 85

222

42We thank Christian Carmellini and Philip Parzygnat for helpful discussions on these points.
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For binary, we proceed as follows. First, 85 is represented as
85 =64+ 16 +4 + 1 = 2° +2* + 22 +2° = 1010101. (11.6)

Adding these two numbers using the shortcut method gives

1
10001001
+ 1010101
11011110

which equals
11011110 =128 + 64 + 16 + 8 + 4 4 2 = 222 (11.7)

as expected. We can also make sense of multiplication analogous to how multiplication is defined
for numbers using base 10. We will ignore this arithmetic structure in what follows.
Instead, we will only keep track of the parity of all the arithmetic computations that we will
perform. This will be explained in more detail in remarks as we progress.

Associated with every number is its parity. The parity will be indicated with either a 0 or a
1. 0 indicates that the number is even while 1 indicates that the number is odd. The way we will
add these numbers is the same way we normally add numbers except with the rule that 1 +1 = 0.
For example, 2017 = 1 while 2018 = 0. Hence we will not be using binary arithmetic to add
our numbers. Multiplication of these numbers is also treated in the same was as with ordinary
integers. This makes sense because, for example, an even number times an odd number is an even
number while an odd number times an odd number is still an odd number. Just like the set of real
numbers is so important that we give it notation, such as R, the set {0, 1} with this addition is
so important that we also provide it with a symbol. Unfortunately, people will disagree on what
letter to use. I prefer the notation Zsy to remind myself that I am working with integers where “2”
is treated as 0. Furthermore, just as we can form n-component vectors of real numbers, (recall,
this set is denoted by R™), we can form n-component vectors of 0’s and 1’s, and we denote this set
by Z%. Most of the manipulations, definitions, and theorems that worked for vectors in R™ work
for vectors in Zj.

Problem 11.8. Because there are infinitely many real numbers, there are infinitely many vectors
in R" for n > 0. How many vectors are there in Z3?

Answer. For each component of a vector in Z%, there are 2 possibilities: either a 0 or a 1.
Therefore, for n components, this gives 2" possible entries. In particular, the number of vectors in
7% is finite.

Definition 11.9. An element of Z, is typically called a bit, a vector in Z3 is typically called a
byte, and a vector in Zj is typically called a nibble.

Remark 11.10. One can think of each element of Z7 as encoding a specific number between 0
and 2". In this way, a binary representation of a number such as 137 = 10001001 can be encoded
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in the vector

137 = 10001001 < YA (11.11)

_ OO O O = O O =

(yet another convention is to reverse the order). However, we will not be using the standard binary
arithmetic in this representation. Instead, we will think of this vector as encoding some kind of
information that need not be a natural number like 137. Instead, one can use these strings of 0’s
and 1’s to encode a letter, word, sentence, phrase, etc. There are many ways to do this. For
example, one can use ASCII to translate from strings to letters and symbols. Regardless, once a
string of 0’s and 1’s is used to signify a message, it no longer makes sense to perform arithmetic
with these strings in the usual way binary operations are performed. The vectors that will follow
in this section should be interpreted in this way. Namely, they encode some kind of a message.

In 1950, Richard Hamming introduced a method of recovering transmitted information that
was subject to certain kinds of errors during its transmission. A Hamming matriz with n rows is

a matrix with 2" — 1 columns and whose columns consist of exactly all the non-zero vectors of Z3.
For example, one such Hamming matrix with n = 3 rows (therefore 2* — 1 = 7 columns) is given

by
1001011
H=10 10110 1]. (11.12)
0011110

Problem 11.13. Express the kernel of H as the span of four vectors in Z of the form

(11.14)

St
|

O O O = % Xk ¥
O O = O % % ¥
O = O O % % ¥
_— O O O ¥ ¥ %

Answer. All we have to do is solve the augmented matrix problem (find the homogenous solution
to)

1001011
01 011¢01 (11.15)
0011110

o O O
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and we see immediately (since this matrix is already in reduced echelon form) that the general
solution is

T —T4 — Xg — T7 -1 0 -1 -1

To —T4 — X5 — Ty -1 —1 0 -1

T3 —T4 — X5 — Tg —1 —1 —1 0

T4| = T4 =x4 | 1 | 4+25| 0| +x6| 0| +27| 0 (11.16)
Ts T5 0 1 0 0

Tg Tg 0 0 1 0

L L7 ] | Ty | _O_ _O_ _0_ _1_

where x4, T5, T, and x; are free variables. But, don’t forget that —1 = 1 in Zs, so this actually

becomes o o o o o
T 1 0 1 1
To 1 1 0 1
s 1 1 1 0
| =24 |1| +25 [0 +26 |0 +27 |0 (11.17)
Ts 0 1 0 0
T 0 0 1 0
| 27 ] 0] 0] 0] 1]

where x4, x5, g, and z7 are free variables. By the way, this expression of the set of solutions is
now in parametric form (only the free variables appear). From this, we can immediately read off
the requested vectors:

(11.18)

St
|

S
|

OO =) O Rk = O
St
|

O = OO0~k O -
Sl
|

—_— 0 O O O = =

S O O = = =

Let’s make sure this answer makes sense. H is a 3 x 7 matrix. The first three columns are pivot
columns and the last four columns provide us with free variables. Therefore, we expect the kernel
of H to be 4-dimensional. This agrees with the fact that we found the four vectors {¥, Uy, U3, U }.
Rank-Nullity tells us that these vectors form a basis for the kernel of H (but you can also check
this explicitly by showing that these four vectors are linearly independent). Furthermore, because
H is a 3 x 7 matrix, it describes a linear transformation Z3 & Z%. Hence, the kernel should consist
of vectors with 7 components. Again, this is consistent with the basis we found.
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Using {¢, U, U3, U4}, we can construct a new matrix

(11.19)

O O O =
O O = O = = O
SO = O O = O =
_ o O O O = =

Problem 11.20. Show that image(M) = ker(H). In particular, what is the resulting matrix H M
obtained by first performing M and then H?

Answer. The image of M is the span of the columns of the matrix associated with M. But these
vectors also span the kernel of H by construction. Therefore,

image(M) = span{t}, Uy, U3, U4} = ker(H). (11.21)

This implies, in particular, that image(M) C ker(H). In other words, a vector Z in image(M) is
also in ker(H), i.e. H(M(Z)) = 0. This means that HM is the zero 3 x 4 matrix. Notice that we
didn’t even have to calculate H M explicitly.

Now, consider a “message”, which will mathematically be described by a vector @ in Z3, i.e. a
nibble (so a message consisting of four bits), and suppose you would like to transmit this message
to someone. While this message is traveling, the environment might perturb it slightly and might
change some of the components of the vector .

We assume for simplicity that at most one entry can change during transmission.

Because our messages are encoded using only 0’s and 1’s, the way in which 4 might change is
completely determined by which component gets altered.*> Thus, there are only five possible

outcomes for what happens to 4. These possible outcomes are
U0 U+ € U+ € U+ €3 U+ €y (11.22)

since 1 is a four-component vector Notice that adding a vector €; is the same as subtracting one
since we are working with binary. For example, imagine we started with the vector

(11.23)

S
I
O~ = O

43For example, if our entries were allowed to be 0,1, or 2, and the number 2 gets altered, there are two possible
numbers it could be: 0 or 1. Therefore, if the receiver sees 0 and somehow knows that the error occured in this
entry, then the initial number could have been a 1 or a 2 and one needs additional information to figure this out.
Using 0’s and 1’s only avoids this issue.
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When this message is transmitted, if at most one error occurs, the five possible outcomes are

0 1 0 0 0 0 0

. 1 oL 1 Lo 2 0 Lo 1 1 LS 1

= , U+ € = ) , U+ €y = =1 , U+ €3 = 51 = 1o LU+ €y = K (11.24)
0 0 0 0 0 0 1

The information we are working with in our message is precious! We would like to not lose any
information. How can we do this? Again, this only works assuming that at most one error occurs,
but nevertheless it is an amazing idea. Hamming realized that you can first transform the vector
il € Zj into a seven-component vector 7@ € Z3 by using the matrix M, i.e.

7= Mi (11.25)

and then transmit that vector. This is beneficial for the following several reasons. First of all, « is
part of the vector ¢. In fact, if we split up M into two parts (the top and bottom parts)

o1 U
MY =110 1 & Mt = (11.26)

L1110 0010

0001

so we see that
Mtop—*
Mﬁ:[ fb} (11.27)
u

so that all of the information of « is stored directly in the vector ¢ since it is contained in the
last four components. The three entries in M'P# are called parity bits (see Remark 11.41 for an
explanation why). Secondly, there are now eight (instead of five) possible outcomes of ¢ after
transmission

U U+ e U+ & U+ €3 U+ €y U+ U+ € U+ er (11.28)

Problem 11.29. Using the matrix H, how can the receiver detect if there was an error during
transmission? [Hint: consider the case that there was no error first and then analyze the situation
if there was an error.|

Answer. If there is no error, then v = Hu is the message that the receiver sees. They write down
this information. The receiver can then apply the transformation H to this message and will find
that the resulting vector is Hv = H(Mu) = 0 by our calculations above. When they see the string
of all 0’s, they know that the message they received was the same as the original message and they
keep only the last 4 rows of the vector ¢ that they received since they know these 4 numbers give
the vector .

On the other hand, if an error occurs during transmission, then the resulting vector that the
receiver obtains will be of the form v + ¢; for some i € {1,2,...,7}. Remember, the receiver does
not know that the vector is of this form (all they see is a string of 0’s and 1’s). Nevertheless, when
they apply M they will obtain the vector

H(7+&) = H(M(@) + &) = H(M(@) + H(&) = 0+ H(&) = He,, (11.30)
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where He; is the i-th column of the matrix H. Remember, this is because

L S R e A I I
H: Hgl Hgg ng Hgg H€4 H€5 Hgﬁ H€7 . (1131)

By looking at the matrix H, notice that every single column in that matrix is different from
every other column. Therefore, He; will inform the receiver what 7 is, and remember that i
represents the component where the error occurred during transmission. First suppose the error
occurred where i € {1,2,3}. Because u, the original message, was in the last four slots of the
vector M, the receiver knows that the message they read before applying H is indeed the original
message that was sent since the error only occurred in one of the first 3 entries and did not affect
the last 4 entries (which is where « is). However, if ¢ € {4,5,6, 7}, then the receiver knows that an
error occurred in the original message. Fortunately, because they can see He;, they can identify
which component the error occurred in. They can then fix this error (again because we are only
using 0’s and 1’s, there is only one other number it could have been) and obtain the original
message. Fascinating!

Example 11.32. In case you didn’t quite get that, let’s work with a concrete example. Suppose
a sender has the initial message

(11.33)

]
I

O~ =k O

After applying M, this vector becomes

(11.34)

<y
Il
S
I
O = = O N =
Il
S = = O O = =

since we must remember that 2 = 0 in Z,. Notice how # is still preserved in the bottom four
entries. So now let’s say this message is transmitted and an error occurs in the second entry (of
course, the receiver does not know this) so what the receiver sees first is the vector

(11.35)

=1
+
21
I
O = = O O N =
I
O = = O O O =
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The receiver writes this information down. Then applies the linear transformation M to the
message and obtains

1
0
100101 1710 2 0
H{@+é&)=10 10110 1|]0o] =]{1] =11 (11.36)
00111101 2 0
1
0

Notice that the math tells us that H (U + &) = Hé, but the receiver does not know beforehand
where the error occurred, so we should not express the above equation as equal to Hey (even
though it’s true) because that would presume the receiver already knows the state—the receiver
must apply the received vector as they obtained it because they are initially ignorant. So we see
that we obtained the second column of H which tells us that an error occurred in the second entry
of the transmitted message. Therefore, the last four entries were not altered and the receiver can
safely conclude that the original message was indeed our starting vector .

Example 11.37. Using the same @ as in (11.33), now consider the situation where the fifth entry
of ¥ gets altered during the transmission. Therefore, the receiver sees

1 1
1 1
0 0
F+é=10] =0 (11.38)
2 0
1 1
0] 1O
Applying H to this gives
ok
1
1 001011710 2 0
010110 1] |ol=]t]=]1]. (11.39)
001 1 11 0] (0 1 1
1
0]

Therefore, the receiver knows that the 5th component of the original message has an error because
this resulting 3-component vector is the 5th column of H. By flipping this fifth entry and looking
at the last four components, they get back the original message .

In summary, the receiver can perform a (linear) operation on the received message (namely,
H) and figure out the entire original message even if there was an error during transmission! It

107



is very important to notice that neither H nor M were constructed in any way that depends on
the original message! They apply to all transmissions of 4-bit messages with at most one error

occurrence.

Remark 11.40. The previous experiment unfortunately fails if bits are replaced by their quantum
analogues, known as qubits. The reason is that whenever the receiver looks at the message, they
necessarily alter the state. This is what makes quantum cryptography challenging, but these
aspects can also be used as strengths.

What do you do if you want to transmit longer messages? Although we will not answer this,
the following remark partially addresses this question.

Remark 11.41. We will relate our discussion of Hamming error correcting codes to one that is
often presented to the computer scientist in terms of what are called parity bits. Parity bits are
the additional bits added to the initial message in the Hamming error correcting code and are used
to identify the location of a possible error. To see how this works, consider an arbitrary message

that the sender wishes to send
Uy
- Uz
= . 11.42
i= | (11.42)

Uyq

The matrix M changes this 4-bit message into a 7-bit message of the form

1 011 [y + ug + uy |
1 101 U + Uy + Uy
111 0] |™ Uy + g + Uz
Mi=|1 0 0 o || = u . (11.43)
010 o0f]|" s
00 1 0 L"™ us
00 0 1] T

The top three entries of Mu are known as the parity bits. They add the bits from the entries of
the original matrix in such a way so that if at most one error occurs, the receiver will perform
the sums in the observed vector and compare it to what they see. If the entries in the parity bits
do not obey the form on the right-hand-side of (11.43), then it means that the parity bit detects
an error in one of the four entries it covers. For example, p; checks the entries py, w1, uz and uy.
If p1 # uy + us + uy, this means that p; detects an error, which means that an error definitely
occurred in one of these four entries. If p; = u; + uz + uy, this means that there is no error in
any of these entries. The other parity bits detect errors in a similar fashion. One uses process of
elimination to isolate precisely where the error occurred. For example, imagine that the receiver
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sees the vector

(11.44)

_ =0 O O =

0
The receiver is aware of the fact that the first three entries are the parity bits and that they should

satisfy the sum formula of (11.43). Do they? If we take the bottom four entries (since this is where
the initial message is contained) and apply the matrix M to it, instead we obtain

(11.45)

O R, = O
Il
— —_ O O K~

0

This tells us that the second parity bit detects an error while the first and third parity bits do
not detect an error. The first parity bit (entry 1) checks itself and the 1st, 3rd, and 4th entries
of the initial message (entries 1, 4, 6, and 7). The second parity bit (entry 2) checks itself and
the 1st, 2nd, and 4th entries of the initial message (entries 2, 4, 5, and 7). The third parity bit
(entry 3) checks itself and the 1st, 2nd, and 3rd entries of the initial message (entries 3, 4, 5, and
6). Because the first parity bit agrees with the message the receiver sees, this means that there
is mo error in the 1st, 4th, 6th, and 7th entries. Because the second parity bit disagrees with the
message the receiver sees, this means that there is an error in one of the 2nd, 4th, 5th, or 7th
entries. By just looking at the first two parity bits, we know that the error occurs in the 2nd or
5th entries (it cannot be in the 4th or 7th because the first parity bit excludes this possibility),
but we need the last parity bit to determine which one of these two possibilities it is. Because the
third parity bit agrees with the message the receiver sees, this means that there is no error in the
3rd, 4th, 5th, and 6th entries. Hence, combining these results together, we conclude that the error
occurred in the 2nd entry. This idea generalizes to arbitrary 4-bit messages and indicates how the
parity bits work. The linear algebra method we have employed to identify the location of the error
bypasses this elimination process.
Another subtle example is very helpful. Suppose that the receiver sees the vector

1

(11.46)

_ = O O = O
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We check what the parity bits say (without using the linear algebra method)

? ?

pr=u; +us+us Z0+1+1 X

pQ;u1+u2+u4 S 0=0+0+1 X (11.47)
? ?

pe—uy tugtus : 1=04+0+1

This means that parity bits p; and py both detect an error. Since they themselves cannot both be
where the error occurs (since this would mean two errors have occurred), it must be that one of
the entries it checks in common has the error. This means that either u; or us contains the error.
Parity bit p3, however, says that ps, uy, us, and uz are error-free. By process of elimination, this
means that the error occurred in the entry uy. We can also check this directly using the linear
algebra method by applying the matrix H and we would find that H applied to the received vector
indicates an error in the 7-th entry, which corresponds to an error in wuy.

There is one important difference between this method and the one computer scientists might
be familiar with. This is the location of the parity bits and the location of the initial message. It
is convenient to reorganize where the initial message and parity bits are. For an initial message of
length four, as we have been discussing, the parity bits would actually be located in the 1st, 2nd,
and 4th entries, and not the 1st, 2nd, and 3rd entries.

N
b2
Uy
D3 (11.48)
Uz
Us

[ U4 ]

One reason for doing this is so that one can change the length of the message easily by appending
a longer string to the message. If we were to increase the length of our new message, we would
have to include more parity bits, and where would we place them? Our convention for a message
of length 4 placed all the parity bits on top, but if we want to add to our message, we have no
choice but to place the next parity bit after our first string of 7 bits has left. For example, if you
have 4 parity bits, you can actually send a message of length 11. The total vector containing the
initial message and the parity bits might look something like (the column vector has been drawn
as a row vector to fit it more easily on the page)

[pl P2 Ur P3 U2 U3 Ug Pg U5 Us U7y Ug U9 Ul U11]~ (11.49)

The n-th parity bit is placed in the 2" !-st entry of a vector of length 2" — 1 so that the length
of an initial message that can be sent with n parity bits is 2" — 1 — n. With our linear algebra
method, we would have an awkward formula for where to place the parity bits.

What happens if you allow for more than just one error? This has also been addressed in the
literature, but I'll let you think about it.
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Recommended Exercises. See homework. Be able to show all your work, step by step! Do not
use calculators or computer programs to solve any problems!

In this lecture, we reviewed many important concepts: kernel, image, matrix multiplication,
bases, etc. all through an example that is an exercise in [1].

Terminology checklist
Ly

bit, nibble, byte
Hamming matrix

Hamming’s error correcting code

parity bits
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12 Inverses of linear transformations

Refer back to Example 7.5 of the ingredients needed to make a set of pastries, but imagine one
now considers all possible pastries (or at least a sufficiently large number of pastries, such as 20)
one can make with those seven ingredients. As we discussed in that example, a recipe defines a
linear transformation, which is, in particular, a function

ingredients recipe pastries
%
R? R# of pastries

Is there a way to go back?

recipe
ingredients |« | pastries

- _y R# of pastries

The way this question is phrased is a bit meaningless, because there are definitely many ways to
go back. For example, you can just send every ingredient to the vector 0. A more meaningful
question would be to ask if there is a way to go back that recovers the pastry you started with.
Is this possible? Phrased differently, imagine being given a set of ingredients such as flour, milk,
eggs, sugar, etc. What kinds of pastries can you make with your set of ingredients? Is there
only one possibility? Of course not! Depending on the chef, one could make many different kinds
of pastries with a given set of ingredients. Hence, there is no well-defined rule to go back, i.e.
there is no function satisfying these requirements.** In the context of linear algebra, given a linear

Rm—@‘Rn (12.1)

taking vectors with n components in and providing vectors with m components out, you might want

transformation

to know if there is a way to go back to reverse the process. This would be a linear transformation
going in the opposite direction (I've drawn it going backwards to our usual convention)

Rm—@—Rn (12.2)

so that if we perform these two processes in succession, the result would be the transformation
that does nothing, i.e. the identity transformation. In other words, going along any closed loop in

441f we had only used 4 pastries as in Example 7.5 and we used the recipes provided, then there actually is a way
to go back because the columns of the matrix associated to the recipe are linearly independent. However, there are
still many ways to go back and no unique choice.
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the diagram

is the identity. Expressed another way, this means that

=

R
genel

N

Here 1,, is the identity transformation on R™ and similarly 1, on R". Often, the inverse S of T’
is written as T~! and the inverse T" of S is written as S~!. This is because inverses, if they exist,
are unique.

Definition 12.6. A linear transformation R™ <= R" is invertible (also known as non-singular) if

there exists a linear transformation R" i R™ such that
ST =1, & TS=1,,. (12.7)

A linear transformation that is not invertible is called a non-invertible (also known as singular)
linear transformation.

Example 12.8. Consider the matrix Ry describing rotation in R? counterclockwise about the
origin by angle 6

[cos 0 —sin 9]

sinf cos@

For 6 = 7, this looks like
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W

The inverse of such a transformation is very intuitive! We just want to rotate back by angle —@,

i.e. clockwise by angle 6. This inverse should therefore be given by the matrix

o

For 6 = 7, this looks like

cos(—0) —sin(—0)
sin(—6)

cosf sind

cos(—0) ] - {_ sin 6 COS&} (12.10)

v

Is this really the inverse, though? We have to check the definition. Remember, this means we

need to show

RQR,Q — ]12

&  R_yRy=1,. (12.11)

It turns out that we only need to check any one of these conditions (this is one of the exercises in

[Lay]), so let’s check the second one.

R_gRy

10
01

[ cosd
|—sinf® cosf

| —sinf cosf + cosfsind

|

sinf@| {cosf —sind

|

cos? f + sin? 6

|

—cosfsinf + sinf cosd
sin? 0 + cos? 6

sinff cos®

(12.12)

There is something quite interesting about this last example, but to explain it, we provide the

following definition.
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Definition 12.13. The transpose of an m x n matrix A

ai; a2 -0 Qip
Q21 G2 - Q2

A= o (12.14)

Am1 Am2 *°  Amnp

is the n x m matrix

ai; G210 Qpl

a2 G2 -+ Qp2
AT = | 7 . (12.15)

A1m  A2m -  Qpm

Another way of writing the transpose that makes it easier to remember is
T ~
| | o a

a -+ Qp| = : (12.16)

In other words, the columns become rows and vice versa. In the previous example of a rotation,

we discovered that . .
[cos 0 —sin 0] _ [cos 0 —sin 9] . (12.17)
sinf  cosf sinf  cos@

These are special types of matrices, known as orthogonal matrices, and they will be discussed in

more detail later in this course.

Example 12.18. Consider the matrix S ,L describing a vertical shear in R? of length k

R? Uﬁ (1]] R2 . (12.19)

When k = 1, this transformation is depicted by

S

n

2

N

Dy

[\

S—
Q
\\
| — |
— =

[»—O
| I |

D

M AN

N’
C
/~
=t

L 2

—

€1

In this case as well, it seems intuitively clear that the inverse should be also vertical shear but
where the shift is in the opposite vertical direction, namely, k£ should be replaced with —k. Thus,
we propose that the inverse vertical shear, s s 1S given by

S {—1/@ (1)] . (12.20)
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When k = 1, this transformation is depicted by

S\ (&)

51(@)
&
We check that this works:
o |1 0|1 0] |10
SL.S, = [—k 1] {k’ =10 1l (12.21)
Theorem 12.22. A 2 x 2 matriz
a b
A= 12.23
i (12.29
is inwvertible if and only if ad — be # 0. When this happens,
1 d —b
Al = : 12.24
ad — be [—c a } ( )

Proof. This is an if and only if statement so it’s proof must be broken into two major steps.
(<) Suppose that ad —bc # 0. Then the formula for A™! shows that an inverse to A exists (matrix
multiply to verify this). Hence, A is invertible.
(=) Suppose that A is invertible. The goal is to show that ad — bc # 0. Since A is invertible, there
exists a 2 X 2 matrix B such that AB = 1, = BA. Notice that this means solutions to the two
Systems

AT =€) & Ay = é, (12.25)

are given by the respective columns of B since applying B to both sides of these two equations
gives

7=1,7 = (BA)(&) = B(AT) = B&, &  §= 1.7 = (BA)(§) = B(Aj) = Bé,.  (12.26)

In other words, we have to be able to solve the system

a ble
12.27
Y 1220
for all e, f € R. In an earlier homework problem, we showed that if a # 0, then this row reduces
a ble a b e
. 12.2
L d f}’_)[o ad — be af—ec] (12.28)
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This is consistent for all e, f € R provided that ad — bc # 0. But what if « = 0?7 Then it must be
that ¢ # 0 so that we can swap rows and row reduce in a similar way to make the same conclusion.
Why can’t both a and ¢ be equal to 07 If this happened, then A would not have two pivot columns

and it would not be possible to solve our two systems. Therefore, at least one of a or ¢ is nonzero
and the formula ad — be # 0 must hold. |

This actually concludes the proof, but you might wonder where the formula for A~! comes
from. Without loss of generality, suppose that a # 0 (we say without loss of generality because
we can swap the rows to put c¢ in the position of a and row reduction would give us an analogous
result). Setting e =1 and f = 0 gives

a b1 a b 1
12.
[c dO]H[O ad — bc —c]’ (12:29)
which says
ary + bry =1 1
P = 7= {d}. (12.30)
(ad — be)xg =0 ad — be |—c
Setting e = 0 and f = 1 gives
a b|0 a b 0
12.31
[c dl}i—)[o ad — bc a}’ (12.31)
which says
ay; + by, =0 1 —
Lo = = { b]. (12.32)
(ad — bc)ys = a ad —bc | a
Therefore,
1 d —b
Bl ] - 12.
7 9] ad — be [—c a} ’ (12.33)

which agrees with the formula for A~! in the statement of the theorem.

Exercise 12.34. If a = 0, then ¢ # 0. By going through a similar procedure, find B, the inverse
of A, and show that it agrees with the formula we found.

Remark 12.35. You might have also tried to prove the second part of the theorem by writing
the inverse of A as some matrix (the e and f here are not the same as in the above proof)

B= E] ﬂ (12.36)

and then matrix multiply with A to get the equation AB = 15 which reads

a bl e f| |ae+bg af+bh| |1 0
[c d} {g h} B [ce+dg cf—{—dh] B {O 1] (12:37)
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This provides us with four equations in four unknowns (the knowns are a, b, ¢, d and the unknown
variables are e, f, g, h)

ae+0f +bg+0h=1
Oe+af+0g+bh=0
ce+0f+dg+0h=0
Oe+cf +0g+dh=1

, (12.38)

which is a linear system described by the augmented matrix

(12.39)

o o0 O R
o O 2 O

O o <
QU O o O
_ o O =

By a similar argument to as before, at least one of a or ¢ cannot be 0. Without loss of generality,
assume that a # 0. Then we can row reduce this augmented matrix to

a 0 b 01 a 0 b 0 1
0O a 0 b0 0 a 0 b 0

12.4
c0dolol o0 ad=b 0 |-c (12.40)
0 ¢c 0 d|1 0 0 0 ad —be | a

Because a and ¢ can’t both be 0, in order for this system to be consistent, ad — bc cannot be
zero. This again concludes the proof since all that was needed to be shown was ad — bc # 0. But
again, we can proceed and try to find the inverse by solving this augmented matrix completely.
Proceeding with row reduction gives

a 0 b 0 1 a 0b 0| 1 100 0|
0 a 0 b 0 0 a 0 bl 0 0100 -7

ad—be 12.41
00 ad—bec 0 —cH()olOanbcHOOlO—anbc ( )
00 0 ad—bc| a 000 1|2 000 1|5

This gives us the matrix B = A~!, and it agrees with our earlier result. Notice how much longer
this construction was.

The quantity ad — bc of a matrix as in this theorem is called the determinant of the matrix
A and is denoted by det A. In all of the examples, the matrices were square matrices, i.e. m X n
matrices where m = n. It turns out that an m x n matrix cannot be invertible if m # n. Our
examples from above are consistent with this theorem.

Example 12.42. In the 2 x 2 rotation matrix Ry from our earlier examples, the determinant is
given by
det Ry = cosf cosf — sinf(—sin ) = cos># +sin®f = 1. (12.43)

Example 12.44. In the 2 x 2 vertical shear matrix S,L from our earlier examples, the determinant
is given by
det S| =1-1—0-k=1. (12.45)
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You could imagine just by the form of the inverse of a 2 x 2 matrix that finding formulas for
inverses of 3 x 3 or 4 x 4 matrices will be incredibly complicated. This is true. But we will still find
that a certain number, also called the determinant, will completely determine whether an inverse
exists. We will describe this in the next two sections. But before going there, let’s look at some of
the properties of the inverse of a linear transformation. We can still study properties even though
we might not have an explicit formula for the inverse. Invertible matrices are quite useful for the
following reason.

Theorem 12.46. Let A be an invertible m x m matriz and let b be a vector in R™. Then the
linear system

AT =1 (12.47)
has a unique solution. Furthermore, this solution is given by
7= A"". (12.48)
Proof. The fact that ¥ = A~1b is a solution follows from

A(A7ID) = (AA b = 1ob = b. (12.49)

To see that it is the only solution, suppose that i is another solution. Then by taking the difference
of A7 =0 and Ay = b, we get

AZ-9H=0 = AQF-9H=4"0 = F-y=0 (12.50)
12
so that ¥ = v/. |

Exercise 12.51. Let

b= (12.52)

and let R /s be the matrix that rotates by 30° (in the counterclockwise direction). Find the vector
Z whose image is b under this rotation.

1) Write the matrix R/s explicitly.
2) Draw the vector b.

Guess a solution # by thinking about how R./s acts.

Compare your results and then make sure it works.

)
)

4) Use the theorem to calculate & to test your guess.
)

Theorem 12.53. If A is an invertible m x m matriz, then
(A=A (12.54)
If A and B are invertible m x m matrices, then AB is invertible and
(BA)'=A"'B" (12.55)
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This theorem is completely intuitive! To reverse two processes, you do each one in reverse as if
you're rewinding a movie! The inverse of an m x m matrix A can be computed, if it exists, in the
following way, reminiscent of how we solved linear systems. In fact, this idea is a generalization
of the method we used to solve for the inverse of a 2 x 2 matrix. The idea is to row reduce the
augmented matrix

[A] 1] (12.56)

to the form
(1, | B] (12.57)

where B is some new m x m matrix. If this can be done, B = A,

Example 12.58. The inverse of the matrix

1 -1 1
A=1]-1 1 0 (12.59)
1 0 1
can be calculated by some row reductions
1 -1 1/1 00 1 =1 11 00 10110 01
-1 1 0/0 1 O~ {0 O 1|1 1 Ol (0011 10 (12.60)
1 0 1/0 0 1 0 1 0|—-1 01 01 0|-1 01
and then
1010 01 10 0/—-1 -1 1 100]-1 -1 1
0o01{1 10/~—(0O0C1T 1T 1 0= 1|01O0]-1 0 1 (12.61)
01 0[—-1 01 010|-1 0 1 0011 1 0
So the supposed inverse is
-1 -1 1
Atlt=1-1 0 1|. (12.62)
1 1

To verify this, we should check that it works:

~1 -1 171 -1 1 100
-1 0 1| |-1 1 ol=1]01 0. (12.63)
1 1 0/[1 o 1 001

Exercise 12.64. A rotation by angle 6 (about the origin) in R? in the plane spanned by €; and
€5 is given by the matrix

[cos —sinf 0
sinf cosf 0 (12.65)
| 0 0 1

Show that the inverse of this matrix is

[ cosf sinf 0

e}

—sinf cosf (12.66)

0 0

—_
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Theorem 12.67 (The Invertible Matrix Theorem). Let R™ &£ R™ be a linear transformation with
corresponding m X m matriz denoted by A. Then the following are equivalent (which means that if
one condition holds, then all the other conditions hold).

(a) T is invertible.
(b) The columns of A span R™, i.e. T is onto.
(¢) The columns of A are linearly independent, i.e. T is one-to-one.

(d) For every b € R™, there exists a unique solution to AZ = b.

(e) AT is invertible.

Please see [Lay]| for the full version of this theorem, which provides even more characterizations
for a matrix to be invertible. Later, we will add other characterizing properties to this list as well.

Theorem 12.68. Let R™ <~ R” be a linear transformation. The following are equivalent.

(a) T is one-to-one.
(b) There exists a linear transformation R™ 5 R such that ST = 1,.

(c) The columns of the standard matriz associated to T are linearly independent.

(d) The only vector @ € R" satisfying TZ =0 is Z = 0.
Theorem 12.69. Let R™ <~ R” be a linear transformation. The following are equivalent.

(a) T is onto.

(b) There exists a linear transformation R™ 5 R such that TS = 1,,.
(c) The columns of the standard matrixz associated to T span R™.

(d) For ever vector b € R™, there ewists a vector T € R"™ such that T = b.

Exercise 12.70. State whether the following claims are True or False. If the claim is true, be
able to precisely deduce why the claim is true. If the claim is false, be able to provide an explicit
counter-example.

S

(b) The inverse of the matrix [

} for all real numbers k.

—-0.6 0.8

is the matrix 0.6 0.8
—-0.8 —0.6 '

0.8 0.6
(c) If A, B,C, and D are invertible 2 X 2 matrices, then (ABCD)™' = A='B~'C~'D™1.

Inverses can be used to compute the matrix of a linear transformation if it is known where a
basis gets sent to under a linear transformation.
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b
Problem 12.71. Let @ = {a] and 7 = {d] be a basis of R? and let R2 < R?2 be a linear
c

transformation. Suppose that
T(u) = {

What is the matrix associated to 177

} & T@@) = ﬂ . (12.72)

Answer. Let A= [T(&) T(&)] be the matrix associated to 7. Then, A satisfies

A [Z Z] - E j . (12.73)
Let’s check this:
ale o= menf;
= [aT(@) + cT(&) T(&) + dT(e)] (12.74)
= [

T(aéy + céy) T(béy + dés)]
(

= [1(@) T(@)].

Therefore, in order to solve for A, since {u, ¢} is a linearly independent set, the invertible matrix
theorem guarantees that the matrix [ﬁ 17] is invertible. Therefore,

-1
a b d e a bl la b d e|la b
A — A =
[0 d] [f 9} = [c d] [C d] {f g} [c d]
h NS . (12.75)
~1
d el la b
A:

- {f g] [c d]

Recommended Exercises. Exercises 7, 9 (except part (e)), 13, 14, 21, 22, 23, 24, 25, 26, 33, 34,

and 35 in Section 2.2 of [Lay]|. Exercises 11, 12, 13, 14, 21, 29, and 36 in Section 2.3 of [Lay|. Be
able to show all your work, step by step! Do not use calculators or computer programs to solve

-1

any problems!

In this lecture, we finished Sections 2.2 and 2.3 of [Lay]. This concludes our study of Chapters
1 and 2 in [Lay]. In particular, we have skipped Sections 2.4, 2.5, 2.6, and 2.7.

Terminology checklist

invertible (non-singular) matrix

non-invertible (singular) matrix

transpose

inverse of a 2 X 2 matrix

determinant of a 2 x 2 matrix

Calculating inverses using row reduction

Invertible matrix theorem
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13 The signed volume scale of a linear transformation

We're going to do things a little differently from your book [Lay], so please pay close attention.
Instead of starting with Section 3.1 on the formula for a determinant, we will explore some of the
geometric properties of the determinant vaguely combining parts parts of Sections 3.2 and 3.3 (and
also some stuff from Section 6.1). In the next lecture, we will talk about cofactor expansions (in
fact, we will derive them). In the previous section, we defined the determinant of a 2 x 2 matrix

a b
A= 13.1
. (13.1)
to be
det A := ad — be. (13.2)

We were partially motivated to give this quantity a special name because if det A # 0, then the
inverse of the matrix A is given by

1 d —b
-1 __
- A{_C ] (133)

There is another perspective to determinants that allows a simple generalization to higher di-
mensions, i.e. for m X m matrices where m does not necessarily equal 2. To understand this
generalization, we first explore some of the geometric properties of the determinant for 2 x 2
matrices.

Example 13.4. Consider the following linear transformation.

The square obtained from the vectors €; and €5 gets transformed into a parallelogram obtained
from the vectors Aé} and Aés. The area (a.k.a. 2-dimensional volume) of the square is initially 1.
Under the transformation, the area becomes twice as big, so that gives a resulting area of 2. Also
notice that the orientation of the face gets flipped once (the tear is initially on the left side of the
face and after the transformation, it is on the right side). This is the same thing that happens to
you when you look in the mirror. It turns out that

det A = (sign of orientation)(volume of parallelogram) = (—1)(2) = —2, (13.5)
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which we can check:
det A = (—2)(0) — (1)(2) = —2. (13.6)

Notice that if we swap the columns of A, then the transformation becomes

and the face is oriented the same way as in the original situation. The volume is scaled by 2 so we
expect the determinant to be 2, and it is:

det B = (2)(1) — (0)(—2) = 2. (13.7)

As another example, imagine writing the vector in the first column in the following way

m - m i [—01} | (13.8)

Then how is the determinant of B related to the determinants of the transformations
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A quick calculation shows that

det B =detC 4 det D

13.9
2=4-2. ( )

The previous example illustrates many of the basic properties of the determinant function. For
a linear transformation R™ <~ R™, the determinant of the resulting matrix

| |
T@E) - T(Ey) (13.10)
|

is the signed volume of the parallelepiped obtained from the column vectors in the above matrix.
The sign of the determinant is determined by the resulting orientation: +1 if the orientation
is right-handed and —1 if the orientation is left-handed. This definition has several important
properties, many of which have been illustrated in the previous example. But we should gain more
confidence that the determinant of a 2 x 2 matrix is really the area of the parallelogram whose
two edges or obtained from the column vectors.

Theorem 13.11. Let a,b,c,d > 0 and suppose that a > b and d > c. Then the area of the

b] is ad — be.

parallelogram obtained from u = {Cj and U := {d

Proof. Drawing these two vectors and the resulting parallelogram

b a
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The area of the parallelogram is therefore
(a+b)(c+d) —ac—bd — 2bc = ad — be, (13.12)

which is the desired result. Notice that this agrees with the determinant of the matrix [1‘[ 17] . Also
notice that if the vectors @ and v' get swapped, the orientation of the parallelogram also changes.
This accounts for the fact that the determinant could be negative. |

The property of decomposing a column into two parts and calculating the determinant should
also be proved, and its proof is actually more intuitive and provides sufficient justification for the
result.

Theorem 13.13. Let a,b,c,d, e, f > 0 and suppose that a > c > e and b > d > f. Then

a+c e a e c e
det {b—i—d fl—det [b f}—i—det Li f} (13.14)

The result is true regardless of the relationship between the numbers a, b, ¢, d, e, and f, but one
has to keep track of signs.

Proof. Instead of proving this algebraically (which you should be able to do), let’s prove it geo-
metrically, which is far more intuitive. Set

= m 7= m . (13.15)

Then one obtains the following picture

The area of the orange shaded region, , plus the area of the green shaded region,
is equal to the purple shaded region, (a + ¢)f — (b + d)e. This proves the theorem. [ |
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Another simple consequence of the area interpretation of the determinant is what happens
when columns are scaled.

Theorem 13.16. Let a,b,c,d > 0 and suppose that a > b and d > c. Also, let A > 0. Then

Aa b a b
det [)\c d} = Adet [c d] . (13.17)

The result is true regardless of the relationship between the numbers a, b, ¢, d, and A, but one
has to keep track of signs.
b .
Proof. As before, set 4 := [a} and U := [ d] . For the purposes of the picture, suppose that A > 1
c

(a completely analogous proof holds when A < 1, and drawing the corresponding picture is left as
an exercise). Using the generic picture for @ and ¢ as in the proof of Theorem 13.11 gives

which shows that the area increases by a factor of A. This proves the claim. |
What happens in higher dimensions? Consider the following 3-dimensional example.

Example 13.18. Consider the transformation from R? to R? that scales the second unit vector
by a factor of 2 and shears everything by one unit along the first unit vector.

’ !
’ i
AW & |
ST e — i €1
,,,,,,,,,,,,,,,,,,,,,,,, Lo b ey /)________ >
€3 €; -4
63 /// 63
N e
L L
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The matrix associated to 1" is

| | | 110
7] = |T(&) T(&) T(@)| =10 2 of. (13.19)
| 00 1

Although we do not have a formula for the determinant yet, we can imagine that the determinant
of this transformation is 2 since the volume doubles and the orientation stays the same. However,
now consider reflecting through the e;es-plane.

This reflect reverses the orientation and hence has determinant —1. Combined with the scale and
shear from before, the transformation RT has determinant —2. As practice, it is useful to verify
that the matrix associated to the transformation RT, which can be seen from the picture (by where
the blue vectors are) to be

| | | -1 -1 0
[RT| = |RT(¢1) RT(é,) RT(e3)| =1]0 2 0f, (13.20)
| ] \ 0 0 1
is the matrix product of the transformations [R] and [T]
-1 0 0] (1 1 O
R =0 1 0|0 2 of. (13.21)
0 0 1] [0 O 1

The first example also illustrates that the determinant for m xm matrices itself can be viewed as
a function from m vectors in R™ to the real numbers R. These m vectors specify the parallelepiped
in R™ and the function det gives the signed volume of this parallelepiped. Before presenting the
general definition of the determinant of m xm matrices in the most abstract version by highlighting
its essential properties that we have discovered above, we will first describe another formula for
the determinant of 3 x 3 matrices, which can, and will, be derived from the abstract definition.
You might have learned in multivariable calculus that the volume of the parallelepiped P obtained
from three vectors v, U5, and v3 is given by

(01 x W) - U5, (13.22)
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where X is the cross product, - is the dot product, and | - | denotes the absolute value of a number.
In fact, the orientation of the parallelepiped P is given by the sign, so it is better to write

(171 X 172) . ’173. (1323)
Recall, the dot product of two vectors # and ¥ in R? is a number and is given by

U1
U-v:= [u1 U9 ’LLg] Vo | = U101 + UgV9 + usvs. (1324)
U3

The cross product of two vectors @ and ¥ in R? is a vector in R? and can be expressed in terms of
determinants of 2 x 2 matrices. It is given by

—

UX V= (U2U3 — U3U2)€1 — (U,ﬂ)g — u3vl)€2 + (Uﬂ)g — U2U1)63

13.25
— det [uz Uz} &, — det [ul vl] &, + det [“1 Ul} & (13.25)

us vs us U3 U2 V2

There is a lot of geometric meaning behind these formulas so we should explore them for the
moment. Given two vectors @ and ¢/, the dot product of @ with ¥/ is given by (we’ll prove this in a
moment)

w0 = ||d]|||v]| cos, (13.26)

where 6 is the angle between @ and ¢ and || - || applied to a vector is the length of that vector.
Note that the length ||| of a vector @ in R? is itself given in terms of the dot product by

|| = Vi@ (13.27)

This last identity follows from the Pythagorean Theorem (used twice), as the following picture
illustrates.

z
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In this picture,

Uy U1 0
Upy = |us2| , Uy := | 0 & Uy = |uz (13.28)
0 0 0

are the projections of the vector @ onto the xy-plane, the z-axis, and the y-axis, respectively. Now
let’s prove (13.26).

Proof. (13.26) follows from the law of cosines

which says
¢ = a* + b* — 2abcos . (13.29)

In terms of the dot product and the vectors @ and o, the law of cosines reads

(U—1)-(V—u)=u-u+ 70— 2[d||||V]| cosb. (13.30)
The left-hand-side of (13.30) reduces to
(0—au) - (U—u)=u-u+v-7—2u-. (13.31)

Two of these terms cancel from equation (13.30) giving
—2u -0 = =2||d||||¥]| cos b, (13.32)
which reproduces formula (13.26) after dividing by —2. |

The cross product of @ and ¥ satisfies the following condition®®
[ < o] = [[|||v]| sin 6, (13.33)

where 6 is the angle between « and v. This provides the length of the vector ¥ x ¢. In fact, this
length is the area of the parallelogram obtained from @ and ¢. Notice that it is zero if @ and v are
parallel (i.e. one is a scalar multiple of the other). The direction of % x ¢ (up to a plus or minus
sign) follows from the fact that it satisfies the conditions

(@x0)-i=0 & (ix0)-5=0, (13.34)

45T don’t yet have a nice and easy-to-understand proof of this. I encourage you to think about one. The reason
is because any geometric definition of the cross product I am aware of actually uses the right-hand-side (it is related

—

the area of the parallelogram obtained by the vectors @ and ¢)
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which can be verified via a quick computation. Setting ¢, be the angle between @ x ¥ and @ and
setting ¢, to be the angle between @ x ¢ and v, these conditions say

0= |@x Dldllcospu & 0= |(@ x )][7]| cos (13.35)

i.e. u x v is orthogonal to both @ and ¢’ (provided that the lengths of all of these vectors are not
zero). So the only thing left to determine the vector @ x ¥ is the sign of the direction. This is
determined by the right-hand-rule, which says that you chop your right hand pinky first onto ,
curl your fingers towards ¢, and then your thumb points up towards u x .

Going back to our definition for the volume of a parallelepiped in R3, denote the components
of the vectors v, U5, and v3, as follows

V11 V12 V13
V1 = V21| , Vg = V22| , & Vg = | V23| - (1336)
V31 V32 V33

Then
V21VU32 — VU22V21
?71 X ’172 = | V12V31 — V11V32 (1337)
V11V22 — U21V12

while the dot product just multiplies corresponding entries and adds everything together

(171 X ?72) - U3 = (71217132 - U22U31)U13 - (U121131 =+ U11U32)’023 + (’011’022 - 71217112)7133 (13-38)

In the parallelepiped example from above, we have

~1 —1 0 07 [o
0l x]2 ol=101-|o] =-2 (13.39)
0 0 1 —2| |1

If we look closely at expression (13.38), we see that this is a linear combination of 2x 2 determinants!
Namely,

(T X @) - T = v1g det ([”21 U”D — vyg det qvn ”12D + g det ([““ “HD . (13.40)
Us1 V32 U1 V32 U21 V22
We can visualize these determinants together with their appropriate factors in the following way

o :@1:1::::::’[)12:::::.’{}%3:: e Ull U12 ’Ul3 ’Ull 2/712 U13
V21 V22 1123 — e 0 VS 1 | Va1 U2 Uz3 . (13-41)

U31 7)32 U33 US] 7)32 U33 o 1}311}32’[}33 B

In fact, one can show that this is also equal to

S ‘U‘il’(_)]_Q’Ulg S S ‘l}ll’UlQ’UIg S S ’1)11?_)12’(}13 i

Ug1 U2 V23| — |V21 Uz V23| + |V21 V22 V3|, (13.42)
U3l Usp Uss U3l Usa Uss U3l Usz U3
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1.e.

. o o v U V. v U v
(U1 X Uy) - U3 = vy det [ 22 23] — v det [ 21 23] + vz det [ 2 22] ) (13.43)
V32 Us3 V31 V33 V31 V32

This equality of expressions can be thought of as a proof of the identity

(171 X 172) . 173 = (172 X 273) . ’171. (1344)

(179 1589

that sends 1 to 2, sends 2 to 3, and sends 3 to 1, the expression for the determinant does not

In other words, under the permutation®®

change. If however, we swapped only two indices once, then we would get a negative sign (check
this!):
(171 X 172) . 173 = —(272 X 171) . 173. (1346)

It helps to understand the properties a little more precisely in the 3 x 3 case.

Exercise 13.47. In this exercise, you will explore the properties of the dot product and then use
these properties to reconstruct the formula for the dot product.

(a) Using the formula for the dot product of 3-component vectors, prove that
vew=w-U (13.48)
for all vectors 7, € R3.

(b) Using the formula for the dot product of 3-component vectors prove that

where
1 ifi—
5@‘ = n J (1350)
0 otherwise

For example, €] - € = 1 while €] - &5 = 0.
(¢) Using the formula for the dot product of 3-component vectors, prove that
(W4 0)-W=u-w+70- -0 (13.51)
for all vectors @, v, w € R3.

(d) Now, using only the results from parts (a) and (c¢) of this exercise (and not the formula for
the dot product in terms of the components of the vectors), prove that
U-(U+ W) =0 U+ 0w (13.52)

- — -

for all vectors @, U, € R3.

46The general definition of a permutation is given in the next lecture.

132



()

Using only the results of the previous parts of this exercise (and not the formula for the dot
product in terms of the components of the vectors) and the fact that all vectors ¢ and @ can
be expressed as linear combinations of the unit vectors

3
T=Y uE & w=) we, (13.53)
prove that
3
V=) v (13.54)

agreeing with the formula we had initially for the dot product.

This shows us that conditions (a), (b), and (c) are enough to define the dot product of vectors.

A similar fact holds for the cross product, as the following exercise shows.

Exercise 13.55. In this exercise, you will explore the properties of the cross product and then

use these properties to reconstruct the formula for the cross product.

(a)

Using the formula for the cross product of 3-component vectors, prove that
UX W =—wxvU (13.56)
for all vectors 7, w € R3.

Using the formula for the cross product of 3-component vectors prove that

3

& X & =) €l (13.57)
k=1
where
1 if 45k is a cyclic permutation
€k = § —1 if 75k is an anti-cyclic permutation (13.58)

0 ifi=y4, 5=k ori=k.

Note that a cyclic permutation of 1,2, 3 is one that is provided in clockwise order

1
( \ (13.59)
3 2

~___~

beginning at any number. An anti-cyclic permutation of 1,2,3 is one that is provided in

1
()
3 2
~_ 7

beginning at any number. So for example, 231 is cyclic while 321 is anti-cyclic. Hence,

counter-clockwise order

52 X 63 = 51 while 53 X 52 = —51.
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(¢) Using the formula for the cross product of 3-component vectors, prove that
(U+0) X W=UXwW+7x W (13.61)
for all vectors @, U, € R3.

(d) Now, using only the results from parts (a) and (c) of this exercise (and not the formula for
the cross product in terms of the components of the vectors), prove that

Tx (I+@) =T X @+ x @ (13.62)
for all vectors @, U, € R3.

(e) Using only the results of the previous parts of this exercise (and not the formula for the cross
product in terms of the components of the vectors) and the fact that all vectors v and @ can
be expressed as linear combinations of the unit vectors

3
T=) v & W= we, (13.63)
i=1 j=1

prove that
3 3 3
U X W= Z Z Z injeijkgka (1364)

and then express this result as a 3-component vector by showing that it equals

VW3 — V3W2
U X W= V3w — VW3 (1365)
V1Wo — VW

agreeing with the formula we had initially for the cross product.
This shows us that conditions (a), (b), and (c) are enough to define the cross product of vectors.

Therefore, since the determinant is expressed in terms of the cross product and the dot product,
it, too, can be characterized by similar properties, as we will see later.

Exercise 13.66. Construct a geometric proof of the determinant formula for a 3 x 3 matrix
analogous to the geometric construction of the determinant for 2 x 2 matrices. In other words,
prove that the (signed) volume obtained from three linearly independent vectors i, U, is

L
det |@ @ 7] . (13.67)
|

As an initial step, first provide a geometric proof that

1 00 0 b
det |0 a b| =det [ d] : (13.68)
0 ¢ d ¢
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Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!

In this lecture, we discussed parts of Sections 3.2, 3.3, and 6.1 of [Lay].

Terminology checklist

determinant as assigned volume

length of a vector

cross product of vectors in R?

dot product of vectors

permutation
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14 The determinant and the formula for the inverse of a

matrix

All of the properties that we have discovered for the determinant of 2 x 2 and 3 x 3 matrices in

terms of signed volumes can be turned into a definition for arbitrary m X m matrices. We will

therefore think of the determinant of an m x m matrix as the signed volume of the parallelepiped

obtained from the m columns of the matrix. In other words, the determinant should be a function

sending m m-component vectors to some real number, which is to be interpreted as the signed
volume of the parallelepiped obtained from these m vectors. It should satisfy all of the properties

discussed in the previous section. Namely,

(a) the signed volume changes sign when any two vectors are swapped,
(b) the signed volume is linear in each column,

(¢) the signed volume of the unit cube should be 1.

Definition 14.1. The determinant for m x m matrices is a function*”

m times
7\

det:i%mx-«»dRm—HR,

which we think of as assigning to m m-component vectors aligned as in a matrix

—

v - Un l—)det(ﬁl,..-,ﬁn)a

satisfying the following conditions.
(a) For every m-tuple of vectors (1, ..., ,) in R™,

switch

¥\

det(Ul,...,vi,...mj,...,vm) :—det(vl,...,vj,...,vi,...,vm )

This is sometimes called the skew-symmetry of det .

(b) det is multilinear, i.e.

det (171,...,a17i+bﬁi,...,17m> — adet (171,...,17i,...,17m>+bdet (1716

for all t = 1,...,m all scalars a,b and all vectors vy, ..., 0;_1,U;, s, Uit1,y - - -, Upy-

(14.2)

(14.3)

(14.4)

,Um> (14.5)

47l found this description of the determinant at http://math.stackexchange.com/questions/668/

whats-an-intuitive-way-to-think-about-the-determinant
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(¢) The determinant of the unit vectors, listed in order, is 1:
det (51, . ,€m> ~ 1. (14.6)

For an m x m matrix A, the input for the determinant function consists of the columns of A
written in order:

det A = det (Aeq, . ,A€m>. (14.7)

Corollary 14.8. Let (Uy,...,0;,...,Tj,...,Uy) be a sequence of vectors in R™ where v; = v; (and
yeti # j). Then

det(ﬁl,...,@,...,@,...,ﬁm):0. (14.9)

Proof. By the skew-symmetry condition (a) in the definition of determinant,

det (Ulﬁﬁjﬁm> — _det (51@1717m) (14.10)
but since v; = v;
— det (ﬁl@ﬁﬁm) — _det (171176]17”1) (14.11)

Putting these two equalities together gives
det (1711717]17,”) — _det (Ulﬁﬁ]6m> (14.12)
A number can only equal the negative of itself if it is zero. Hence,
det(171,...,ﬁi,...,ﬁj,...,ﬁm>:0 (14.13)
whenever v; = ¥; and i # j. |

Corollary 14.14. Let (0y,...,U;,...,Tj,...,Unp) be a list of m vectors in R™. Then

det (771,...,@,_..,@,...,%) — det (171,...,@+5j,...,q7j,...,q7m) (14.15)
for any j between 1 and m.
Proof. This follows immediately from multilinearity and the previous Corollary

det (vl,...,vi—l—vj,...,vj,...,vm> = det <v1,...,vi,...,vj,...,vm>

+ det (Ulﬁ]ﬁjﬁm> (14.16)

. S/
~~
0

because vU; repeats itself in the argument of det . |
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Let’s check to make sure this definition reduces to the determinant of a 2 x 2 matrix. Let

A= {Z 2} . (14.17)

Then the columns of A are
a b N Lo .
(L] ; [d]) = (a€) + cé, bey + déy) . (14.18)

Therefore,

det A = det (aé) + céy, bé) + déy)
= adet (51, bgl + dgg) + cdet (52, bgl + dgg)

= abdet (gl, 51) +6Ld det (gl, 52) +Cb det (52, 51) +Cd det (527 52) (1419)
0 1 ] 0
= ad — bc.

Wow! This abstract technique actually worked! And we didn’t have to memorize the specific
formulas for all the different cases of 2 x 2, 3 x 3, or more general matrices. All we have to remember
are the three conditions in Definition 14.1. Granted, it takes longer to use this definition right
now, and we will learn a particular pattern that will help us soon.

Example 14.20. Let’s try an example in R? this time finding out the more explicit formula. Let

1 1 0
A=12 0 1]. (14.21)
0 -1 1
Then
det A = det (A&, Aé,, AEs)
= det (€, + 26,, ) — &, + &)
= det (€}, €] — €3, + €3) + 2det (€3, € — €3, €5 + €3)
= det (€1, €1, € + €3) — det (€1, €3, €3 + €3)
~ /,
+ 2det (€3, €1, €y + €3) — 2det (€3, €3, € + €3) (14.22)
= —get (€1, €3, 522—91et (€1, €3, 532+2 det (&, €1, €3)
—1 0 0

+ 2 det (52, 51, 53) —2det (52, 537 52) —2det (52, 53, 53)

J/

- - -~
0

—1 0
=1

We can also calculate the determinant using our first formula in terms of the signed volume of the
parallelepiped.
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With this general idea, you can calculate determinants of very large matrices as well, though
perhaps it may take a lot of time. We will try to do this by first recalling the definition of a
permutation. We have already discussed the special case of permutations of two and three indices,
but we need a more general definition for n indices.

Definition 14.23. A permutation of a list of numbers (1,2, ..., n) is a rearrangement of these same
numbers in a different order (o(1),0(2),...,0(n)). An elementary permutation is a permutation

for which only two numbers switch places

1 2 Z><j n (14.24)
1 2 . i . j . n
Theorem 14.25. Fiz a positive integer n. Every permutation of (1,2,...,n) is obtained from

successive elementary permutations. Furthermore, the number of such elementary permutations is
either always even or always odd for a given permutation.

Definition 14.26. If a permutation can be expressed as an even number of elementary permu-
tations, then its sign is +1. Otherwise, its sign is —1. The sign of a permutation o is written as

sign(o).

An arbitrary permutation is often written as

(14.27)

w
S
~——

( 1 2
o(l) o(2) o@3) -+ oa(n)

As an example, for a permutation of 3 numbers

(129, 1429

the sign reproduces something we have already seen before

. 1 2 3
sign <z j k):eijk, (14.29)

where €;;;, was defined in (13.58). Now, let A be an arbitrary m x m matrix as in

ay; aiz - Qim
a a . e a m
A= | 2 (14.30)
Am1  Gm2 Qmm
The j-th column of A is

Qay;

ag; -~
: = Z aijjeij. (1431)
: ij—l

Qmyj



Therefore,

i1=1 im=1

m m
det A = det (Z @i 1€50 5 - - s Z aimmé’im)

m

=Dt ) i G det (G, ) (14.32)
11=1 tm=1

= E a1 g msign(oy i),
i1:17...,im:1

i1 i

where o, is the permutation defined by

(1 2 m> (14.33)
/ll 22 ) Zm

In the second equality in (14.32), the multi-linearity of det was used. In the third equality, the

skew-symmetry of det was used together with the fact that the determinant of the identity matrix
is 1.

Example 14.34. Let’s use this formula to compute the determinant of a 3 x 3 matrix and check
that it agrees with our previous definition. Let the 3 x 3 matrix be of the form

11 Aiz2 Qi3
A= lan azp axs (14-35)

a3; Aaz2 ass

Then,
3
det A = E aill&iQQClngSlgn(O’iliQis)
i1=1,i9=1,i5=1
i1#£i2 713
3 3 3
= a1 E ai22ai3351gn(01i2i3) + a9 E Gz‘11az’3381gﬂ(0111z’3) + a3 E Cli11az'2281g11(0¢17;21)
i2:.2,i3:2 i1:.2,i3:2 i1§2,i2:2
ioFis 11713 11742
3 3 3
=dan g ai22ai3381gn(0i2i3) — a2 g ai11ai3381gn(0i1i3) + aq3 g aillaiQQSlgn(giliz)
i0=2,i3=2 i1=2,i3=2 i1=2,i9=2
2703 11713 11742

= au(a22a33 - a,32a23) - a12(a21a33 - a31a23) + a13(a21a32 - C1316022)

Ag2 A3 Q21 Q23 a21 A22
= qq; det { — ajp det + a3 det
az2 as3 31 Aass a31 as2

(14.36)

by some rearrangements of the terms. We therefore see that this agrees with our initial definition!
We can also re-write this expression in terms of the 2 x 2 matrices by introducing the notation

det A = a1 det All — 19 det Alg + a3 det A13. (1437)
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Ay; is the resulting matrix obtained from A by deleting the 1-st row and j-th column

Note that we could have chosen to do this rearrangement by separating out the second or third
row instead of the first (we have already analyzed a similar situation earlier). Just to illustrate
the slight difference, let’s separate out the second row explicitly.

3
det A = E aillai22ai3gslgn(aili2i3)
i1=1,ia=1,iz=1
i1712713
3 3 3
= a2 E ai22ai3381gn(02i2i3) + a9 E aillaigsslgn(@'lzig) + ag3 E Gillai2281gn(<7i1i22)
in=1,i3=1 i1=1,i3=1 i1=1,ip=1
ioF#i3#£2 i1 #4372 i1 #1272
3 3 3
= —a21 E Gz‘22ai3351g11(0i2z‘3) + Q99 E ai11a7;3381gﬂ(0¢1i3) — Q23 E aillaiQQSlgn(Uz’lig)
igilzigil i1:17i3:1 i1.:12i2:1
ioFig#£2 1171372 i1#12#2

= —CL21(CL126L33 - G32a13) + G22(a11a33 - a31a13) - G23(a11G32 - CL316L12)

= —ag; det Ayy + agg det Agy — agzAa,

where

The preceding example is quite general. A similar calculation gives an inductive formula for
the determinant of an m x m matrix A as in (14.30) in terms of determinants of (m —1) x (m —1)
matrices. A completely similar calculation, just more involved, gives

det A = Z(—l)jHaU det Alj (1441)
j=1

where A;; is the (m — 1) x (m — 1) matrix obtained by deleting the first row of A and the j-th

column of A as in

I 1:aj]_:]_j3:::1:’:1"::‘:13:::1Za}j]_:jLT3::1jza]:_%j“:““aijfjii’i:]_“:“::'-“'::-'1::::1:@1:%”: I
a1 vt Qg1 Ay A4 a2m
Alj = i . . ) (1442)
(1 Amj—1  Omj  Gmj+l Gmm
i.e.
a1 A2j—1  G2541 A2m,
Ay = (14.43)
am1 amjfl amj+1 Qmm,
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More generally, we could have chosen the i-th row and the j-th column in calculating this deter-

minant
m
det A = E (=1)"a;; det A, (14.44)
Jj=1
where :
aixy -0 Q11 Gy aj+1 00 Qim
Qi—11 * Qi—15-1 Qi1 Gi—1541 0 Gi—1m
AZ] p— iII:@iiiii:iZi:ii‘ll'iZb:iiII:iZI:a}ijﬁiiii:iii:i 1117 (14.45)
@ir11 - Gig15-1
[ Gm1 0 Amj-1 Gy Gmggl 0 G
ie. ~ .
aix -0 A1 Aij+1 0 Gim
a’—]_]_ PR a—l—l a—l 1 PR a’—]_
A= | U T i (14.46)
Q11 00 Qi1j—1 Ai414+1 0 Qitim
| Gm1 - Amj—1 Amj+1 Amm

Definition 14.47. Let A be an m X m matrix as in the previous lecture. In the previous formula
for the determinant,
Cz'j = (—]_)H_j det Aij (1448)

is called the (¢, j)-cofactor of A.

Theorem 14.49. Let A be an m xm matriz. A is invertible if and only if det A # 0. Furthermore,
when this happens,

Cu Cou -+ O
a1 Ciz Q22 Can | (14.50)
det A : : :
Clm C12m e Cmm
where C;; is the (1, j)-cofactor of A.
Recall the definition of the transpose of a matrix.
Definition 14.51. The transpose of an m x n matrix A
apix G2 - Qin
a a DY a n
A — .21 .22 2 (14.52)
m1 Am2 - Omp
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is the n x m matrix

ail a1 Gn1
Q12 Q22 -+ Qp2

AT = | , . (14.53)
A1m Aom Anm

We will provide several interpretations of the transpose later in this course.

Theorem 14.54. Let A be an m x m matriz. Then
det AT = det A. (14.55)

Proof. One can prove this directly from the formula for the determinant. |

Exercise 14.56. Provide a geometric proof of

det {Z Cﬂ = det [Z Z] (14.57)
Definition 14.58. The matrix
Oy Cyy oo Coy Oy Cp - Oy’
Cin Con  Com)  |Cot Coz - Com

in Theorem 14.49 is called the adjugate of A. It is often written as adjA.

From the definition of the transpose of a matrix, the definition of the determinant, and Corollary
14.14, one can calculate the determinant using row operations. Swapping rows introduces a minus
sign from the definition of det. Adding rows does not change anything by this theorem and
Corollary 14.14. And in your homework, you are asked to find a formula for the determinant of
an upper-triangular matrix. In other words, if a matrix A is row reduced to a matrix A" without

any scaling of rows, then
det A = (_1)number of row swaps det A/. (1460)

This is a faster method for computing the determinant.
Let’s look back at Example 14.34 by using these results to calculate the inverse of a specific
3 X 3 matrix.

Example 14.61. Let’s find the inverse of the matrix

1 1
A=1{2 -2 1. (14.62)
0 1
The determinant of A is
det A =1-det B ﬂ =1-6=-5. (14.63)
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The adjugate matrix of A is given by

- - - - -
-2 1 2 1 2 =2
det_1 0 —det 0 0 det 0 1
1 3 1 3 11
djA := | —det det —det
o R I P A P
1 3] 1 3 11
det 9 1 —det 5 1 det 5 _o
) i _ ] } 14.64
L a (14.64)
=(3 0 -1
| 5 —4
[—1 3 7
=0 0 5
2 -1 —4
Therefore,
1 -1 3 7
1= adjA==-10 0 5. (14.65)
det A 5 9 1 _4
Let’s just make sure this works:
1'—1 3 7 1 1
A*A:5 0 0 5|]|2 -21
12 -1 —4] 10 1 O
1'—1+6+0 —-1-64+7 -34+3+0
=z 0+04+0 O0+0+5 040+0 (14.66)
| 2—-240 242-4 6-140
100
=10 10
0 01

Exercise 14.67. Let A be a square matrix such that A¥ = 1 for some positive integer k& and
AV #£ 1 for all j € {2,...,k — 1}. Show that A is invertible and find its inverse.

Exercise 14.68. Let A be a 2 x 2 matrix such that A% = 0, where 0 is the 2 x 2 matrix of all

zeros. Show that 1 — A is invertible and find its inverse.

Exercise 14.69. Let A be a square matrix such that A* = 0 for some positive integer k. Show

that 1 — A is invertible and find its inverse.

Recommended Exercises. See homework. Be able to show all your work, step by step! Do not

use calculators or computer programs to solve any problems!

In this lecture, we finished Sections 3.1, 3.2, and 3.3 of [Lay|. Notice that we skipped Cramer’s

rule.

144



Terminology checklist

determinant

skew-symmetric

multilinear

the sign of a permutation

cofactor

transpose

adjugate

inverse of a matrix
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15 Orthogonality

The dot product can be used to define the length and orthogonality of vectors in Euclidean space.
Later, we will use this idea to diagonalize certain kinds of matrices. Along the way, we will discuss
projections, which are special examples of linear transformations. To get a better understanding
of the dot product, we have the following theorems, which include some useful inequelities for the
dot product in Euclidean space. In what follows, the notation (U, ) will be used to denote the
dot product, ¥ - 4, which is also often referred to as the inner product of v and w. We will use this
notation to avoid confusing this with matrix multiplication.

Definition 15.1. The Fuclidean norm/length on R™ is the function R™ — R defined by

(s, 22| = (ot a3+t a2, (15.2)

The FEuclidean inner product on R™ is the function R” x R™ — R defined by

(1,2, ), (Y1, Y2, - Yn)) o= T1Y1 + Tao + -+ - + Tl (15.3)

Often, the short-hand notation

n

Zzi::z1+z2—l—~--—|—zn (15.4)

i=1
will be used to denote the sum of n real numbers z; € R™ i € {1,...,n}.

Theorem 15.5. R™ with these structures satisfies the following for all vectors &, v,z € R™ and for
all numbers c € R,

(a) (#,%) >0 and (Z,%) = 0 if and only if ¥ = 0,

() |17 = /(7. %),

(¢) (&) = (4, %),

(d) (ct,§) = c(&,9) = (, cy),

(¢) (T+Z2.9) =(Z.9) + (£.9) and (T,§+ 2) = (T,5) + (7. 2),

(f) &2, 9| < ||Z]|||g]] and equality holds if and only if £ and y are linearly dependent (Cauchy-
Schwarz inequality),

(@) 17+ 71 < |2 + ] (triangle incquality),
(h) (1) = w (polarization identity).

Proof.
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(a) Let (x1,...,2,) := T denote the components of Z. Then,

(T,8) =) a7 >0 (15.6)
=1

since the square of any real number is always at least 0. Furthermore, the sum of squares is
zero if and only if each term is zero, but the square root of zero is zero so x; = 0 for all ¢ if
and only if (7, 7) = 0.

(b) This follows immediately from the definitions of || - || in (15.2) and (-, - ) in (15.3).
(c¢) This follows from commutativity of multiplication of real numbers and the formula (15.3).

(d) This follows from commutativity and associativity of multiplication of real numbers and the
formula (15.3).

(e) This follows from the distributive law for real numbers and the formula (15.3).

(f) Suppose that & and ¥ are linearly independent. Therefore, ¥ # Ay for all all A € R. Hence,

n

0= O = Y+ 3w (157)
=1 =1 =1

=1

In particular, this is a quadratic equation in the variable A that has no real solutions. Hence,

(—2ixiyi> —4 (i yf) (ixf) < 0. (15.8)

Rewriting this and canceling out the common factor of 4 gives
DD iy < Yy iy (15.9)
i=1 j=1 i=1 j=1
Applying the square root to both sides gives the desired result.
Now suppose & = Ay for some A € R. Then by parts (b) and (d), equality holds.
(g) Notice that by the Cauchy Schwarz inequality,

n

17+ 411° = Z(ifz' + )

i=1

= Z!Ezg +22$i% +Z%2
i—1 i=1 i=1

< Zx? +2 szyz +Z?J?
i—1 i—1 i—1

< 111" + 202171 + ll711*
= i 2
= (Il + 1)

Applying the square root and using parts (a) and (b) gives the desired result.

(15.10)
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(h) This calculation is left to the reader.

Definition 15.11. Two vectors @ and ¥ are orthogonal/ perpendicular whenever (¥, i) = 0.

The reason for this definition comes from the following. First, we can also use the inner product
to define angles between vectors.

Definition 15.12. Let ¢ and @ be two nonzero vectors in R™. The angle 6 from v to «

0 := arccos (M) . (15.13)

5]/}

The motivation for this definition comes from what happens in two and three dimensions, which
we saw in (13.26). We can’t prove this in arbitrary dimensions because we don’t know what the
law of cosines means in higher dimensions. Instead, we use this formula as a definition.*® Now,
in terms of the definition of angle, the definition of orthogonality says that the angle between o/
and 4 is an odd integer multiple of 7, as we would expect from our common-day use of the word
orthogonal /perpendicular.

Definition 15.14. A vector « in R" of length 1 is called a normalized/unit vector. If ¥ is any

nonzero vector in R", its normalization is given by

LA - , (15.15)
19 oR 4 02
where
U1
v=|: (15.16)
Un

are the components of the vector . Occasionally, the notation v will be used for the normalized
vector associated to .

Normalized vectors always lie on the unit sphere in whatever Euclidean space the vector is

in. Below are two drawings of the unit sphere along the normalized versions of vectors ¢ in two

dimensions and three dimensions*?

48This is something that often happens in mathematics. One has different equivalent definitions for something
in a few special cases. Some of these equivalent definitions can be generalized to include more cases. However,
sometimes these generalizations can actually be different so that different choices will give different results. Which
definition you choose depends on the context. I don’t think we will have to worry about this in a course on linear
algebra, but you may see this happen if you move on to more advanced mathematics courses.

49The sphere drawing was done using a modified version of code written by Christian Feuersinger and was found
at http://tex.stackexchange.com/questions/124916/draw-sphere-pgfplots-with-axis-at-center.

148


http://tex.stackexchange.com/questions/124916/draw-sphere-pgfplots-with-axis-at-center

<y

Given a vector ¥ and L C R? a one-dimensional subspace of R?, one can obtain a formula for
the orthogonal projection Ppv of the vector ¢ onto the line L as in the following figure

If 0 is the angle from L to ¥, then we can use trigonometry to figure out the length of this orthogonal
projection. The result is

| PLo|| = ||v]] cos . (15.17)
This is a scalar, and is called the scalar projection of ¢ onto L. Let @ be a vector pointing in this
direction, such as depicted in the figure.

Therefore, the projection Pp¢' is a vector of length ||0]| cos @ pointing in the direction ﬁ This

i

specifies the projection as a vector and gives

U
Prv = (||V]| cos ) —-
(IEleos )
L u
G EO (15.18)
U
= <177 ﬁ> — ?
|2



which gives the formula for the vector projection of ' onto L. Although we have just derived this
formula in two dimensions, we can also derive it in three dimensions, but then we can’t attempt to
do this in higher dimensions. Nevertheless, we use our definition of angle in arbitrary dimensions
to motivate the definition of the scalar and vector projections of a vector onto a line L in arbitrary
dimensions.

Definition 15.19. Let ¢ and @ be two vectors in R” with 4 a nonzero vector and let L := span{u}.
The vector projection of ¥ onto 4 (or onto L) is the vector P;v (sometimes written Pp¢)) given by

Py = . (15.20)

In terms of the normalized vector u, this is expressed as
Pyt = (¥, u)a. (15.21)

The scalar projection of ¥ onto @ (or L) is the Euclidean inner product of ¢ with @

Sa¥ = (U, ). (15.22)
Notice that the scalar projection is a number while the vector projection is a vector. In fact,
Pyt = (Syv)a. (15.23)

The vector projection of ¥ onto 4 is interpreted geometrically by the following picture

In this drawing,

ﬁ:H & azﬂ (15.24)

so that 12 A A ’
SO

i

The scalar projection is just the signed/oriented length of the projection. It is positive if P;v

points in the same direction as & and it is negative if it points in the opposite direction.
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Remark 15.26. It might seem annoying that there are two notations for the same concept. We
use Prv and P,v to both denote the projection of a vector onto a line. The only reason we also
use the notation P;v because many books use it. However, you don’t technically need all the data
of a vector 4. A line is enough. There are many possible choices of @ such that L = span{«} and
the definition of the projection of a vector v onto this line does not depend on this choice. For
example, imagine we picked @ going in the other direction with a completely different magnitude
such as

Here, the projection is actually pointing in the _”TIZH direction. Hence, the projection is

i
[a?

u

= ([l cos (x — 0) ) 5 = (7.,0)

<y

Pt = — (||d]]]|id]| cos 6) (15.27)

2

]

because now m — # is the angle between # and v so the formula in terms of the inner product is
the same.

Theorem 15.28. Let @ be a nonzero vector in R". Then the functions

N

(15.29)
U= Syt
and

R" % R"

(15.30)

are linear transformations. Furthermore, Py is a linear transformation such that P? = P;.

Proof. This can be proven algebraically, but there is a nice geometric proof. Similarity of triangles

151



proves that Py (0+w) = P+ Pyw. The fact that P? = P follows immediately from the geometric
picture of the definition: once you have projected onto , you can’t project anywhere else. The
algebraic proof of this is less enlightening;:

P2(§) = Py (Py0) = P, ({5, 4)a) = (3, 4) Pats = (0, 4) (4, 0) @ = (7, @it = Py (15.31)

for all vectors v € R™. Hence, P? = P;. |

In other words, the projection onto a vector is a linear transformation. In fact, the signed
length of the projection is also a linear transformation. There are many other kinds of projections
besides projections onto single vectors. One could imagine projecting onto a plane (such as when
you shine a flashlight onto a figure and it makes a shadow on the wall as in Exercise 16.55). In
higher dimensions, there are several ways to project onto different dimensional planes.
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Definition 15.32. Let ¢ be a nonzero vector in R™ and let L := span{v}. The orthogonal

complement of L is

Lt :={a@eR" : (§,4) =0} (15.33)
i.e. the set of vectors « in R™ that are orthogonal to .

Example 15.34. Consider the vector
1
U= 15.35
=y (15.3)
in R? and let L := span{}. Then
L* = {aRz(¥) : a € R}, (15.36)

where Rz is the 2 X 2 matrix describing rotation by 7, is the set of all scalar multiples of the
vector U after it has been rotated by 90°. More explicitly,

L+ = span { {_ﬂ } (15.37)

N
v

Example 15.38. Consider the vector

3
U= |2 (15.39)
1
in R? and let L := span{#7}. Then
E3 3 x
Lt =<y 6R3:<2 : y>:0
| 7| 1 z
. (15.40)
x
= y| €R® : 32 4+2y+2=0
_Z_
which describes the plane z = —3x — 2y. In other words,
1 0
L*=Sz|0|+y|1]|eR®: z,yecR
- ~ (15.41)
1 0 '
= span 0f,]1
-3 —2



Notice that the orthogonal complement of a line in R? is a 2-dimensional plane. More generally,
we can define the orthogonal complement of any subspace.

Definition 15.42. Let W be a k-dimensional subspace of R™. The orthogonal complement of W
is

W= {veR" : (#,4)=0for all f € W} (15.43)
i.e. the set of vectors ¥ in R™ that are orthogonal to all vectors «w in W.

Example 15.44. The orthogonal complement of the plane P described by the equation z =
—3x — 2y is precisely the one-dimensional subspace L from Example 15.34 because

(%1 U1 1 0
Pt = Vg €R3:<v2 |0 +y| 1 >=0f0rallx,y€R
L U3 ] (R} —3 —2
o]
= va| €ER® ¢ vix 4+ vy — (3x + 2y)vs =0 for all z,y € R
| U3
o]
= vy| €R® ¢ w(vy — 3us) +y(ve —2v3) =0 for all z,y € R (15.45)
V3]
o]
= vo| €R3 : vy = 3u; and vy = 2054
| Us
3
= span 2
1

If we have a basis for a subspace, we can use that basis to find the orthogonal complement.

Theorem 15.46. Let W C R" be a k-dimensional subspace and let {w, ..., Wy} be a basis of W.
Then W+ is the solution set to the homogeneous system (of k equations in n unknowns)

| T
W - | |@| =0, (15.47)
| | |
i.e. the set of U € R™ satisfying (15.47).
Proof. We first prove that
W ={veR" : (#,w)=0,...,(7w) =0} (15.48)

Let ¥ € W+. Then, by definition, (¢,@) = 0 for all @ € W. In particular, (¥, ;) = 0 for all
ie{l,... k} since w; € W for all i € {1,...,k}. Hence

WHC{TeR" : (¢,@)=0,..., (0,7 =0} (15.49)



Now suppose ¥ satisfies (¢, w;) =0 for all i € {1,...,k}. Let @ € W. Since {w}, ..., W} is a basis
of W, there exist coeflicients x1, ...,z such that @ = x1w; + - - - + z,w,. Hence,

proving that © € W+. Hence,

WD {GeR" : (#,@) =0,..., (0w =0}. (15.51)
This proves our first claim. Now, notice that the conditions (7, ;) = 0 for all i € {1,... k} is
equivalent to
T .-
| 1
@ | 7] =0 (15.52)
| | B
since T _
| | | (i, 7)
Wy e Wy vl = : : (15.53)
| | | <U7k, U)
[ |

The phenomenon of taking the orthogonal complement twice to get back what you started (this
happened in Example 15.44) is true in general, but we will need an important result to prove it. A
similar question we might ask, which is very intuitive, is the following. Given a subspace W C R",
is there a linear transformation that acts as a projection onto W? If so, how can one express this
linear transformation as a matrix? Visually, the projection of ¥ onto W should be a vector Py ¢/
that satisfies the condition of being the closest vector to ¢ inside W, i.e.

|7 — Pwd|| = min||7 — . (15.54)
wew

WJ_

In the process of answering this question, we will prove that every subspace has an orthonormal
basis.
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Exercise 15.55. If R™ <& R is a linear transformation, prove that
(w, Sv) = (ST, 7) (15.56)

for all vectors @ € R™ and @ € R™. Furthermore, when m = n, show that S = ST if and only if
(W, Sv) = (S, ¥) for all vectors W € R™ and ¥ € R". This gives some geometric meaning to the
transpose. [Hint: write out what the inner product is in terms of matrices and the transpose.|

Exercise 15.57. An orthogonal m x m matriz is an m X m matrix A such that (Au, A0) = (i, V)
for all vectors @, v € R™. Show that A=* = AT for such a matrix A. [Hint: first show that if for a
fixed w0, the inner product (@, @) = 0 for all vectors @ € R™, then @ = 0.]

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!

In this lecture, we covered Sections 6.1 and 6.2.

Terminology checklist

Euclidean norm/length

Euclidean inner/dot product

normalized /unit vector

normalization

vector projection

scalar projection

orthogonal /perpendicular

orthogonal complement
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16 The Gram-Schmidt procedure

From the examples previously, we noticed some interesting properties of sets of orthogonal vectors
when studying the orthogonal complement.

Theorem 16.1. Let S := {¥},7s,..., U} be an orthogonal set of nonzero vectors in R™. Then S
is linearly independent. In particular, S is a basis for span(S).

Proof. Let x1,...,x; be coefficients such that

L0 4 - - - + 2 = 0. (16.2)
The goal is to show that x;1 = --- = x;, = 0. To see this, take the inner product of both sides of
the above equation with the vector @; for some i € {1,..., k}. This gives

-,

1 (U;, 1) + - - - + 2 (U, Uy) = (0;,0) = 0. (16.3)

Because S is orthogonal, the only nonzero term on the left is z;(%;, 7;) = x;]|7;|?. Since @; # 0, this
means that ||7;]|? > 0. Therefore,

|| 5] = 0 = z; = 0. (16.4)
Since i € {1,...,k} was arbitrary, z; = --- = x;, = 0, which shows that § is linearly independent.
[ |

This theorem is useful because it can sometimes be used to quickly identify that a given set of
vectors is linearly independent (however, it cannot be used to say that a set of vectors is linearly
dependent!).

Problem 16.5. is the set of vectors

~17 [-17 T8
3|, 17,2 (16.6)
2 | |[-26

linearly independent?

Answer. Denote these vectors by 7}, Uy, U3 in the order written above. Then (¥}, ) = 0, (U5, U3) =
0, and (v3,7;) = 0. Hence, the set of vectors is orthogonal. Since none of the vectors is the zero
vector, the set is linearly independent.

Given an orthogonal set {#], s, ..., U} of nonzero vectors in R™, the set

U] Us Uk
e . L (16.7)
{Ilvl|| 12 ||vk||}
is an orthonormal set. An orthonormal set of vectors in R™ has many similar properties to the

vectors {€1,€s, -+, €} in R", where & < n. One such property is described in the following
theorem.
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Theorem 16.8. Let S := {uy, Uy, ..., U} be an orthonormal set in R"™, and let U be a vector in
span(S). Then
U= (U, U)ty + (U, Ug)tg + - - - + (U, Ty )y, (16.9)

Furthermore, since S is a basis for span(S), these linear combinations are unique.

The infinite-dimensional generalization of this theorem is what makes Fourier series work. We
might discuss this later in the course.

Proof. Since S is a basis (because S are linearly independent and they span span(S) by definition),
there exist unique coefficients x1, ..., zr € R such that

Fix some ¢ € {1,...,k}. Applying the inner product with ; to both sides gives

(Ui, 0) = i (s, W), (16.11)
1
which shows that z; = (u;,U) = (¥, 4;). Since i € {1,..., k} was arbitrary, the above decomposition
holds. |
Notice that since S is a basis for W, we know that there are some coefficients 1, ..., x; such
that

Normally, to find these coefficients, we would have to row reduce the augmented matrix
| ||

Uy -+ U | T . (16.13)
| | ]

This theorem tells us that we don’t have to do this! All we have to do is compute the inner
products x; = (U}, 4;) so we save ourselves the need to do any row reduction.

Example 16.14. As a simple case, let S = {€}, &, ..., €} be the first k standard unit vectors in
R™ (n > k). This theorem says that

U= <’l77 €1>€1 + <17, €2>€2 + -+ <U, 6k>€k (1615)

for every ¥ € span(S). This is not a surprising result. Expressing both sides of these equations,
this result just looks like

U1 1 0 0

Vg 0 1 0

v | = v |0 +v [O] +--- 4w [1] . (16.16)
0 0 0 0

[ 0 | 10 0] 10
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You can see from the proof, specifically (16.11), how crucial it was that the vectors in S were
not just a basis but an orthonormal basis. What happens if ¢ is not in the subspace spanned by an
orthonormal set? Given an orthonormal set of vectors, what is the linear transformation describing
the projection onto the subspace spanned by these vectors? The following theorem answers these
questions.

Theorem 16.17. Let S := {u,Us,...,Ur} be an orthonormal set of vectors in R"™, let W :=

span(S), and let U be a vector in R™. Then there exists a unique decomposition

U=+ wt (16.18)
with @ € W and w+ € W+. In fact,
W= (U, ty )ty + (U, ta)tiy + -+ - + (U, Uy ) Uy (16.19)
and
G =T — (0, @) T + (T, Ua) s + - - - + (T, ) ). (16.20)

Furthermore, the transformation R™ v je defined by sending v in R™ to

Py (V) := (U, ty )ty + (U, ta)tiy + -+ - + (U, Ug)Ug (16.21)
s a linear transformation satisfying
Pi, = Py (16.22)
and
Py = Py. (16.23)

Proof. The first thing we check is that @ given by (16.20) is in W=. For this, notice that

- —

(@t 3) = <17— (@, ity )ity + (0, )ity + -+ + (7, uk>ﬁk),@>

. (16.24)

= (0, d;) = ) _(0,1;)0i
7=1
= (U, d;) — (0, u;)
=0.
Since this is true for every i = 1,2, ..., k, it follows that (@, @) = 0 for every vector @ in W, since

every such vector is expressed as a linear combination of these elements in S. Hence, @ is in W+.
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The second thing we check is that P3, = Py (you should check that Py is in fact a linear
transformation). For this, let @ be a vector in V and calculating P3,(¥) gives

Py (7) = Pw (Zw, u>u>

(16.25)

as needed.
The final thing to check is Pl = Py. By Exercise 15.55, it suffices to show that (Py v, @) =
(U, Pyu) for all @, v € R"™. This follows from

_ Zk:w S (16.26)
= <6,Z<ﬁ, ﬁz)ﬁl>
]

The last conditions in Theorem 16.17 are what defines an orthogonal projection.

Definition 16.27. A linear transformation R” < R" is called a projection whenever S? = S. S is
called an orthogonal projection whenever S? = S and ST = S.

A nice way to think about projections is given at http://math.stackexchange.com/questions/
1303977 /what-is-the-idea-behind-a-projection-operator-what-does-it-do. Are there pro-
jections that are not orthogonal projections? We will answer this shortly, though you should be
able to find counter-examples at this point. Given an arbitrary subspace, we should be able to
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define the orthogonal projection onto that subspace. However, we have only been able to construct
such a projection when we have an orthonormal basis for such a subspace. Given an arbitrary sub-
space W, how do we know if a orthonormal set spanning W even ezists? We know a basis always
exists, but a basis is quite different from an orthonormal set (not every basis is an orthonormal
set but every orthonormal set is a basis for the space it spans). The Gram-Schmidt process, a
process we are about to describe, provides a construction of an orthonormal set for any subspace
of a finite-dimensional inner product space. Hence, not only does it prove the existence of an
orthonormal set for a subspace, it provides a step-by-step procedure for producing one!

Construction 16.28 (The Gram-Schmidt Procedure). Let W be a nonzero subspace of R".

Because W is finite-dimensional, there exists a basis B := {w, W, ..., Wy}, with k > 1, for W. Set
T (16.29)
[ |

and let W := span({u}, }) = span({w; }). Set
’172 = U72 — <U72, U1>El, (1630)

i.e. the component of wsy perpendicular to W;. Normalize it by setting

S

—

Us -

(16.31)

17|
and set Wy 1= span({ﬁl, 11'2}) Proceed inductively. Namely, suppose that u,, and W,, have been
constructed and 1 < m < n. Then, set

m

Um+1 = me - Z<lﬁm+1, ﬁ,>ﬁz, (].632)

=1

i.e. the component of ,,, perpendicular to W,,. Normalize it by setting

. 0
Ty 1= o (16.33)
[Tl
and set W11 := span({ﬁl, Us, . . . ,ﬁm+1}). After this construction is done at step & (which must
happen since n is finite), the set S := {uy, Us, ..., U} of vectors has been constructed along with
a sequence of subspaces Wy, W, ..., W, satisfying the following properties.

(a) The set S is orthonormal.
(b) Wy = W. In fact, span(S) = W.

The first claim follows from the construction. The second claim follows from the fact that S is a
basis of W) containing k£ elements, but W}, is a subspace of W, which also has a basis containing
k elements, which implies W = Wj.
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Example 16.34. Going back to Example 15.38, a quick calculation shows that the basis

1 0
B:=qw =0 , dp:=1]1 (16.35)
-3 -2
for the plane described by the solutions to 3z + 2y + z = 0 is not orthogonal.
(—=1,-1,5)

It does not look like it, but the vector (3,2,1) is orthogonal to the plane in the above figure.
Applying the Gram-Schmidt procedure, the vector u; is

1
7 L 0 (16.36)
Uy = .
VIO |,
and ¥5 1is
Uy 1= Wy — (W, U1) U
-|1]-¢ oo s [
= = V10 _3 V10 _3
o '
. 3 0 (16.37)
| —2] b |—3
1y
g —1
Thus, the unit vector in this direction is given by
¥ |
S 2
Uy'=—=—=—=15|. (16.38)
ol =~ V35 |,



T

Now consider the vector
vi=121. (16.39)

The projection of this vector onto the plane W spanned by B is given by

Py (V) = (U, t)tly + (U, ta) s

S DR g N g ) T g T
BN | RRVATH e VARVALH g] VB V35

—1 —1
:1_7()-(1)-+£ _53 (16.40)
= ~1
Ll
3 | g3

X

We can calculate the matrix form of Py in at least two ways. One way is to calculate Py ey, Py és,
and Pye3. The other way is to use the relationship between inner products and the transpose. In
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our case, since W is spanned by two orthonormal vectors w; and s, this is given by

| ! |
=— |0 |[1 0 =3]+—=|5|[35 —1]

10 35

-3 —1

L5 0 o|+t]|os » 5 (1641
= — + — | — —

1

"1=3 0 3 -5 1
I R

14 -3 -2 13

From this expression, you can see that PL. It is a bit more cumbersome to calculate P2, but it
can be done and one sees that P3, = Py However, we already know that we do not have to do this
because we have constructed Py in such a way so that it satisfies the conditions of an orthogonal
projection.

Notice that you do not have to always normalize the vectors until the end so that you never
need to work with squareroots. Let’s do an example that illustrates this and also where you have
to apply the Gram-Schmidt procedure twice.

Problem 16.42. Use the Gram-Schmidt procedure to find an orthonormal basis for the subspace

1 1 1
0 1 1
W := span { w; := ol Wy 1= 1k ws = ] (16.43)
1 1 0
of R*.
Answer. First set 0; := w; and note that ||7;]|* = 2. Set
1 1 0
N N <1172,U1> N 1 210 1
= = -2]]= 16.44
ERTEEE YT (] T 2 o 1 (16.44)
1 1 0
so that ||0,]|> = 2. Then
1 1 0 1/2
- <w3,1)1> - <U)3,'U2> 5 1 1 O 2 1 0
ST T I T (1] 2 o] T2 T o (16.45)
0 1 0 ~1/2
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so let’s get rid of the fractions and set

1
. 0
= |- (16.46)
-1
Hence, an orthogonal basis for W is
1 0 1
0 1 0
T 7 Do i— 16.47
1 K U2 1l U3 0 ( )
1 0 -1

1 0 1
1 10 1 (1 1 0
0 = —— Uy :—= —— Uy - = —— ) 16.48
U \/i 0 , U2 \/§ 1 , U3 5 0 ( )
1 0 -1

Why do we need an orthonormal basis to construct an orthogonal projection onto a subspace?
Let us look at what happens if we do not use an orthonormal basis but instead just use a basis of
normalized vectors.

Example 16.49. Let
1 1

and let W be the plane spanned by these two vectors (this is just the zy plane). We can define
the linear transformation R? < R3 by
R3 3 0 — Ty := (idy, 0)ily + (ily, U)ils (16.51)

exactly as we did for an orthonormal set of vectors. Again, we can calculate the matrix associated
to Ty via finding its columns from Ty €; or we can use the transpose method

1 310
Tw = i, + ity = S 10 (16.52)
0 00
The range/image/column space of Ty is exactly W. However, even though T3, = Ty,
1 5 2 0
Ta = 51210 + Ty (16.53)
0 00
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Therefore, it is not a projection. An intuitive way to see why Ty, isn’t a projection is to look at
what happens to €; and €. Under a projection, these vectors must be fixed since they already
lie in the plane W (this is the meaning of the equation T3, = Ty and is why it is such a crucial
condition for the definition of a projection). Under these transformations

L 3, 1, L 1, 1,
Twe, = 561 + 5¢2 & Twey = 56 + 56 (16.54)

neither of which are fixed.

An arbitrary projection, not necessarily orthogonal, onto a plane in R?® can be visualized as
shining a flashflight onto that plane from some angle. If the angle makes a right angle with the
plane, then the projection is an orthogonal projection. However, there are many other possible
projections besides the orthogonal one. Consider, for example, shining the flashlight at a 45° angle
with respect to the normal of a plane.

Exercise 16.55. Let IV = span{é},ex} in R3. Express the matrix A associated to the linear
transformation that is obtained from shining a flashlight at a 45° angle with respect to the €3 axis
and pointing in the direction of €7, i.e. the flashlight points in the direction

E(el — 63). (1656)
z )
\\ N
\\ \\
N N
\\ \\
N N
\\ — \\
|44 RN >
N N
\\ \\
457\
AY N
N Ay
\\ T
AT T~

Theorem 16.57. Let W be a subspace of R". Then for every vector v in R™, there exist unique
vectors W in W and i@ in W+ satisfying © = @ + @. In fact, setting Py to be the orthogonal
projection onto W, this decomposition is written as

U= Pyv+ (V— Py?). (16.58)
Furthermore, Py v minimizes the distance between the vector v and all vectors in W.

The difference between the first part of this Theorem and Theorem 16.17 is that Theorem 16.17
assumes different data. Theorem 16.17 assumes an orthonormal set is given. Theorem 16.57 on
the other hand assumes that only a subspace is given. Having a basis is more information than
having a subspace (since one is free to choose the basis).
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Proof. Let & be an orthonormal set for W, the existence of which is guaranteed by the Gram-
Schmidt procedure. Then apply Theorem 16.17 for uniqueness. To see that Py ¢ minimizes the
distance from v to W, let w be another vector in W that is not equal to Py v. Then the vectors

¥ — Pyt and Py ¥ — @ are orthogonal because ¥ — Pyv € W+ and Py @ — @ € W.

WJ_

Hence, by Pythagorean’s theorem,

|0 — @ = || — Pw0 + Pyt — |
T (16.59)
> HU_ PW?TH?

which shows that Pj¢' minimizes the distance from o' to W. [ |

Theorem 16.60. Let W be a k-dimensional subspace of R™. Then the orthogonal complement
W+ is an (n — k)-dimensional subspace of R™. Furthermore, the orthogonal complement of the
orthogonal complement is the original subspace itself, i.e.

(WH*+=w. (16.61)

Proof. To prove this, it must be shown that (W+)t C W and (W+)+ 2> W.

Let us begin with the second claim first. Let @ € W. The goal is to show that (@, %) = 0 for
all @ € W+. By definition of W+, this means that (i, w') = 0 for all @/ € W. Since @ € W, this
implies (@, w) = 0 so that @ € (W+)+.

Let ¢ € (W+)+. The goal is to show that ¢ € W. By Theorem 16.57, there exists unique vectors
W € W and @ € W+ such that ¥ = @ + @. Taking the inner product of both sides with # gives

@8 = (@) +(dd). (16.62)
—— ——
=0 since (W)L =0 since weWL
This implies @ = 0. Hence, ¢ € W. |

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!
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In this lecture, we covered Sections 6.3, 6.4, and parts of 6.7.

Terminology checklist

projection

orthogonal projectiont

normalized /unit vector

Gram-Schmidt procedure
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17 Least squares approximation

If R™ < R" is a linear transformation and b € R™ is a vector, a solution to AT = b exists if
and only if the system is consistent. In some applications, a system might be over-constrained,
meaning that there are many more equations than unknowns. This corresponds to A having more
rows than columns. In this situation, it is often the case that A¥ = b will only be consistent for
very special values of b. However, given what we have learned, it should now be possible to find
the best approximation to such a system

WJ_

W = imag‘c(A):

by projecting b onto the image of A. In this case, the best approximation solutions to Az = b are
the solutions to AZ = Py b. The latter is always consistent since W is precisely the image (column
space) of A. The reason this is the best approximation to AZ = b follows from Theorem 16.57.

Definition 17.1. Let R™ <X R" be a linear transformation and let b € R™. A least-squares
approzimation to AZ = b is a solution to AZ = Pyb, where W := image(A).

It takes a bit of work to calculate the projection onto a subspace. For example, we need an
orthogonal basis of W to use the formulas we have discovered earlier. Fortunately, because the
subspace is the image of a linear transformation, a drastic simplification can be made to the above
definition.

Theorem 17.2. Let R™ <& R™ be a linear transformation and let beR™. TR isa least-squares
approzimation to AT = b if and only if T is a solution to AT AZ = ATb.

Proof. For this proof, set W := image(A).
(=) Let ¥ € R™ be a solution to AT = Pyb. Since b — Pyb € W+,

(A, b — Pyb) =0 (17.3)
for all k € {1,...,n}. By the relationship between the inner product and the transpose of vectors,
this equation says

(A&)T (b — Pwb) =0 (17.4)
for all k € {1,...,n}. Hence,

AT(b — Pyb) = 0. (17.5)
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By assumption, Pyb = A7 so that this says

ATh—AT)=0 =  ATAz=A"b

(17.6)

(<) Let & € R" be a solution to ATAZ = ATb. Then AT(b— AZ) = 0 implies that b — AZ € W+,

WJ_

S oo

W := image(A

By Theorem 16.57, b can be expressed uniquely as b =1+ with @ € W and @ € W+, but by

the above calculations
b= A+ (b— A7)

is such a decomposition. By uniqueness, this means that A7 = PWZ;.

(17.7)

Let us use this to work out, in full, the general linear regression problem for fitting data to a

straight line.

Example 17.8. Consider a collection of d data points, where d is some positive integer (typically

taken to be large), in R%. Let us denote these data points by

R AR
) PP R P
If the data points seem to lie close to a straight line, as in the following figure,

Y
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then it should be possible to try to find an equation describing this line of the form y = mx + 0.
In other words, we would like to find a slope m and a y-intercept b such that

Y1 =mxy + b
Yo = mxo + b

(17.10)
Yqg = mxq + b.

It’s typically unreasonable to expect to be able to solve a linear system of d equations in two
unknowns (the unknowns here are m and b). In other words, it’s usually not possible to find a
straight line going through d many points in R?. Notice that (17.10) is equivalent to the matrix

equation
1 (1
To 1
’ [m] — . (17.11)
b :
zq 1 Yd

This equation is of the form A = ¢ where we would like to solve for ¢.°° As we stated above, we
cannot solve this in general. However, Theorem 17.2 tells us that we can find a best approximation
by solving AT A¢ = AT§ instead. Let us therefore solve this system. To do this, we’ll calculate
each side of this equation. The left-hand-side, ignoring the ¢ for now, gives

d d
o PIEAD LY
i) - T
ATA= |70 T2 td ==t 17.12
[1 IR N A i ; (17.12)
Lj
T 1 o=
The right-hand-side gives
d
zl >
ATg= |1 T2 0 2= | . 17.13
i= = (1713
Yd jzlyj

The 2 x 2 matrix in (17.12) is not always invertible. However, the situations in which it is not
invertible are rare. For the time being, let us therefore suppose that it is invertible. In this case,
ATAZ = AT§f can be solved by multiplying both sides of the equation by this inverse to yield
¢ = (ATA)~' ATy, which would tell us what the slope m and y-intercept b would be purely in
terms of the data points. The inverse of AT A is simple to calculate because it is a 2 x 2 matrix,

50We are using the variable name & now instead of & to avoid the potential confusion with the data points which
are labelled using ;.
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and the result is

d
1 d —ka

Lo, (17.14)

k=
d d
de —Za:mj —Z Tk Zfi
k=1

5,j=1

(AT4) =

where I have relabeled some indices to avoid potential confusing. Multiplying this with our result
for ATy gives

i d d
) d = | D mw
(ATA)_lAng— J I;:l l:il
dZm —me] —ka in Zyl
i,j=1 L k=1 k=1 =1
. ) i (17.15)
dZIzyl = m
1 ki<l
def—me] —Zl‘kfﬂzyri‘zl’kyz
| | k=1 =1

Pushing the overall factor in front inside the vector expression and dividing the numerator and
denominator by d in the top entry, ¢ = (AT A)~L ATy gives

d d d
Zaﬁyl - % Z TrYi Z Teyi(zr — 1)
m=-— mI=L & b= (17.16)
Z:L’?——lex] de —lex]
i,j=1 1,j=1

In statistics, the numerator in the expression for m is typically called the covariance between the
x and y data points while the expression in the denominator is called the variance of x

d

d
Var[z] := Zx? - = Z T & Cov|z, y] leyl Z TRyl (17.17)

Jj=1 5,j=1 k,l:l

This gives a complete solution to fitting data points in R? to a straight line. However, what if A7 A
is not invertible? This happens when the determinant is zero, which occurs when the variance in
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the x data points vanishes. The variance can be rewritten as

d
Var[z Zx — inxj

.7].71
d
— Zx — Z :L’j:L’l é Z ;T
1,7=1 i,k=1
_ Z;{; - Z z;m; + d2 Z i, (17.18)
1,7=1 i,5,k=1
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where we have used d = Z 1 in the third line. This shows that the variance is always non-
i=1
negative. Furthermore, since it is the sum of non-negative terms, the only way for Var[z] to be

zero is if each of the terms in the final sum is zero, and this would mean that

Z (17.19)

for all j € {1,...,d}, i.e. if all of the z; data points are equal. Therefore, if you are sampling data

&IH

points and wish to make a graph out of these data points, it would be impossible to do so anyway
if all of the z;’s were equal. Therefore, it is very reasonable to assume that the determinant of our
AT A matrix is non-zero.

Problem 17.20. In her introductory physics lab, Joanna drops a ball from several different heights
and counts how long it takes for the ball to reach the ground. She does several measurements for
each height in increments of 50 centimeters from 0 to 2 meters. She then takes the average of
her measurements for each height. Her results are listed in the following table without their
uncertainties.

Height (meters) | 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0
Time (seconds) | 0.38 | 0.49 | 0.55 | 0.66 | 0.74 | 0.76

She expects the relationship between the height, z, and time, ¢, to be quadratic and of the form
x(t) = %th, where g is a constant to be determined from these data. What is the best approxi-
mation to g7

Answer. Squaring the times gives the following table

Height (meters) | 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0
Time? (seconds?) | 0.14 | 0.24 | 0.30 | 0.44 | 0.55 | 0.58
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It therefore suffices to find the slope m so that the line z = mt? best fits these data. Let A be the
6 x 1 matrix for the input data, the square of time and let b be the vector for the output data, the
height. In this case, A¥ = b takes the form

[0.14] [0.5]
0.24 1.0
oaa 17 = (2 a7.21)
0.55 2.5
0.58 ] 3.0

and the goal is to solve for the best approximation to m. AT A and ATh are given by
0.9997m = 4.755 = m = 4.76 = g =9.51. (17.22)

The actual value of g is known to be 9.81 in Joanna’s location. The data points, her best fit curve,
and the actual curve are depicted in the following figure.

t (seconds)

1 Legend
0.75 . —— e data
0.5 “//I"/“/ — Dbest fit
0.25 — — actual
0 x (meters)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 d

Problem 17.23. The Michaelis-Menten equation [7] is used as a model in biochemistry to describe
the reaction rate, v, of an enzymatic reaction to the concentration, [S], of the substrate. The
formula is given by
o Vmax [S]
Ky +[S)
where v, 1S a constant that describes the maximum possible achieved reaction rate and K, is
another constant that describes the substrate concentration when the reaction rate is half of vy ax.

(17.24)

My friend did such an experiment and here is his data®!

[S] (millimolar) 0.900 | 0.675 | 0.450 | 0.225 | 0.090 | 0.045 | 0.0225
v (micromoles per min) | 0.210 | 0.200 | 0.167 | 0.120 | 0.053 | 0.031 | 0.017

Find the coefficients v, and K, that best fit these data.

Answer. The Michaelis-Menten equation can be flipped so that it is of the form
1 . KM + [S] . 1 KM 1

v UmaxlS] VUmax  Vmax [S]

(17.25)

In terms of the variables ﬁ instead of [S], this is a linear equation of the form y = max + b where

m and b are the unknowns. Hence, we can apply the least-squares method. For this, we translate
our data in terms of these reciprocated variables.

517d like to thank David Lei for sharing his data.
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1/[S] | 1.11 | 148 | 2.22 | 4.44 | 11.1 | 22.2 | 44.4
1/v | 4.76 | 5.00 | 5.99 | 8.33 | 18.9 | 32.3 | 58.8

Therefore, set

1 111 [4.76
1 148 5.00
1 222 _ [599 o
A= |1 444|, b:=1833], & T:= lK max } (17.26)
1 111 18.9 M/ Vs
1 22.2 32.3
1 444 58.8]

Solving ATAZ = ATb would give us the coefficients, which we can then use to find the best fit
curve. This system then becomes

7.00 87.0 1/Vmax 134
= . 17.27
{87.0 2620} {KM/vmaJ {3600] ( )
Row reduction then gives
1/Umax 3.50
= , 17.28
{KM/vmaX] {1.26} ( )
Solving for vy., and Ky, gives
Umax = 0.286 & Ky = 0.360. (17.29)
Plotting the inverse relation gives the following curve
1/v
60
50 5 Legend
40 — o data
30 > —  best fit
20 e — actual
10
0 1/19]

0 5 10 15 20 25 30 35 40 45 50

Plotting the best fit curve

0.286(S
v([S]) = Wi[]ﬂ (17.30)
to the original Michaelis-Menten equation gives
v

0.25 Legend
0.20 o data
061? — bestt ﬁlt

: _~ actua
0.05 /‘/

0 [5]

0 01 02 03 04 05 06 07 08 09 10
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The “actual” plot is actually the best fit curve obtained through a different method that is more
standard for this specific kind of equation.”® Nevertheless, the least-squares method provides a
reasonable approximation.

In the previous examples, one could fit data to any curve provided that one is using linear
combinations of functions that are linearly independent. This will make more sense when we
discuss vector spaces and how certain spaces of functions are vector spaces, but for now we can
provide a specific, yet somewhat imprecise, definition.

Definition 17.31. A set of functions {f1,..., fx} on some common domain in R is said to be
linearly indepedent ift

afi+ 4 apfe =0 = a,=---=a,=0, (17.32)
ie.
arfi(z) + -+ apfr(x) = 0 for all z in the domain = a;=---=a,=0. (17.33)
In this notation ay, ..., a; are just some coefficients and the expression a; f1 + - - - + ax fi, is a linear
combination of the functions in the set {fi,..., fx}.

If you have data that must fit to some curve of the form

arfi+ -+ agfi, (17.34)
where {f1,..., fr} is some set of linearly independent functions, then your goal is to find the
coefficients {ay,...,ax} so that the function aif; + -+ + axfr best fits your data. If your data
inputs are {z1, ..., x4} and your data outputs are {yi,...,y4}, then your matrix A is given by

f1($1) fk(%)
A= : : (17.35)

filed) - Sl

and the vector b is
Y1

Syl
I

(17.36)

Yd
In the previous two examples, the functions are given as follows. For the ball being dropped
from a height, there is actually only one function and it is given by f(t) = t2. The coefficient is
9. For the Michaelis-Menten equation, after taking the reciprocal, there are two functions. The
first one is f1([S]) = 1, which is just a constant, and the second one is f5([S]) = . Taking the

Eik
reciprocal was important because this allowed us to express % as a linear combination of these two
functions, namely
1 1 Ky
SER LA aran
(% Umax 'Umax

52The reason the actual fit is used is because most of the data points are clustered near small values of 1/[S]
as opposed to being distributed somewhat evenly. This means that the least-squares method we are using is not
as accurate due to the lack of data for larger values of 1/[S]. The original data is much more evenly distributed in
terms of [S].
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Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!

Terminology checklist

least-squares approximation/linear regression

linear combination of functions

linear independence of functions
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18 Decision making and support vector machines*

[Warning: this section has to be substantially edited for correctness. Update will come soon] We
now move on to a different application of orthogonality in the context of machine learning and
artificial intelligence.’® The setup is that one has a large range of data X := {7, ..., %4} described
by vectors in R"” and these data separate into two types, X, and X_. If a new data point Tz, is
provided, the machine must then decide to place this new data point in &, or X_.

The new data point is drawn as a bullet e. To make this decision, the machine must draw a
hyperplane, an (n — 1)-dimensional linear manifold, that divides R™ into two parts in the most
optimal way. Different hyperplanes will give different answers.

We would like to therefore establish a convention for a unique such hyperplane that is also the
most optimal one to allow for the most accurate identification. How do we define the most optimal
hyperplane? We will define a separating hyperplane and then define optimality, but first there are
a few facts we should establish.

531d like to thank Benjamin Russo for helpful discussions on this topic.
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Lemma 18.1. Let H C R" be a hyperplane. Then there exists a vector @ € R™\ {0} and a real
number ¢ € R such that H is the solution set of (W, ¥) — ¢ = 0.

Proof. Let h € H. Then H — h is an (n — 1)-dimensional subspace in R". Hence, (H — h)* is a
one-dimensional subspace spanned by some normalized vector . Because span{} is perpendicular
to H, there exists an a € R such that at € H. Then, H is the solution set of (4, Z) —a=0. H

Notice that the vectors @ and numbers ¢ need not be unique. Indeed, we can multiply the
previous system by any non-zero real number A to get (A, ¥) — Aa = 0. Furthermore, notice that
if H is the solution set of (w, ¥) — ¢ = 0 for some nonzero vector @ and some number ¢ € R, then
the vector

W (18.2)

is in H. This is because
c
W, —=w ) —c=c(w,w) —c=c—c=0. (18.3)
< [ >

This tells us that the orthogonal distance from the origin, the zero vector, to the hyperplane H is

C

[l *

Definition 18.4. Let @ € R"\ {0} and ¢ € R with associated plane H given by the solution
set of (W, Z) — ¢ = 0. The marginal planes H, and H_ associated to H are the solution sets to

(W,Z) —c =1 and (W, Z) — ¢ = —1, respectively, i.e.
Hy :={feR" : (@,T) —c==£1}. (18.5)
For example, in R?, if
wzé m & c—4 (18.6)

then these planes would look like the following

179



To check this, H is described by the linear system

%(33: +y)=4 = y =12 — 3z, (18.7)
H is described by

%(33: +y)=5 = y = 15— 3z, (18.8)
and H_ is described by

%(3:[: +y)=3 = y=9-3 (18.9)

Notice that the vector

ﬂ (18.10)

lies on the plane H.

Lemma 18.11. Let (w,c) € (R™\ {6}) x R describe a hyperplane H. The perpendicular distance

between H and H, 1is ||T1*|| and similarly for the distance between H and H_.

Proof. Let ¥, € H, and ¥ € H. The orthogonal distance between H and H. is given by

w 1 1 1
f+—f,T = = <w,f+>—<?ﬁ,f> = TS <1+C)—C = TS (1812)
(7 =) = g )= T )= 1@
H H H,
by the definition of H and H. in terms of (w,c). A similar calculation holds for H_. [ |
In these two cases, notice that the vectors
c 1
(HwH [
are vectors in Hy. This is because
. c 1 R c ., . 1, .
U, | == |0 ) —c= — (W, 0) £ —(W,w) —c=ct1—c=+£1. (18.14)
[~ ||| ||| ]|



In the example we have been using, we have

c—1 9 (3 c+1 313
r_ =— | uw=— & 7, = 0= — 18.15
! (W)“’ 10 M I <ku2)w 2H (18.15)

as the three vectors that in the span of @ and that pass through H_, H, and H,, respectively.

Definition 18.16. Let (7, ¢) € (R™\{0}) xR describe a hyperplane H. The convex region between
H, and H_ is called the margin of (w, ¢). The orthogonal distance between H, and H_, which is
given by ﬁ, is called the margin width of (W, c).

Even though (,c) can be scaled to (AU, Ac) to give the same H, notice that the marginal
planes are different. This is because the margin width has scaled by a factor of % For example, if
we set A = 2 in our example, the margin shrinks by %

H* H}

\

\

H H H,

In this drawing, we've used the notation H? to signify the resulting marginal planes for (A, Ac).
If instead we only scale w, but not ¢, to get (A, ¢), then we change the position of the hyperplane
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because the new equation that it is the solution set of is

(M, Z) —c=0 < (W,z) — - =0. (18.17)

'
and hence their marginal planes, will be different. Therefore, think of the « in (W, ¢) as determining

Therefore, the hyperplane (A, ¢) is equivalent to the hyperplane (u_f ) . However, their margins,
a direction as well as a margin width and think of ¢ in (@, ¢) as determining the position of the
central hyperplane. We make this relationship between (i, ¢) and such triples of hyperplanes
formal in the following Lemma.

Lemma 18.18. Two parallel hyperplanes H_ and H, in R"™ determine a unique (W, c) € (R”\
{6}) x R whose marginal planes agree with H_ and H .

Proof. Let ¥, € H, and pick & € (H, —#,)* such that if \a € H_ and pa € H,, then X\ < p (i.e.
choose a normal vector @ perpendicular to H, that points from H_ to Hy). Also, let ¥~ € H_
(any choice of vectors will work). The orthogonal separation between the planes H, and H_ is
given by (¥, — 7_,0).

Therefore, set
- 2 .
Wi=—")a (18.19)
<l‘+ — T, u>

¢i= (W, — 1. (18.20)

Now, pick any ¥, € H, and set

Then (w, c) has H, and H_ as its marginal planes. [ |

Exercise 18.21. Finish the proof by showing that (w, c) has H, and H_ as its marginal planes,
i.e. show that H, is the solution set to (w, ¥) —¢ = 1 and H_ is the solution set to (W, Z) —c = —1.

This result says that there is a 1-1 correspondence between the set of (ordered) pairs of parallel
hyperplanes and the set (R™\ {6}) x R.
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Definition 18.22. Let (X', X}, X_) denote a non-empty set X’ of vectors in R that are separated
into the two (disjoint) non-empty sets X, and X_. Such a collection of sets is called a training
data set. A hyperplane H C R”, described by (), c) € (R™\ {0}) x R, separates (X, Xy, X_) iff

(W, 2)—c>0 & (@,7)—c<0 (18.23)

for all ¥y € X, and for all ¥_ € X_. In this case, H is said to be a separating hyperplane for
(X, X, X_). H marginally separates (X, X, , X_) iff

(W, @) —c>1 & (W, 7_)y —c < —1 (18.24)

for all Z, € X, and for all #_ € X_. Let Sy C (R™\ {0}) x R denote the set of hyperplanes that
marginally separate (X, X,, X_). Let f : Sx — R be the function defined by

(R"\ {0}) x R 3 (&, ¢) — f(,c) = &’ (18.25)
i.e. the margin. A support vector machine (SVM) for (X, X, X_) is a maximum of f, i.e. an SVM
is a pair (@, ¢) € (R™\ {0}) x R such that ”ul),” < ||T1”|| for every other pair (@, ¢) € (R™\ {0}) x R.

Some examples of separating hyperplanes and marginally separating hyperplanes are depicted
in the following figures on the left and right, respectively.

An SVM is a hyperplane that maximizes the margin, as in the following figure.
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H H H.

Because of this, it is useful to know when a given hyperplane that marginally separates a training
data set can be enlarged. This will be useful because then instead of looking at the set of all
marginally separating hyperplanes, we can focus our attention on those whose margins have been
maximized. Afterwards, we will maximize the margin over this resulting set.

Definition 18.26. Let (X', X, X_) be a training data set and let (i, ¢) be a marginally separating
hyperplane for this set. The elements of X N Hy are called support vectors for (w,c). The set of
support vectors is denoted by H3"". The notation H3™” := H3™ N H. will also be used to denote
the set of positive and negative support vectors.

In the following figures, the support vectors have been circled for two different marginal hy-

@

perplanes.

O HH, H H M,

Lemma 18.27. Let (X, X, X_) be a training data set and let (W, c) be a marginally separating
hyperplane for this set. Then there exists a marginally separated hyperplane (U,d) such that

V=W & —= = min (¥ —7_,W). (18.28)



In other words, if the marginal planes do not contain any of the training data set, then the
separating hyperplane can be translated and the margin width can be enlarged until the margin
touches both positive and negative training data sets.

Proof. Tt will be convenient to define the function

+1 fre X,

_ (18.29)
-1 ifre X

XBfHQ(f)::{

By the discussions after Lemma 18.1 and Lemma 18.11, we have vectors in each H_, H, and H

1 1
(C _ )weH_, (%)weﬂ, & (Cﬁ )wem. (18.30)
[ ||| |||

Set my to be the remaining minimum orthogonal distance between H, and X, and set m_ to be

given by

the remaining minimum orthogonal distance between H_ and X, namely

my = min 0(y) ((fi,m - (Ci 1)) (18.31)

rieXy

2]

+1
(C + mi) W (18.32)

that are perpendicular to w intersect X1 but do not contain points of X’ on the interior of their
margin. By Lemma 18.18, there exists a (7,d) € (R™\ {6}) x R that describes these marginal
separating hyperplanes, namely

. 2 .
7= — w (18.33)
=+ My +m_

|l
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(since ﬁ is now the margin width between the new marginal hyperplanes) and

o +1 R
= <”’ (]W*““M‘l
el
2 (uwu + m+>

= 1 (18.34)
ﬁ + my +m_

_ 2+ || (my, — m)
2+ |+ o)

(since this is the required number so that a vector on K, satisfies the positive marginal plane

equation). |
Exercise 18.35. Verify that (¢, d) in the above proof defines marginally separating hyperplanes

that are perpendicular to w. Furthermore, explain why they cannot be enlarged any farther.

Theorem 18.36. Let (X, Xy, X_) be training data set for which there exists a separating hyper-
plane for (X, X, X_). Then there exists a unique SVM for (X, X,, X_).

Proof. By Lemma 18.27, it suffices to maximize the margin function f on the subset S3** C Sy
consisting of marginally separating hyperplanes that have both positive and negative support
vectors, namely on

Sy = {(W,c) € Sy : HLN Xy # &} (18.37)
The goal is therefore to maximize the margin function, which is a function of (i, ¢), subject to the
constraint
(W, ) —cF1=0 (18.38)
for all ¥ € SY™P, or equivalently
0(%)((0,%) —c) —1=0 (18.39)

for all 7 € S3™P. Maximizing the margin function is equivalent to minimizing the function
S 1
(R™\ {0}) x R > (W, c) — §||u7||2 (18.40)

subject to these same constraints. It is therefore equivalent to maximize the function ¢ given by

R\ {0}) x R 3 (&, ¢) & %II%UIF - Zaf(e(f)(@v, F)—c) — 1). (18.41)
rex
Here, az = 0 for all ¥ € X'\ Hy™" and a;z needs to be determined for all ¥ € H3"P. This condition
guarantees that the function g equals f when restricted to S¥™ (but notice that it does not equal
f on the larger domain Sy of all marginally separating hyperplanes). The az are called Lagrange
multipliers. The extrema of g occur at points (¥,d) for which the derivative of g vanishes with
respect to these coordinates®
_ dg

Jg
— =0 & =0. 18.42
O | (w,¢) ocl(w.c) ( )

54Notice that it would not have made sense to take these derivatives if we had worked with the function f
constrained to S3™P. This is because to define the derivative we need to take a limit of nearby points, but if
(W,c) € SY*P, then it might not be true that (& + € ¢+ 6) is also in S3*P for arbitrarily small vectors € and
arbitrarily small numbers §.
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The first equation gives
W= az0(F)Z, (18.43)

which is the desired result, except that it has many unknown coefficients given by all of the

Lagrange multipliers. The second equation gives

> azb(E) =0, (18.44)

which is a condition that the Lagrange multipliers have to satisfy. Plugging in these results back
into the function g gives

2
" 1 - S o o
g(W,c) = 5 Z&fﬁ(aj)x — Zaf 0(7) <Z age(y)y,:v> —c| -1
FeX Tex gex
1 ) = N o S
=3 > azag (@0 EG) — > azagb(@)0F) (G, T) + ¢ > af(@) + Y az (1845)
F,jeX F,jeX Fex Fex
1 NN
S L Y ase@o iz )
Fex &jeXx

Notice that although we have not yet solved the full problem, the maximizer only depends on the
inner products between the vectors in the training data set. Setting (for the original function g)

dg

8045

—0 (18.46)

(w,c)

for each ¥ € H}™" will give additional conditions that the Lagrange multipliers have to satisfy.

This equation then reads
0(Z) (@, %) — c) =1 (18.47)

for each # € H}'"P, and after plugging in the result for «, this gives

> agb()(7.7) — (&) = c (18.48)

for each ¥ € H3"P. However, there is one subtle point, and that is that we do not know what
HY™P is. Nevertheless, there is still an optimization procedure left over, and it is based on the
different possible choices of H3"". For each choice of H3"", one has the linear system

> 0(iag =0
yeXx

> 0 (@, Bag — ¢ = 0(%)

jex

(18.49)

in the variables {az}z € H¥" U {c} obtained from equations (18.44) and (18.48). Notice that
the second equation in this linear system is actually a set of |[H3"™"| equations. Therefore, this
describes a linear system of |H3"""| + 1 equations (41 because of the first equation) in [H3"| + 1
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variables (+1 because of the extra variable ¢). There are only a finite number of possible choices
of HyP? and therefore only a finite number of linear systems one needs to solve. These systems
are all consistent because we have assumed that the training data set can be separated. Hence, a
solution to the SVM problem exists. |

Some simple examples should help illustrate what could happen.

Problem 18.50. Find the SVM for the training data set given by

X {f_ - {_OJ} & X, = {aﬁ = m } (18.51)

Answer. In this case, there is only one positive and one negative vector. We expect the margin
width to be 2 since this is the distance between the two points. Let us see that this works. The
inner products are given by

(T, ) =1, (T,,7)=1, (7_,7)=—1. (18.52)

The associated linear system (18.49) is
(71) (18.53)

which becomes

g, — Qg =0
az, +az. —c=1 (18.54)
—az, —ag. —c=—1

1 —1 0 10 0]1/2
1 1 -1/ 1|—=10 1 0]1/2 (18.55)
-1 -1 —-1|-1 0 01| 0
so that the solution is 1 1
g =5, Gz =g, C= 0. (18.56)
Plugging this into the equation for @ (18.43) gives
S o o 0
W= oz 0(Z1)7 + oz 0(7)7_- = L} . (18.57)

Therefore, the plane H is described as the set of vectors Z such that (&, #) — ¢ = 0. Since ¢ = 0,
the set of solutions are all vectors ¥ of the form

v m (18.58)



with z € R. The plane H, is the set of vectors ¥ = [ﬂ such that (@, Z) — ¢ = 1. Since ¢ = 0, this
Y

equation forces y = 1 but the z component is arbitrary, i.e. H, consists of all vectors of the form
0 1

18.59

with € R. The plane H_ is the set of vectors ¥ = [x} such that (w,Z) — ¢ = —1. Since ¢ = 0,
Y

this equation forces y = —1 but the x component is arbitrary, i.e. H_ consists of all vectors of the
form
0 1
18.60
il 150

with x € R. Therefore, o = [(1)] and ¢ = 0 indeed describes the following strip

Problem 18.61. Find the SVM for the training data set given by

eefen[en)) o wefanf]) o

Answer. If we solve for the SVM by including only one of the vectors from the negative training
data set, then we expect to get a strip such as follows

>
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and an analogous picture if we include only the other negative vector. Therefore, let us include all

the points as support vectors. Their inner products are

(@L,7l) =2, (7L,72) =0, (7L,7})= -1,
(@, 2)=2, (,7)=-1, (#,,7)=1
The associated linear system (18.49) is
02y, + 0(7" )z + 0(* )z =0

which becomes

—OQg, — QO[f£ — 00{52, —c=—1

—az, — Oap — 20 —c=—1

after substitution. This linear system corresponds to the augmented matrix

1 -1 -1 00 1 00 0[1/2
1 1 1 -1]1 . 010 0|1/4
-1 -2 0 -1|-1 00 10/|1/4
-1 0 -2 —-1|-1 00 01| 0
so that the solution is 1 1 1
ap, = —, Oxn = an =—-, c=0

Plugging this into the equation for @ (18.43) gives

0
0 = 0z, 0(F)F, + az 0F )7 + 0z 0(3)7 = H 7

which gives the following margin
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The previous two examples assumed that all of the vectors given were actually support vectors.
What if there are vectors in the training data set that are not support vectors? When this
happens, we have to exclude them from the calculation. The difficulty with this is that it might
not be clear apriori what the support vectors should be because we have not yet found the SVM.
One then uses a method of exhaustion (trial and error, if you will). Because the training data set
is finite, there are only a finite number of possibilities. However, as the training data set grows,
the number of possibilities increases dramatically. One must then make educated guesses as to
which combinations to try. The possibilities will usually be more transparent after drawing a
visualization of the training data set.

Problem 18.69. Find the SVM for the training data set given by

X {3?1_ - {—01] P = {_12” [ {@ = m } (18.70)

Answer. We will solve this problem by first showing what the solution is when H3™" is taken to
be all of X and then what the solution is if Hy" = {7',#,} (there is still the other possibility of
taking Hy™* = {72, .}, but we will ignore this situation because an optimization for this would
result in a non-separating solution). In either case, it is useful to have the inner products of these
vectors handy:

—_

@y =1, (#,#2)=2, (i,7.)=0,

(2, 2) =5, (2,7.)=-2 (i, 7)=1

(18.71)

i. We can immediately throw out the case H}™ = {7%,#,} because the resulting maximal
1

margin would contain 7. as shown in the following figure

/
/
/ - H_
//

ii. If H3™® = X, we have the linear system

—ap —ap oz, =0
—Qz — 20{552 — O{f+ —c=—1
- - (18.72)
—2a; —dazp — 20z, —c=—1

ap + 20 oz, —c=1
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whose solution is
an =2, ap =-1, az =1, ¢=0. (18.73)

W= 0(F)ast = —2 { 01} + {_12} + m = m (18.74)

rex

Therefore,

so that the margin width is v/2. The resulting margin is depicted in the following figure.

N

H,

H
H_

iii. If HY™? = {#1, 7.}, we have the linear system obtained from the first by removing all oz
terms since azz = 0, which is what the Lagrange multiplier must satisfy because 72 ¢ H3"P,

i.e. 2 is not a support vector. We must also remove the equation obtained from ;?g =0
since aizz = 0. The resulting linear system is

—Qp; +Olf+ =0

—ap —az, —c=—1 (18.75)
ap +oaz, —c=1
and its solution is

c=0. (18.76)

Therefore,
110 1 110 0
5= S 0(H)asi = —= ~ 1Y = 18.
w ;{ (¥)azt 5 [_J +0 [_2] + 5 [J L} (18.77)

so that the margin width is 2. The resulting margin is depicted in the following figure.
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From both of these solutions, we can read off the SVM by choosing the solution that has the
largest margin, which is the second one.

Problem 18.78. Find the SVM for the training data set given by

T P

Answer. The inner products are given by

11 21 2 21 =
r_,r_)=95, (r_,x°)=1, (r_, = —2,
<q #2> <42 ’ ) ( . +2 (18.80)
(@2,22) =2, (¥2,7y)=—-1, (¥, 7)) =1
There are three cases to consider.
i. Assume Hy™ = {Z',Z,}. The resulting linear system is
—0455 + 0455‘+ =0
=Dz — 20z, —c=—1 (18.81)
20 +az, —c=1
and its solution is B B e s
afi—S, ar+—5, c= £ .
Thus,
-1 1 {0 11
s _ T - S 18.83
== e =5l -5l 189
so that the margin width is
2 2 10
- — —=/10. (18.84)
laf ], 1 V10
513

The resulting margin along with @ and

o () G -4 [ -

(which is a vector on the middle hyperplane H) are depicted in the following figure on the left

o

—

7]

=
)
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On the right, the two vectors

c+1 3 |1 c—1 7 |1
0= & U= —— 18.86
P = 1 [3] 0 [ } (18.86)

that are on the hyperplanes H, and H_ are drawn. The lines for these hyperplanes are
obtained by solving the equations (the slope comes from the ratio of the y-component to the
x-component of a vector orthogonal to )

1
Yr =3t by
y = —%x—i—b (18.87)
1
Yy = —§x+b_

by using the fact that these vectors are on these planes, i.e.

c+1_ _\ 1/e+1_ b
T2 ) = "3 \JalP" /) "™
&

W, *1> +b (18.88)

which reads

9 173 L
10 3\10 -
3 1 1
S b 18.89
5 3 ( 5> * ( )
21 _ 10 TN,
10 3\ 10 -
which gives the following equations for these lines
= +1
=—-z
Y+ 3
1 2
e 18.90
y=-37-3 (18.90)
1 7
_=——r— -
T3 T3

This margin has a negative training data set in its interior so it cannot be an SVM because it
is not described by a marginally separating hyperplane.

ii. Assume H"P = {:1_5’2_, :E+}. The resulting linear system is

—Oéf2_ + Oéf+ =0
—2a; —oaz, —c=—1 (18.91)

ap +ag —c=1
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iii.

and its solution is

2 2 1
0452_ = g, Oéi«'+ == g, Cc = —g (1892)
Thus,
211 2 (0 2 (-1
n__Z z - 18.
v 5{—1%“5{1] 5{2] (18.93)

so that the margin width is v/5. The other relevant quantities for obtaining the marginally
separating hyperplane are

c—1 311 c 111 c+1 2 (-1
U=~ U= — & i=- 18.94
sl e m ) il s
Therefore, the lines describing the different hyperplanes are
1
Y+ = 57 +1
1 1
e 18.95
y=37-7 (18.95)
1 3
_=—-x— .
Tt

Hence, the resulting margin is given by

H, H,
. / Iﬁ;}“”lz '117/
W H H

H_ H_

g1

&

Assume HYPP = {fl_, 72,7, } Since the previous case already contains ' as a support vector,
we already know the result will be the same. Hence, this is the SVM.

Exercise 18.96. Let X = {e1}, let X_ = {é2}, and set X = {é},é>}.

(a)

Sketch or describe Sy, the set of all marginally separating hyperplanes for (X, X}, X_). Note
that Sy must be a subset of (R?\ {6}) x R, which may be a bit challenging to draw.

Sketch or describe S3*P, the set of all marginally separating hyperplanes for X’ for which their

margin widths have been enlarged to include support vectors. Again, this should be a subset
of (R?\ {0}) x R.

Using the method employed in the preceding problems; find the SVM for (X, X, X_).
Draw the SVM in R? together with (X, X, X ).
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(e) What is the margin width of this SVM?

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!

In this lecture, we covered Sections 6.5 and 6.6 in addition to several topics outside what is

covered in [Lay].
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19 Markov chains and complex networks™

Today we will cover some applications in the context of stochastic processes and Markov chains.

To gain some motivation for this, we recall what a function is.

Definition 19.1. Let X and Y be two finite sets. A function f from X to Y written as Y Lx
is an assignment sending every z in X to a unique element, denoted by f(x), in Y.

Example 19.2. The following illustrates two examples of a function

v (19.3)

o @ — O $o[] *
“ ooﬂ@i'l:l*\f}

Example 19.4. The following two assignments are not functions.

X (19.5)

R N Al
Je gD

The assignment on the left is not a function because, for instance, * gets assigned two entities,
namely ® and U. The assignment on the right is not a function because, for instance, & is not

assigned anything.

Today, we will think of the sets X, Y, and so on, as sets of events that could occur in a given
situation. We will often denote the elements of X as a list {x, 2, ..., x,}. Thus, a function could
be thought of as a deterministic process. What if instead of sending an element x in X to a unique
element f(z) in Y we instead distributed the element = over Y in some fashion? For this to be a
reasonable definition, we would want the sum of the probabilities of the possible outcomes to be 1
so that something is always guaranteed to happen. But for this, we should talk about probability

distributions.

Definition 19.6. A probability distribution on X = {xy,xs,...,2,} is a function R & X such
that

p(z;) > 0 for all 4 & Zp(a:‘l) =1 (19.7)
i=1
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Equivalently, such a probability distribution can be expressed as an n-component vector

p(ZUl) D1
p@) = |7 (19.8)
(In) DPn

again with the condition that each entry is at least 0 and the sum of all entries is equal to 1.

Exercise 19.9. Show that the set of all probability distributions on a finite set X is not a vector
space. Is it a linear manifold? Is it a convex space?

Example 19.10. Let X := {H, T}, where H stands for “heads” and T stands for “tails.” Let
R & X denote a “fair” coin toss, i.e.

pH) == & pT)= (19.11)

1 1
2 2
Then p is a probability distribution on X.

Example 19.12. Again, let X := {H, T} be the set of events of a coin flip: either heads or tails.
But this time, fix some weight 7. 7 is some arbitrary number strictly between 0 and 1. Let R <= X
be the probability distribution

oH)=r & ¢T)=1-r (19.13)

Then g, is a probability distribution on X. This is called an “unfair” coin toss if r # % Thus, the
set of all probability distributions looks like the following subset of R2.

—4

Definition 19.14. Let X and Y be two finite sets. A stochastic map/matriz from X to Y is an
assignment sending a probability distribution on X to a probability distribution on Y. Such a map

is drawn as T : X~~=Y.

Let us parse out what this definition is saying. Write X := {z1,29,...,2,} and Y :=
{Y1, Y2, .., Ym ). As we've already discussed, any probability distribution p on X can be expressed
as a vector (19.8) and similarly on Y. Thus T'(p) is a probability distribution on Y, i.e. is some
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vector (this time with m components). Is this starting to look familiar? 7" is an operation taking
an nm-component vector to an m-component vector. It almost sounds as if 7" is described by some
matrix. Furthermore, we can look at the special probability distribution d,, defined by

1 ifi=j
Oz, (x5) 1= 045 1= 19.15
( J) ! {O otherwise ( )

(you may recognize this as the Kronecker-delta function). In other words, d,, describes the proba-
bility distribution that says the event z; will occur with 100% probability and no other event will
occur. As a vector, this looks like

0r; = | 1| < i-th entry (19.16)

0

Therefore, we might expect that the probability distribution T'(p) on Y is determined by the
probability distributions ¢,, since p itself can be written as a linear combination of these! Indeed,
we have

p= Zp(xi)@;i, (19.17)
i=1

or in vector form

p(x1) 1 0
p(.@) —plar) | | +pla) 1 + oot p(zn) 0 _ (19.18)
p(zn) 0 0 L

Furthermore, whatever 7' is, it has to send the Kronecker-delta probability distribution to some
distribution on Y which is represented by an m-component vector

T6,,) = | . (19.19)

Tmi
The meaning of this vector is as follows. Imagine that the event x; takes place with 100% proba-
bility. Then the stochastic map says that after x; occurs, there is a T}; probability that the event

y1 will occur, a Ty; probability that the event ys will occur,..., and a T,,,; probability that the event
yYm Will occur. This exactly describes the i-th column of a matrix. In other words, the stochastic
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process is described by a matrix given by

Tll T12 T Tln
T | P 2 (19.20)
Tml T2m e Tmn

where the ¢-th column represents physically the situation described in the past few sentences. Now
let’s go back to our initial probability distribution p on X. In this case, the event x; takes places
with probability p(x;) instead of 100%. Given this information, what is the probability of the event
y; taking place after the stochastic process? This would be obtained by taking the j-th entry of
the resulting m-component vector from the matrix operation

Thw T -+ Tl |p(o)
SO B 1921
T Ton - T p(e)
In other words, .
yi = Tip(:) (19.22)
i=1

is the probability of the event y; taking place given that the stochastic process T" takes place and
the initial probability distribution on X was given by p.

Example 19.23. Imagine a machine that flips a coin and is programmed to always obtain heads
when given heads and always obtains tails when it is given tails. Unfortunately, machines are never
perfect and there are always subtle changes in the environment that actually make the probability
distribution slightly different. Oddly enough, the distribution for heads and tails was slightly
different after performing the tests over and over again. Given heads, the machine is 88% percent
likely to flip the coin and land heads again (leaving 12% for tails). Given tails, the machine is only
86% likely to flip the coin and land tails again (leaving 14% for heads). The matrix associated to

this stochastic process is
T 0.88 0.14 . (19.24)
0.12 0.86

Imagine I give the machine the coin heads up at first. After how many flips will the probability of
seeing heads be less than 65%7 After one flip, the probability of seeing heads is

0.88 0.14| |1 0.88
= 19.2
{0.12 0.86} {0} {0.12} (19.25)
as we could have guessed. After another turn, it becomes (after rounding and suppressing the
higher order terms)
0.88 0.14] |0.88 0.79
{0.12 0.86] [0.12} B [0.21} (19.26)
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and so on

0.68] 7 [0.73] 7 [0.79
[0.32} - {0.27] - {0.21} (19.27)

until after 5 turns we finally get

5
088 0.14]°[1] [0.64
= . 19.2
[0‘12 0.86} M {0.36} (19.28)

If we draw these points on the space of probability distributions, they look as follows

which by the way makes it look like they are converging. We will get back to this soon.

Definition 19.29. Given a set X, a stochastic process X=~X : T from X to itself, and a
probability distribution p on X, a Markov chain is the sequence of probability vectors

(p, T(p), T*(p), T%(p), ... ). (19.30)

Example 19.31. In the previous example, what happens if we keep iterating the stochastic map?
Does the resulting distribution eventually converge to some probability distribution on X? And
if it does converge to some probability distribution ¢, does that probability remain “steady”? In
other words, can we find a vector ¢ such that T'q = ¢q7 Could there be more than one such “steady”
probability distribution? Let’s first try to find such a vector before answering all of these questions.

{8?2 8;2] {13(]} - qu} (19.32)

Working out the left-hand-side gives the two equations

We want to solve the equation

0.88¢ +0.14(1 — q) = ¢

(19.33)
0.12¢ +0.86(1 —¢) =1—¢q

This is a bit scary: two equations and one unknown! But maybe we can still solve it... The first

equation gives the solution
0.14
= — ~ 0.54. 19.34
17 0.26 (19.34)
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Fortunately, the second equation gives the same exact solution! What this is saying is that if I
was 54% sure that I gave the machine a coin with heads up, then the probability of the outcome
would be 54% heads every single time!

Definition 19.35. Let X be a set and T a stochastic process on X. A steady state probability
distribution for X and T is a probability distribution p on X such that T'(p) = p.

A more clever way to solve for steady state probability distributions is to rewrite the equation
T(p) =pas (T —1)(p) =0, where 1 is the stochastic process that does nothing (in other words,
it leaves every single probability distribution alone). Since T'— 1 can be represented as a matrix
and p as a vector, this amounts to solving a homogeneous system, which you are quite familiar
with by now.

[Go through Example 2 in Section 10.2 in [2]. J

Problem 19.36. If S : X~=Y is a stochastic map, what is the meaning of ST, the transpose of
the stochastic map?

Answer. If we write out the elements of X and YV as X = {zy,...,2,} and Y = {y1,...,ym},

| |
S=|S¢ - Sel. (19.37)

It’s helpful to write out the components of S explicitly

then S has the matrix form

S11 S12 * Sin
S91 S22 Sop

s=| T . (19.38)
Sm1 Sm2 " Smn

Note that Séy, the k-th column of S, is the probability distribution associated to the stochastic
map with a definitive starting value of x;. In other words, it describes all possible outputs given the
input z; with their corresponding probabilities. The k-th row of S describes all ways of achieving
the output y; from all possible inputs with their corresponding probabilities. Notice that the sum
of the entries in each row of S do not have to add up to 1. For example, if S gave the same output
no matter what input was given, then it would look like a matrix of all 0’s except for one row
consisting of all 1’s. So the transpose of S is in general not a stochastic matrix. Nevertheless, we
still have an interpretation of the rows of S, which are the columns of S?. Therefore, ST assigns
to each y;, the possible elements in X that could have lead to y, as being the output of S together
with the corresponding probability that that specific element in X lead to y,. Stochastic matrices
S for which ST is also a stochastic matrix are called doubly stochastic matrices.

We now come to answering the many questions we had raised earlier.

Definition 19.39. Let X be a finite set. A T stochastic map on X is said to be regular if
there exists a positive integer k such that the matrix associated to T* has entries (T%),; satisfying
0 < (T%);; <1 for all i and j.
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Theorem 19.40. Let X be a finite set and T' a reqular stochastic map on X. Then, there exists a
unique probability distribution g on X such that T(q) = q. Furthermore, for any other probability
distribution p, the sequence

(0, T(p), T?(p), T*(p), T*(p), - - .) (19.41)

converges to q. In fact, when the probability distribution q is written as a vector ¢ and T as a

| |
im T" = |§ - q]. (19.42)

This limit is meant to be interpreted pointwise, i.e. the limit of each of the entries.

stochastic matrix

We already saw this in the example above. We found a unique solution to the coin toss scenario
and we also observed how our initial configuration tended towards the steady state solution. If T"is
not regular, the sequence might not converge to a steady state solution. Markov chains appear in
several other contexts. For example, Google prioritizes search results based on stochastic matrices.
The internet can be viewed as a directed graph where webpages are represented as vertices and a
directed edge from one vertex to another means that the source webpage has a hyperlink to the
target webpage.

Definition 19.43. A directed graph consists of a set V, a set £, and two functions s,t : &€ — V
such that

(a) s(e) #t(e) for all e € &,
(b) if s(e) = s(€¢’) and t(e) = t(¢'), then e = ¢/,
(c) for each v € V, there exists an e € € such that either s(e) = v or t(e) = v.

This definition is interpreted in the following way. The elements of V are called vertices (also
called nodes) and the elements of £ are called directed edges. The functions s and ¢ are interpreted

as the source and target of each directed edge, respectively. The first condition guarantees that
there are no loops. In terms of the internet example, this means that there is no webpage that
hyperlinks to itself (of course, some webpages do this, but we will not consider such cases). The
second condition guarantees that there is at most one directed edge from one vertex to another.
In terms of the internet example, this means that a webpage has at most one hyperlink to another
webpage. The third condition guarantees that there are no isolated vertices. In terms of the
internet example, this means that each webpage is connected to some other webpage either by
having a hyperlink to another webpage or by being the hyperlink of another webpage. Note that
we do allow directed edges to go in both direction between two vertices. This means that we allow
the situation that a webpage A hyperlinks to B and B hyperlinks back to A.
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Go through PageRank and the Google Matrix on page 19 in Section 10.2 of [2]. The main
idea is that a surfer clicks a hyperlink with a uniform distribution. With this information, a
stochastic matrix can be obtained. This stochastic matrix is not regular and two adjustments
need to be made. The first adjustment has a wonderful geometric interpretation which will be
explained below. The second adjustment is a convex combination with a uniform distribution
allowing for the possibility of a surfer selecting a website at random regardless of whether or
not a hyperlink exists on that webpage. These two modifications construct a regular stochastic
matrix so that Theorem 19.40 holds.

Note that adjustment 1 in Lay’s book may change the topology of the graph in the sense that
one cannot draw it on the plane without intersections. Naively drawing the adjusted graph results

n
1 1
3 3
2 L I 4
|_>
5 6 5} 6
o/ 7

As you can see, there are three edges that cannot be draw without intersecting any other edge. If
we could somehow cut out two holes in the plane and somehow glue the outer circles together, we
could “tunnel” from the outside to the inside of the graph and connected the edges so that they
do not intersect.

We’ll go to three dimensions to see why the three different edges do not intersect each other.
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If we view our original planar graph on a two-dimensional sphere (which we can always do since
the graph is compact), cutting out two such holes and gluing the boundary circles together means
that the adjusted graph actually lives on a torus (see Figure 12). Notice how none of the edges

=9

Figure 12: Embedding the graph on a torus

intersect each other now.

Such graphs are part of the more general area of study known as complex networks. Since the
internet is a vastly larger network than the examples we illustrated above, computing the steady
state vectors, and therefore obtaining the ranking of website importance, is a challenging task.
Imagine trying to do this for such a large network (see Figure 13).%°

There are methods to reduce such big data problems to more manageable ones, but this neces-
sarily involves some approximations. Such methods are discussed in [3]. Figuring out the topology
is a great help in obtaining certain features of the network. Unfortunately, the kind of topology
we have discussed above is rarely touched on in a first course in topology, unless it is towards the
end of the course. Such material is more often deferred to a course on algebraic topology or graph
theory. If you’d like to get a good taste of topology for beginners, I recommend the book The
Shape of Space by Weeks [6].

55This figure was obtained from Grandjean, Martin, “Introduction & la visualisation de données, ’analyse de
réseau en histoire”, Geschichte und Informatik 18/19, pp. 109128, 2015.
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Figure 13: A complex network, similar to the one described by webpages and hyperlinks.
The larger, warmer color, nodes depict higher importance.

Recommended Exercises. Exercises 4 and 18 in Section 4.9 of [Lay]. Exercises 8, 15, 23, and
24 in Section 10.1 of [2]. Exercises 3, 13, 27, 28, 34, and 35 in Section 10.2 of [2]. Be able to show
all your work, step by step! Do not use calculators or computer programs to solve any problems!

In this lecture, we covered parts of Sections 4.9, 10.1, 10.2, and my own personal notes.
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20 Eigenvalues and eigenvectors

The steady state vectors from the lecture on Markov chains are special cases of what are called
ergenvectors with eigenvalue 1.

Definition 20.1. Let R" <~ R" be a linear transformation. An eigenvector for T is a non-zero
vector ¥ € R™ for which T'(¥) « ¥ (read T'(¥) is proportional to ¥), i.e. T(¢)) = AU for some scalar
A € R. The proportionality constant A in the expression T'(') = A is called the eigenvalue of the

eigenvector 7.
Equivalently, ¢’ is an eigenvector for 7' iff
span{T7} C span{7}. (20.2)
Please note that although eigenvectors are assumed to be non-zero, eigenvalues can certainly be

10
zero. For example, take the matrix [0 O] which has eigenvalues 1 and 0 with corresponding

1
eigenvectors {0} and {ﬂ , respectively. This is why the condition is not span{T U } = span{ﬁ }

Besides the example studied in the previous lecture associated with Markov chains and stochas-
tic processes, we have several other examples.

Example 20.3. Consider the vertical shear transformation in R? given by

.
—
/~
Dy
S~—
a2
[
S
1
_ =
[»—no
—_
S

)
S
I/~
G
N———

L 2

€1

Visually, it is clear that the vector e, is an eigenvector of eigenvalue 1. Let us check to see if this
is true and if this is the only eigenvector for the vertical shear. The system we wish to solve is

AHEH o

for all possible values of x and y as well as A. Following a similar procedure to what we did last

=20 3 s

(=B D BB 00
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which becomes the homogeneous system

[l 1 A 1 u Eﬂ - {3} ' (20.7)

Notice that we are trying to find a nontrivial solution to this system. Rather than trying to
manipulate these equations algebraically and solving these systems in a case by case basis, let us
analyze this system from the linear algebra perspective. Finding an eigenvector for the vertical
shear matrix amounts to finding a nontrivial solution to the system described by equation (20.7),
1—Xx 0
1—A

Matrix Theorem, means the determinant of this matrix must be zero, i.e.

which means that the kernel of the matrix { ] must be nonzero, which, by the Invertible

1-XA 0

det
e{ 11—

=0. 20.8
\ 208)
Solving this, we arrive at the polynomial equation

(1—-X)?=0. (20.9)

The only root of this polynomial is A = 1 (in fact, A = 1 appears twice, which means it has
multiplicity 2—more on this soon). Knowing this information, we can then solve the system (20.7)
much more easily since the equation reduces to

{?8}@]:0 (20.10)

and the set of solutions to this system is

{tﬁ]: teR}, (20.11)

where t is a free variable. Therefore, all of the vectors of the form (20.11) are eigenvectors with
eigenvalue 1.

Example 20.12. Let R” L R be a projection, i.e. P? = P. If X is an eigenvalue of P, then
A € {0,1}. To see this, suppose that ¥ is an eigenvector of P. Then Pt = Av. Applying P once
more, we obtain P27 = AP7 = \?¢. But P2 = P also implies P20’ = P¢ = M. Putting these
two equations together gives \>¢ = A¥, which we can reorganize as A\(1 — \)v = 0. Since ¥ is an
eigenvector, it is non-zero. This implies A(1 — A) = 0. This proves that A € {0,1}. This says that
the eigenvalues of any projection can only be 0 or 1.

Example 20.13. Consider the rotation by angle
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A~
v

Following a similar procedure to the previous example, namely solving

b olE] L) 18

for all possible values of z and y as well as A\, we obtain

B s

Again, we want to find eigenvectors and eigenvalues for this system, and this means the matrix

{_f\ _ﬂ must be non-invertible so that

-
det [ | _A} — 0, (20.16)

but the determinant is given by
N4+ 1=0. (20.17)

This polynomial has no real root. The only roots are A = £+/—1. Therefore, there are no eigen-
vectors with real eigenvalues for the rotation matrix. This is plausible because if you rotate in the
plane, nothing except the zero vector is fixed, agreeing with our intuition.

The previous example suggests that we can always find eigenvalues for a real matrix, but we
would have to allow them to be complex. The more precise statement of this fact is provided in
Theorem 20.70.

Example 20.18. As we saw in Example 20.13, the characteristic polynomial associated to the
rotation by angle 7 matrix given by

Rz := [(1) _01] (20.19)

is
N+ 1=0. (20.20)

Using just real numbers, no such solution exists. However, using complex numbers, we know
exactly what A\ should be. The possible choices are

M=vV—-1 & Jdg=-—-1 (20.21)
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since both satisfy A\ = —1. What are the corresponding eigenvectors? As usual, we solve a
homogeneous problem for each eigenvalue. For A;, we have

—/—1 —1 0 _ -1 /-1 10 . 1 —v/—-110 (20.22)
1 —/—=110 1 —+v/—-110 0 0 0
which has solutions of the form
t [_ 1_1 (20.23)

with t a free variable. Hence one such eigenvector for \; is

& = { \/1__1} (20.24)

(I multiplied throughout by v/—1 so that the first entry is a 1). Similarly, for Ay one finds that

one such eigenvector is
1
Uy = {_\/__J . (20.25)

Hence, the rotation matrix does have eigenvalues and eigenvectors—we just can’t see them! Com-
plex numbers are briefly reviewed at the end of this lesson. When we discuss ordinary differential
equations, we will prove a physical interpretation for complex eigenvalues (briefly, they describe
oscillations).

Example 20.26. Consider the transformation given by

At a first glance, it does not look like there are any eigenvectors for this transformation, but this
is misleading. The possible eigenvalues are obtained by solving the quadratic polynomial

A =2

det[_1 1

}:—A(1—A)—2:0<:>A2—A—2:0. (20.27)

The roots of this quadratic polynomial are given in terms of the quadratic formula

=D EVED? - 4)(=2)

2(1)

+

DO W

, (20.28)

N —
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which has two solutions. The eigenvalues are therefore
A =—1 & Ay = 2. (20.29)
Associated to the first eigenvalue, we have the linear system
—>\1 -2 T 1 —2 T 0
= = 20.30
{—1 1 —AJ {yl} {—1 2} LJl 0 (2030)
The solutions of this system are all scalar multiples of the vector

7 = m | (20.31)

-2
11 } with eigenvalue —1 because

5 00

Similarly, associated to the second eigenvalue, we have the linear sytem

I | o g i 4 e

whose solutions are all scalar multiples of the vector

Therefore, v is an eigenvector of [

Ty = [_11} . (20.34)

0 -2
Again, this means that 75 is an eigenvector of [ 11 } with eigenvalue 2 because

S =) 039

Visually, under the transformation, these eigenvectors stay along the same line where they started.
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I highly recommend checking out 3BluelBrown’s video https://www.youtube.com/watch?v=
PFDu9oVAE-g on eigenvectors and eigenvalues for geometric animations describing what eigen-
vectors are. The previous examples indicate the following algebraic fact relating eigenvalues to
determinants.

Theorem 20.36. Let A be an n x n matriz. The eigenvalues for the linear transformation asso-
ciated to A are given by the solutions to the polynomial equation

det (A—A1,)=0 (20.37)
i the variable M.

Proof. Let @ be an eigenvector of A with eigenvalue A. Then A7 = A¥. Therefore, (A — A1)7 = 0,
i.e. ¥ € ker(A—A1). Since ¥ is a non-zero vector, A— A1 is not invertible. Hence, det(A— A1) = 0.

Conversely, suppose that A satisfies det(A — A1) = 0. Then A — A1 is not invertible. Since
A — Al is an n x n matrix, A — A1 is not injective, i.e. its nullspace is at least 1-dimensional, i.e.

(A—\1)% = 0 has a nontrivial solution, i.e. there exists a nonzero vector ¢ such that A7 = A\¢. W

Definition 20.38. For an n X n matrix A, the resulting polynomial det (A — A1,,) is called the
characteristic polynomial of A. If an eigenvalue appears k times as a root, then £ is called the

multiplicity of that eigenvalue. The span of the eigenvectors of A for a particular eigenvalue \ is
called the eigenspace associated to A and .

One consequence of the above theorem is the following.

Corollary 20.39. X is an eigenvalue of an n x n matrix A if and only if X is an eigenvalue of
AT the transpose of A.

Proof. Since the determinant of a matrix is equal to the determinant of its transpose,

=
det(AT — A7) det (A — AL,)7)
> (20.40)
det(AT — \1,,) det(A — \1,)
which, by Theorem 20.36 shows that the eigenvalues of AT and A are the same. [ |

Another immediate consequence of the Theorem 20.36 is the following.

Theorem 20.41. Let A be an upper-triangular n X n matrixz of the form

(a1 ais a3 - aln-
0 age asg -+ as,
A=10 0 azg --- asy (20.42)
| 0 o --- 0 annl
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Then the eigenvalues of A are given by the roots of the polynomial

(CLH — )\) (CLQQ — )\)(&33 — )\) e (CLnn — )\) = O (2043)
in the variable \.
Proof. Since
_6111 - A 12 13 ce Q1n i
0 agy — A 23 ce Q2n
A— )= 0 0 agzs—A -+ as (20.44)
. 0 0 s 0 app— AJ

is an upper triangular matrix, its determinant is the product of the diagonal elements, i.e.
det (A — )\]ln) = (an — )\) (a22 — )\) (CL33 — )\) s (CLnn — )\) (2045)
|

Unfortunately, this theorem only tells us what the eigenvalues of an upper triangular matrix
are. It is not so easy to write down a set of eigenvectors (if they even exist). It is now important
to understand why we sometimes found complex eigenvalues even though we started out with
matrices that only had real numbers in their entries. This is because an arbitrary polynomial of
the form

ap+ax +ax’+ - +a, 2" =0 (20.46)

with real coefficients has roots that are in general complex! So you might wonder if an arbitrary
polynomial
ap+ a1z + asr® + -+ az" =0 (20.47)

with complex coefficients, are their roots that are not necessarily complex? It turns out the answer
is no. Furthermore, how many roots are there? Hopefully there are n roots provided that a,, # 0.
The answer is yes, and the following theorem makes both of these statements precise.

Theorem 20.48 (Fundamental Theorem of Algebra). Fvery polynomial of the form
ap + a1 + asz? 4+ - + apz" =0, (20.49)

with all ag,ay,...,a, € C and a, # 0, has exactly n complex roots (possibly with multiplicity). In
other words, there exist complex numbers ri,ro,...,r, € C such that

ap + a1 + apr® + - + a2 = ap(x — 1) (T — 1) - (T — 1), (20.50)

Proof. There are many interesting proofs of this theorem, though we will not concern ourselves
here with a proof. [ |
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For this reason, we may often work with complex numbers even if our original matrices were
real-valued. This is because some eigenvalues can be complex! When this happens, we may find
eigenvectors whose eigenvalues are complex, but these eigenvectors will also be complex. If we
started with a real linear transformation R" <~ R" and we find a complex eigenvalue with an
eigenvector with complex coefficients, then that vector does not live in R", because R" consists of
vectors with only real entries. Instead, just like we enlarge our set of real numbers R to include
complex numbers C, we can enlarge R” to include complex linear combinations of vectors. We
denote the set of n-component vectors with complex entries by C".

Another interesting fact that we did not point out explicitly from the examples but is also
visible is the following.

Theorem 20.51. Let {v),0»} be two eigenvectors of a linear transformation R™ L R with
associated eigenvalues N\, Ao that are distinct. Then {Uy, Uy} is a linearly independent set of vectors.

Proof. We must show that the only solution to
ZE1171 + IL‘Q’UQ = 6 (2052)

is 1 = x5 = 0. Without loss of generality, suppose that A\; # 0 (we know that at least one of A\;
and Ay must be nonzero since they are distinct). Then, by applying 7" to

1'1'171 —+ .CCQUQ = 6 (2053)
we obtain
.1'1)\1’(71 + .I'Q)\Q’UQ = 6 (2054)
Since A\; # 0, we can divide by it to obtain

A —
$1171 + $2>\—2172 =0 (2055)
1

Subtracting this from the first equation, we get

A .
(1 - —2) Lol = 0. (20.56)
A1

By assumption, A\; # As so that the term in parentheses is nonzero. Furthermore, ¥, is nonzero
because by definition of being an eigenvector, it must be nonzero. Hence x5 = 0. Therefore, we
are left with

10 =0 (20.57)

and again, since U7 is nonzero by definition of being an eigenvector, this implies z; = 0. Hence,
{¥, U5} is a linearly independent set of vectors. [ |

Theorem 20.58. Suppose that {1, ...V} are eigenvectors of a linear transformation R™ LRre
with associated eigenvalues {1, ..., A} all of which are distinct. Then the set {Uy,..., U} is
linearly independent.

Proof. Use the previous theorem and induction. |
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We now briefly discuss complex numbers, complex eigenvalues, and complex eigenvectors. A
geometric visualization of complex numbers is obtained from the fact that every complex number
has a polar decomposition.

Theorem 20.59. Every complex number (a,b) = a+by/—1 can be written in the form r(cos,sin ) =
rcos(f) + rsin(f)y/—1 for some unique non-negative number r and for some angle 0 in [0, 27).
Furthermore, if a and b are not both zero, then the angle 0 is unique. If we define eV~ =

cos(6) + v/—1sin(8), this says a + by/—1 = reV—1.

Proof. 1t helps to draw (a,b) in the plane.

Y
a,b
o ANCY
&
= :
) I
0 1 T
- a
Set )
arctan (%) fora>0,b>0
5 fora=0,b>0
ri=va?+ b & 0:=qm+arctan (2)  fora <0 (20.60)
g fora=0,b<0
| 27 + arctan (g) fora>0,b<0
where 6 is defined as long as both a and b are not zero. If a = b = 0, 6 can be anything. [ |

Exercise 20.61. Show that the eigenvalues of a matrix of the form

{‘Z _ab} (20.62)

are of the form

a4 by/—1. (20.63)

Complex eigenvalues and eigenvectors can be interpreted in this way as types of rotations in a
particular plane. Hence, they always come in pairs.
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Exercise 20.64. Write the matrix [Z } as a rotation followed by a scaling. [Hint: compute

a
the determinant to find the scaling factor and then use trigonometric identities to find the angle

of rotation.]

Definition 20.65. Let (a,b) = a + by/—1 be a complex number (a and b are real numbers). The
complex conjugate of (a,b) = a+ by/—1 is

(a,b) = (a, —b) (20.66)
or in terms of the notation a + by/—1 this is written as

a+b/—1=a—b/-1. (20.67)

Definition 20.68. Let C" be the set of n-component vectors but whose entries are all complex

numbers. Addition, scalar multiplication (this time using complex numbers!), and the zero vector
are analogous to how they are defined for R". Similarly, m X n matrices can be taken to have
complex numbers as their entries and are (complex) linear transformations C™ < C".

Theorem 20.69. Let A be a real n x n matriz. If X is an eigenvalue of A then X is also an
ergenvalue.

Proof. Let A\g be a complex eigenvalue of A that is not real. In particular, det(A — A\g1,,) = 0. The
only complex number z for which Aoz is real is z = \g. Since det(A — A1,,) has (Ao — A) as a factor,
i.e. there exists a degree (n — 1) polynomial p in the variable A with det(A — A1,,) = (Mg — A)p(N),
p(A\) must have a factor of the form (Mg — A) in order for det(A — A1,,) to be real polynomial in
A. [ |

Theorem 20.70. Let A be an n X n matriz with complex entries. Then A has n (complez)
eigenvalues including mutiplicity.

Proof. The characteristic polynomial is given by det(A — Al,). The coefficient in front of A" is
always +1. Therefore, by the Fundamental Theorem of Algebra, this polynomial has n complex
roots. |

Recommended Exercises. Please check HuskyCT for the homework. Please show your work!
Do not use calculators or computer programs to solve any problems! In this lecture, we covered
parts of Sections 5.1, 5.2, 5.5, and Appendix B in [Lay].

Terminology checklist

eigenvector

eigenvalue

root of polynomial

characteristic polynomial

complex numbers

complex eigenvalues

complex conjugate

multiplicity of eigenvalue

eigenspace
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21 Diagonalizable matrices

As we saw in the previous lecture, it is easy to compute the eigenvalues of an upper-triangular
matrix. It is equally simple to compute the eigenvalues of a diagonal matrix.

Theorem 21.1. Let

A0 0
p=|0 A (21.2)
0
0 0 A\
be a diagonal matriz. Then €; is an eigenvector of D with eigenvalue X; for alli € {1,... ,n}.
Proof. Exercise. n

This Theorem tells us more than Theorem 20.41 since we know not only the eigenvalues but
also the eigenvectors in the case of a diagonal matrix. However, not all matrices are diagonal. The
good news is that many matrices are close to being diagonal in a sense we will describe soon.

Theorem 21.3. Let A be an n x n matriz. Let P be an invertible matrixz and define
B:=PAP". (21.4)
Then det(A) = det(B).
Proof. This follows immediately from the product rule for determinants, which says
det(B) = det(PAP™') = det(P) det(A) det(P~!) = det(P) det(A) det(P) ™" = det(A). (21.5)
|

Definition 21.6. An n X n matrix A is similar to an n X n matrix B iff there exists an invertible
n X n matrix P such that B = PAP~ .

Definition 21.7. Let A be an n X n matrix. A is diagonalizable iff it is similar to a diagonal
matrix D, i.e. iff there exists an invertible n x n matrix P such that A = PDP~!.

Note that solving for D in the above equation gives D = P~1AP.

Theorem 21.8. An n x n matriz A is diagonalizable if and only if A has n linearly independent
eigenvectors. Furthermore, when A is diagonalizable and its eigenvectors are given by {1, ..., 0.},
setting

P:= |t - |, (21.9)

A can be expressed as

A0 0
A—p |V N P (21.10)
S
0 0 A



where \; is the eigenvalue corresponding to the eigenvector v;, namely
At = N, (21.11)
forallie {1,...,n}.

Proof.
(=) Suppose A = PDP~! with D as in (21.10). Set ; := P¢; for each i € {1,...,n}. Then
AP = PP~ AP¢, = PDE, = P\ié; = \; P& = \@); (21.12)
i

showing that o; is an eigenvector of A with eigenvalue \;. Because P is invertible, its columns,

which are exactly the vectors U; = Péj, are linearly independent, i.e. {#,...,%,} is a linearly
independent set of vectors.
(<) Suppose that {v1, ..., 9,} is a linearly independent set of eigenvectors of A with corresponding
eigenvalues \q, ..., \,. Set
| |
P=lo - 7. (21.13)

Then define the matrix D by D := P71 AP. Notice that the columns of D are given by
D&, = P APE, = P' A, = P7'\@; = P10, = \\ P71 Pé;, = \ié. (21.14)
Therefore, D is a diagonal matrix and is of the form given in (21.10). |

Theorem 21.15. If an n X n matriz A is similar to an n x n matriz B, then the set of eigenvalues
of A is the same as the set of eigenvalues of B and their multiplicities will also be the same.

Proof. Let P be an invertible matrix such that B = PAP~!. Let ¢ be an eigenvector of A with
eigenvalue A\. Then Pv is an eigenvector of B with eigenvalue A because

BP# = PAP ' P = PAG = P70 = \P7. (21.16)

A similar calculation shows that if i is an eigenvector of B with eigenvalue 1, then P~ is an
eigenvector of A with eigenvalue p. |

Remark 21.17. The converse of this Theorem is not true! For example, the matrices

A= B ﬂ & B- Ll) ﬂ (21.18)

both have the same eigenvalues (1 with multiplicity 2) but are not similar. To see this, one could
suppose, to the contrary, that there exists an invertible matrix

a b
P= 21.19
o (2119
such that PA = BP~! and show that this leads to some contradiction (such as showing that this
system of equations does not have a solution). Another argument avoiding any calculations is
to notice that similarity of matrices is an equivalence relation on the set of square matrices and
diagonalizability is preserved under this equivalence relation. Namely,
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i. A is similar to itself,

ii. if A is similar to B, then B is similar to A,

iii. if A is similar to B and B is similar to C, then A is similar to C.
Then, if A is diagonalizable and A is similar to B, then B is diagonalizable. Now, to apply this
to our problem, since A has a basis of eigenvectors, we know that it is diagonalizable. We also
know that B does not have two linearly independent eigenvectors. All of its eigenvectors are scalar

multiples of the vector €;. Therefore, B is not diagonablizable and hence A cannot be similar to
B.

Example 21.20. In Example 20.26, we found that the two eigenvalues with their corresponding
eigenvectors of the matrix

A { 0 —2] (21.21)

(oa-]) « (ue2a- ) 2

As in Theorem 21.8, set

are

|
2 1
1 -1
|
from which we can calculate the inverse as
11 1
pt==_ . 21.24
3 {1 —2} ( )

|
0 —6 (21.25)
b

The following is a more complicated example but illustrates how to actually solve cubic poly-
nomials when calculating eigenvalues.
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Example 21.26. Let A be the matrix®
011
A=12 1 2|. (21.27)
3 3 2

The eigenvalues of A are obtained from solving the polynomial equation

—A 1 1
det(A—Al3)=det | 2 1—-X 2
3 32—

:-AdetF;A QfA}—ldetE 23/\}+1det{§ 1;A]
= A((1=n@=-2-6) - (22-1-6) + (6-3(1- 1))
=N +3N+9A+5

=

(21.28)

Solving cubic equations is not impossible, but it is difficult. A good strategy is to guess one solution
and then factor out that term to reduce it to a quadratic polynomial. By inspection, A = —1 is
one such solution. Knowing this, we can use long division of polynomials

(A+1)) =X 4+3X2+ 9\ +5

to figure out the other factors. To compute this division, one does what one is used to from
ordinary long division by calculating remainders

A2

A1) =N +3\2+ 9\ +5
(=N =)

AN + 9N +5

Proceeding, we get

—A\2 4\
A1) =N +3\2+ 9\ +5
—(=X -2
AN+ 9N+ 5
— (402 4 4))
5A+5

until finally

56This is exercise 5.3.11 in [Lay] but without knowledge of any of the eigenvalues.
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—AN+4X+5
A+1)) =M +3X2+9A+5
— (== N
4N+ 9N+ 5
—(4\2 +4N)
5N+ 5
—(5A +5)
0

From this, we can factor our polynomial equation to the form

— N3N H N +5 =N+ 1) (=A% + 4 +5). (21.29)
Now we can apply the quadratic formula to find the roots of —A\? + 4\ + 5 and we get
A E /42— 4A(-1)(5)

A= T —2F3. (21.30)

Thus, the polynomial factors into
— N3N+ +5=A+ DA+ 1D (=A+5)=A+1)*(=A+5) (21.31)
and the roots of the polynomial, i.e. the eigenvalues of the matrix A, are A\ = —1, Ay = —1, A3 = 5.

Problem 21.32. From Example 21.26, calculate the eigenvectors oy, v, U3 of A associated to the
eigenvalues i, \s, A3, respectively. Construct the matrix P. Calculate P~! and verify explicitly
that A= PDP™L.

Answer. We first find the eigenvectors for eigenvalue \; = Ay = —1. We must solve
01 1] [z [
2 1 2| |yl =-1]y (21.33)
3 3 2] |z | 2
ie.
0—(-1) 1 1 2] 11 17 [z 0
2 1—(-1) 2 yl =12 2 2| |y| =|o]. (21.34)
3 3 2—(-1)] L= 13 3 3] Lz 0

The solutions to this can be written in parametric form as

T —1 —1
yl=y| 1| +2]|0 (21.35)
z 1
with y and z free variables. Hence, we can take
-1 -1
v = | 1 & vy:= | 0 (21.36)
0 1
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(in fact, you can set ¥ and ¥ to be any two linearly independent vectors in this kernel because
the corresponding eigenvalue is the same). For A\3 = 5, the corresponding linear system to solve is

given by
0-5 1 1 x -5 1 1 x 0
2 1-5 2 yl=12 -4 2 y|l = 10]. (21.37)
3 3 2-5] |z 3 3 3] [z 0

The solutions to this are written in parametric form as

1
—z |2 (21.38)
3

IS

(I've removed an overall factor of —% which one obtains when row reducing). Hence, we can take
1

U3 = |2 (21.39)
3

as an eigenvector of A with eigenvalue A3 = 5. Therefore,

-1 -1 1 -2 4 -2
P=|1 0 2 & P—1=6 -3 -3 3. (21.40)
0 1 3

Furthermore, the equality A = PDP~!, which reads

01 1 -1 -1 1] [-1 0 0]/, [-2 4 -2
21 2/=11 0 2/ |0 ~10f|c|-3 -3 3|], (21.41)
33 2 0 1 3Lo 0 5 1 1 1

holds.
Warning: not all matrices are diagonalizable.

Example 21.42. The vertical shear matrix

Shi= E (1)] (21.43)

is not diagonalizable. One way to see this is to use Theorem 21.8. We have already calculated the
eigenvectors of this matrix in Example 20.3. We only found a single eigenvector

m (21.44)

with eigenvalue 1. Since a single vector in R? cannot span all of R?, this means there aren’t 2
linearly independent eigenvectors associated to this matrix. Therefore, S'l is not diagonalizable.
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Remark 21.45. Even though S|1 is not diagonalizable, it can be put into what is called Jordan
normal form, which is the next best thing after diagonal matrices. Namely, every matrix is similar
to a matrix of the form D + N, where D is diagonal and N has all zero entries except possibly
a few 1’s directly above the diagonal (and satisfies other properties). However, there is a caveat,
which is that one must allow for the matrices to be expressed in terms of complex numbers and
to allow for the diagonal matrix D to contain complex numbers as well.

Here’s a theorem that gives a sufficient condition for a matrix to be diagonalizable.

Theorem 21.46. Let A be an n X n matriz with n distinct real eigenvalues. Then A is diagonal-
1zable.

Proof. Let {\1,...,\,} be these eigenvalues with corresponding eigenvectors {1, ..., ,}. By The-
orem 20.58, the set of vectors {71, ...,9,} is linearly independent (in fact, they form a basis of R"
since there are n of them). By Theorem 21.8, A is therefore diagonalizable. |

It is not necessary for a matrix A to have distinct eigenvalues to be diagonalizable. A simple
example is a matrix that is already in diagonal form. Once it is known that a matrix A is similar
to a diagonal matrix, it becomes easy to calculate “polynomials” in the matrix A. This is because
if P is an invertible matrix such that A = PDP~!, then

A2 = (PDP')’ = PDP'PDP~' = PDDP~' = PD*P"! (21.47)
=1,

and similarly for higher orders

A* = (ppP")* = PDP'PDP'PDP'PDP'...PDP' = PD*P". (21.48)
=1y =1, =1y

And to compute the power of a diagonal matrix is a piece of cake:
k

M 0O - 0 MNooo-o0
. k .
0 Ao L0 M 2 (21.49)
: .0 : 0
0 -+ 0 X\, 0 -+ 0 X\
Example 21.50. Let A be as in Example 21.20. Then
A® = ppipt
2 1)1 071t 1
1 —-1]]0 2| 3|1 -2
2 1]f-1 o0]11 1
1 —1]]0 32|31 -2
C1[-2 32][1 1 (21.51)
3 |-1 —32| |1 -2
_1[30 —66
31]1-33 63
10 —22
Col=11 21|



It is also instructive to write this formula for arbitrary powers. Let A\; = —1 and Ay = 2 and fix
n € N. Then

A" = pp"p!

2 1] ool

1 =1 [0 31 -2

S22 X1 (21.52)
CO3 AT A1 -2

L2273 2M7 - 208

O3 A=A AT 2)7

Definition 21.53. Let A be an n x n matrix. Let p be a positive integer. A degree p polynomial

in A is an expression of the form
tol, + A+ tg A2 4 - + 1, AP (21.54)
where the ¢’s are real numbers.
Theorem 21.55. Let A be a diagonalizable n X n matrix with a decomposition of the form
A= PDP*, (21.56)
where D is diagonalizable and P is a matriz of eigenvectors of A. Then
tolly + A+ 1A% + -+ 4,47 = P(tgll, + D + D+ -+ 4,D7) P, (21.57)
Proof. This follows from the previous discussion since
tol, + A+ tgA2 - F £, AP = to1,, + t, PDP™! +to(PDP™ ) 4 .- + t,(PDP™')?
=tol, + 4t PDP™' + t,PD*P~ ' + .. + t,PDP P! (21.58)
- P(tolln + 8D+ 1D+ 4 tpr) Pl
[ |

As we saw in earlier lectures, some n X n matrices do not have n eigenvalues or a basis of
n eigenvectors. For example, shears in two dimensions only have a one-dimensional basis of
eigenvectors and rotations in two dimensions have none! Each of these problems has a resolution,
the former in terms of what are called generalized eigenvectors, and the latter in terms of complex
eigenvectors. The former is typically studied in a more advanced course on linear algebra.

Recommended Exercises. Please check HuskyCT for the homework. Please show your work!
Do not use calculators or computer programs to solve any problems! In this lecture, we covered
Section 5.3.

Terminology checklist

similar matrix

diagonalizable

polynomial long division

matrix polynomial
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22 Spectral decomposition and the Stern-Gerlach experi-

ment*

We will now learn about sufficient conditions for a matrix to be diagonalizable as well as a useful
decomposition for any such matrix.

Definition 22.1. An m x n matrix A is symmetric whenever A7 = A.

Notice that m = n for symmetric m X n matrices.
A similar definition can be made for complex matrices, but one takes into account the complex
conjugation. Why this is so will be made clear shortly.

Definition 22.2. Let A be an m X n matrix with possibly complex entries

@11 Q2 -+ Qin
Q21 Q22 -+ Q2p

A= (22.3)
Am1 Am2  * Amn

The conjugate transpose of A is the n X m matrix

aix Qg1 - Qml
A2 Q22 ***  Qm2

J L G (22.4)
A1p  QA2pn  ° - Amn

The superscript { is pronounced “dagger.”
Definition 22.5. An m x n matrix A is Hermitian whenever AT = A.

Again, an m x n matrix A is Hermitian implies m = n. Projections are defined similarly as
before but with this complex conjugation taken into account.

Definition 22.6. A complex mxm matrix P is an orthogonal projection iff P> = P and P' = P.

Example 22.7. The three matrices

01 0 —2 1 0
Ux—L O}’ ay—L. O}’ & O'Z—{O _J (22.8)

are all Hermitian. Notice that the eigenvalues of these three matrices are all +1, which are real.
We will say something about this phenomenon soon.

Definition 22.9. The inner product on C™ is the function
(+,):C"xC">C (22.10)

defined by
C" x C" > (@, V) — (i, V) := a7, (22.11)



In terms of components, this says

(751 (%1
U Un

Notice that for any complex number ¢ and for any two vectors @ and ¢ in C",

(U, v) = (0, 1) (22.13)

and
{cti, U) = ¢(u, ). (22.14)

(v, Aw) = (AT, ) (22.16)
for all vectors w in C" and v in C™.
Proof. A calculation easily proves this. [ ]
Theorem 22.17. The eigenvalues of a Hermitian matriz are real.

Proof. Let A be a Hermitian matrix and let A be an eigenvalue with a corresponding eigenvector
v. Then
M, ) = (U, \0) = (T, AD) = (A0, 0) = (AU, 0) = (\T,0) = N(@, 7) (22.18)

Since ¥ is nonzero, (U, U) is nonzero as well, and this shows that A = A, i.e. A is real. [ |

Theorem 22.19. Let A be a Hermitian matriz. Then eigenvectors corresponding to different
eigenvalues are orthogonal. An analogous statement holds for symmetric real matrices provided
one considers real eigenvalues.

Proof. Let A1 and Ay be two distinct eigenvalues of A and let ¢, and ¥, be corresponding eigen-
vectors. Then

)\2<1717 172> =

= (AT, T) (22.20)

where in the last step we used the fact that eigenvalues of Hermitian matrices are real. This
calculation shows that
(A2 — Ap) (v, Up) =0, (22.21)

which is only possible if either Ay — A; = 0 or (¥, o) = 0. However, by assumption, since A; # Ay,
it follows that Ay — Ay # 0. Hence (¥}, U5) = 0 which means that ¢} is orthogonal to ¥s. [ |
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Theorem 22.22. A matrix A is Hermitian if and only if there exists a diagonal matriz D and a
matriz P all of whose columns are orthogonal such that A = PDP~1.

In fact, let A be an n x n Hermitian matrix, let

N O -0
p—|0 A (22.23)
: -0
0O -+ 0 A\
be a diagonal matrix of its eigenvalues, and let
| |
P=\\u --- u, (22.24)

be the matrix of orthonormal eigenvectors (given a matrix P that initially might have all orthogonal
eigenvectors, one can simply scale them so that they have unit length). Then, a quick calculation
shows that

Pl =p~1 (22.25)

Using this, the previous theorem says that

N O - 0 ’T

| | | T n

0 A : oo

A=la - @, | 7 iy e G| = Ay, (22.26)
| 1| RN 1=

Notice that Py := ﬁkﬁz is an n X n matrix satisfying P? = Pyand P,I = P. In fact, this operator
is the orthogonal projection operator onto the subspace span{ﬁk}. Hence,

A=>"MD (22.27)
k=1

provides a formula for the Hermitian matrix A as a weighted sum of projection operators onto
orthogonal one-dimensional subspaces of A generated by the eigenvectors of A. This decomposition
is referred to as the spectral decomposition of A.

Example 22.28. Consider the matrix

0 —1
oy = L 0 ] (22.29)
from Example 22.7. The eigenvalues are /\g = +1 and /\?t = —1 with corresponding eigenvectors
given by
1 ?
o A
v, = L} & U= L} (22.30)



respectively. Associated normalized eigenvectors are

i) = % H & = % m (22.31)

Then, the orthogonal matrix P, that diagonalizes o, is given by

= [i02

=iz 1/ (22.32)

as we can check®”
A0 1(1 /(1 O 1 — 0 —:
P Y ph—=Z — — 22.
y[o Ay] v 2{@ J {0 —J Li 1} [1 0] % (22.33)

and the projection matrices PyT and Pyi that project onto the eigenspaces span({{@}) and span({ﬁi}),
respectively, are given by (each calculated in two different ways to illustrate the possible methods)®®

neaa-(5) Gt 0)-[2 ] e

ri= (e el =g (L) ) (B B =2

and®

Therefore, the matrix o, decomposes as

1/2 —i/2 1/2  i/2]
= NP+ X P =1 -1 : 22.36
T = My ALy i/2 12 —i/2 1/2] (22.36)
Example 22.37. For the record, consider the matrix o, from Example 22.7. The eigenvalues are
A = +1 and A\ = —1 with corresponding normalized eigenvectors given by
1 0
il = & = 22.38
=) i~ ] (22.38)

respectively. The projection operators onto these eigenspaces are easy to read off because the
matrix o, is already in diagonal form. These projections are

10 0 0
T L
P, {O O} & P; {O J : (22.39)

5TFor a complex matrix P with orthogonal columns, the inverse P~ is given by P! instead of PT, which is what

happens when P is real.
%8In Dirac bra-ket notation, this reads P = [a]) (] |.

59Remember, the matrix A associated to a linear transformation C2 <~ C2 is given by




Example 22.40 (The Stern-Gerlach experiment and quantum mechanics). Consider the following
experiment where (light) classical magnets are sent through a specific type of magnetic field (fixed
throughout the experiment). Depending on the orientation of the magnet, the deflection will be
distributed continuously according to this orientation. However, if a silver atom is sent through
the same apparatus, its deflection is more discrete. It is either only sent up or down. The silver
atoms are show out of an oven so that their internal properties are distributed as uniformly as
possible.

Watch video at: https://upload.wikimedia.org/wikipedia/commons/9/9e/Quantum_spin_
and_the_Stern-Gerlach_experiment.ogv

Let us visualize this Stern-Gerlach experiment by the following cartoon (read from right to
left).

50% 1 along z

oven

50% | along z

Now, imagine a second experiment where we isolate the silver atoms that were deflected up along
the z axis and we send those atoms through a Stern-Gerlach experiment oriented along the y axis.
Experimentally, we find that on average 50% of the atoms are deflected in the positive y direction
and 50% in the negative y direction with the same magnitude as the deflection in the z direction
from the first experiment.

50% 1 along y T along z

D J along z

What do you think happens if we take the atoms that were deflected in the positive z direction first,
then deflected in the positive y direction, and we send these through yet another Stern-Gerlach

oven

50% | along y

experiment oriented again back along the z direction?

Ty 1z A
il e
Ly |z

It turns out that not all of them will still deflect in the positive z direction. Instead, 50% of

50% 1 along z

50% | along z

these atoms will be deflected in the positive z direction and 50% in the negative z direction!
Preposterous! How can we possibly explain this phenomenon?

Because we only see two possibilities in the deflection of the silver atoms, we postulate that the
state corresponding to these two possibilities is described by a normalized complex 2-component
vector.

)= l:ﬁj (22.41)
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We postulate that an atom that gets deflected in the positive z direction corresponds to an eigen-
vector of the o, operator with eigenvalue +1 and an atom that gets deflected in the negative z
direction corresponds to an eigenvector of the o, operator with eigenvalue —1. This is a weird pos-
tulate (what do vectors in complex space have anything to do with reality!?), but let us see where
it takes us. Furthermore, we postulate that blocking out states that get deflected in a positive
or negative direction corresponds to projecting the state onto the eigenspace that is allowed to
pass through. Finally, we postulate that the probability of a state 1/7 as above to be measured in
another state

¢ = [zj (22.42)

(.5)

We now rely on our analysis from the previous examples and use the notation set therein. We

is given by
2

(22.43)

interpret ] and @ as the states (silver atoms) that are deflected up and down along the z axis,
respectively. Similarly, ﬁg and Ui are the states that are deflected up and down along the y axis,
respectively. Because initially the oven provides the experimentally observed fact that half of the
particles get deflected (up) along the positive z direction and half of them get deflected (down)
along the negative z direction, any vector of the form

) = f/—; m (22.44)

suffices to describe the initial state (in fact, we can ignore the ¥ and set § = 0). This is because

(@a)l =5 & [@7)

50% 1 along z

2 1
= -. 22.45
; (22.45)

Ag

oven

50% | along z

By selecting only the silver atoms that are deflect up along the z axis, we project our initial state

T ICHG) BT HEE

onto this state

and then we normalize this state to @] so that our probabilistic interpretation will still hold. In
the second experiment, this state gets sent through the Stern-Gerlach apparatus oriented along
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the y direction. Let us check that indeed half of the particles are deflected up along the y direction
and the other half are deflected down.

(@) =5 & Kaa)f = (22.47)

Uy Uz

I\DH

Uy, Uz

50% 1 along y

oven

50% | along y

So far so good. Now let’s put these postulates to the ultimate test of projecting our resulting state
onto the up state along the y direction to obtain

1
Plil = Eag (22.48)
PPy Ply i &
D SG [ o egn
Z
Ly 1z
and again normalize to obtain just @'. Now let’s send these silver atoms back to another Stern-

Gerlach apparatus oriented along the z dlrectlon. So what does the math tell us? The probabilities
of this resulting state deflecting either up or down along the z axis after going through all these
experiments is

" 1 )
(@af-1 e K- 2.10)
50% 1 along z PJPJ@; Py B
A
D S)g D Sg ANNAN ovegn
50% | along z ly 1z

which beautifully agrees with the experiment! Is all of this a coincidence? We think not. And
it turns out that the study of abstract vector spaces is intimately related to other phenomena
centered around the subject called quantum mechanics. The effect described in this example is
due to the spin of an electron (in the case of silver, this is due to the single valence electron), a
feature inherent of particles and described adequately in the theory of quantum mechanics.

Recommended Exercises. Please check HuskyCT for the homework. Please show your work!
Do not use calculators or computer programs to solve any problems! In this lecture, we covered
Section 7.1 and some additional material based on Chapter 1 of [5].
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23 Solving ordinary differential equations
Example 23.1. Consider the third order linear differential equation (ODE) given by
f"=2f"—f+2f =0, (23.2)

where f is a smooth function of the variable x and each prime denotes applying a derivative once.
One often solves such an ODE by replacing f with a constant, say A, and replacing primes with

powers so that it becomes
A —2X2 A +2=0. (23.3)

This comes from making the ansatz f(z) = e**, substituting into (23.2)

d3

d2
el e

d
dx2(

M) — %(e’\x) +2e* =0 (23.4)

eAx)

AT s non-zero for all z € R

and cancelling the common factor of e’ (which is allowed because e
and all A € C). One then finds the roots of this polynomial. In this case, the polynomial factors
into

N2 - A4+2=A+1) A =1\ -2) (23.5)

so that the roots are A\ = —1, Ay = 1, and A3 = 2. The linearly independent solutions are therefore
e, e, and e?*. But where did the ansatz f(z) = e’ come from? Is there another way, perhaps a
more naive way, to obtain these functions? There actually is. If we set g := f" and h := ¢ = f”,
the third order ODE becomes

f'=g
g =h (23.6)
h'=—=2f+g+2h

which is a system of first order linear differential equations and can therefore be written as

S 0 1 0][f
— ol =0 01]g|. (23.7)
T 21 2| |n

This gives us an example of how to reduce an m-th order linear ODE to a system of m first order
linear ODEs.

To continue our study of m-th order linear ODEs, we should therefore study first order ODEs.

Example 23.8. Let a € R and consider the first order linear ODE

f=af, (23.9)
or equivalently

d

—f=af. 23.1

—f=af (23.10)
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The solution to this ODE is fairly straightforward and can even be accomplished by separating

df

variables so that it is of the form

— =adx 23.11
7 (23.11)
Integrating both sides gives
daf
N =a [ dx = In(f) =ax+c¢ = f=Ce*", (23.12)

where ¢ is a constant of integration and C' := e. Therefore, the solutions of f' = af are all scalar
multiples of f(x) = e

But what if @ was replaced by a matrix? If A was a diagonal matrix, perhaps we might still
be able to solve such an ODE.

Example 23.13. Let a,b € R and consider the system of first order linear ODEs given by

d |f a O] |f
el — . 23.14
dx L}] {0 b} [9] ( )
This describes the two ODEs
/:
o (23.15)
g =bg

which is also solvable individually with solutions given by f(z) = Ce® and g(z) = De*® with C
and D integration constants. It seems like we have not used any linear algebra to solve this ODE.
However, notice that we can express the solution in matrix form as

f(x) e 0| [C
{g(x) =10 | Ipl- (23.16)
What is the general theory behind this result?

If ¥ is a vector in R™ that is a function of time ¢ and A is an m x m matrix, then

d
— 2= A% 23.1
s T (23.17)

describes an m-th order linear ordinary differential equation (ODE) and if the initial condition is
%y = Z(0), then the solution is given by

Z(t) = exp (tA) . (23.18)
Remember, the exponential of a square matrix B is defined to be

exp(B) = Z % (23.19)

n=0
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Let us check this claim informally by differentiating®

%f = % (exp (1))

d [ SN tA™
:%<Z n! x0>

n=0
d [trAm
N HZ:O dt ( n! xo)
R S
B —~ (n— 1)!330
0 1 gn—1 .
— 7
— (-1
= Aexp (tA)fO
= A7

(23.20)

and
Z(0) = exp (04) T = 1,nTo = To (23.21)

so that this is indeed the solution. However, as we know, if we could diagonalize A via some matrix
P as A= PDP!, then computing the exponential would be vastly simplified. This is because

0 —1\n
exp (tPDP™') =) PDPT)

n=0

n!
= t"PD"P~!
- nz% n! (23.22)
_ (Z D) P
n=0
= Pexp (tD) Pt

So, if A is diagonalizable, and let’s say the matrix D is of the form

D= Pol AOJ (23.23)

with A\; and A\ the eigenvalues of A, then the solution to our ODE is given simply by

eMt

Z(t) = exp (tA) Ty = Pexp (tD)P~'Zy = P [ 0 ot

] P71, (23.24)
Notice how much simpler the solution has become. Rather than calculating an infinite sum of
increasingly complicated products, we only have to calculate three matrix products and then act
on the vector to get the equation for ¥ as a function of time.

500ne subtle point is regarding convergence, but let us take for granted that this exponential function acting on
matrices converges uniformly on any compact interval in time. This fact allows us to bring in the derivative with
respect to t into the summation in the third line.
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Example 23.25. Let us go back to Example 23.1 and solve it. Because the eigenvalues are all
distinct, the matrix
0 10
A=10 01 (23.26)
-2 1 2

is diagonalizable by using a basis of eigenvectors. They are

1 1 0|0 1 0 —-11]0 1
A=-—-1: 0 1 1/0f{—~ 10 1 1|0 = v = |—11, (23.27)
-2 1 3|0 00 010 1
-1 1 0|0 1 0 —1]0 1
A =1 : O -1 1{0f— [0 1 =110 = Uy = 1], (23.28)
-2 1 110 00 010 1
and
-2 1 0|0 1 0 —1/4(0 1
AMs=2 : |0 —2 1]0|~ |0 1 —1/2]0 = = 2]. (23.29)
-2 1 010 00 0 |0 4

The matrix P that diagonalizes the matrix A is therefore

1 11
P=|-11 2|. (23.30)
1 1 4

We don’t really need to compute this all to see what the result is. The solution to the ODE is

f(x) 0 1 0]\ [h e 00 f
g(x)| =exp 0 0 1lz] |g|=P|0 e 0]|P*'|g (23.31)
h(z) 21 2 ho 0 0 e¥ ho

where fy, go, ho are the initial conditions (and appear as constants of integration). From this expres-
sion, we see that f(z) is an arbitrary linear combination of the functions in the set {7, %, e2*}.
This is what gives us a basis of solutions to the third order ODE we started with.

Often, we are not just interested in solving for a basis of solutions to an m-th order ODE but
we might actually have some initial conditions and wish to know how the system evolves in time
given those initial conditions.

Example 23.32. The position of a mass m > 0 on an ideal spring with spring constant & > 0 can
be modeled by the differential equation®

Az

61The TikZ code for the image for the oscillators was obtained from https://tex.stackexchange.com/
questions/41608/draw-mechanical-springs-in-tikz?7utm_medium=organic&utm_source=google_rich_qa&
utm_campaign=google_rich_ga by the author percusse. It has been slightly modified for our purposes.
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This equation can come from considering many situations of a spring on a horizontal surface or a
spring hanging vertically on a wall with x signifying the displacement from the equilibrium position
of the spring (the effects due to gravity simply displace this equilibrium position but otherwise
have no effect on the motion).

CIIIIII IS IS I IS I IS I IS LIS LIS LIS IS LI

Although we can solve this differential equation by inspection, let us apply the techniques of linear
algebra. Set v := ‘fi—f so that the second order ODE becomes

% m _ {_0% (1)] m _ (23.34)

The characteristic polynomial of the above matrix is

k
N4 —. (23.35)
m
The roots are
Al = W & Ay = —iw, (23.36)
where
W = E (23.37)
= )

From this, we know that the solutions are of the form {e™* e~} but these are complex functions.
We started with a real physical problem so it is unreasonable to have complex solutions. We could
say that only the real combinations of these are solutions, but we should see this coming directly
out of the math. Let us suppose that the initial configuration of the system is z(0) = z, and
v(0) = vp. This corresponds to the mass having an initial displacement of z from its equilibrium
position and an initial velocity vy. In this case, we need to compute the eigenvectors to solve this

system fully. They are given by

| —iw 1 0] 1 ilo L[]
A =iw [—wQ iy O] — {0 o 01 = 1= [w_ (23.38)
and ' i
w110 1 —+10 v
— —9 : w Uy = . 2 .
Ao = i l—oﬂ iw o] ” {o 0 0] - [w_ (23.39)
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The matrix P and its inverse that diagonalize our matrix are given by

P:[_i "] & plo— {w —?}:i[iw 1]. (23.40)

w o w —20W | —w —1 2w |—ww 1

Therefore, the solution to the initial value problem is

i P e | e |

b —iet et [ 4w 1] [
2w [wet weT™t| | —iw 1] v
1 r w<eiwt + e—iwt) —?:<€th _ e—iwt) Zo
2w _Z'w2<€iwt _ e—iwt) w<€iwt + e—iwt)
1 [ 2wecos(wt) —2i*sin(wt)] [zo
2w |2w?i?sin(wt) 2w cos(wt)

Vo
(23.41)

Vo

_ { cos(wt) %sin(wt)] [a:o]

—wsin(wt)  cos(wt) | [vo

| @ocos(wt) — % sin(wt)
| —mowsin(wt) + vg cos(wt)

so that our solution is the first component, which is

x(t) = zg cos(wt) — % sin(wt). (23.42)

Example 23.43. What about differential equations that have the same root? The characteristic
polynomial associated to the differential equation

fr=2f"+f (23.44)
is
M2 +1=(\-1)>2 (23.45)

One often solves this system by postulating that a linearly independent set of solutions is of the
form {e*, ze”}, but why? To answer this, let us rewrite this second order ODE as a system of first

order ODEs
d |f 0 1
dz M - {—1 2} (2540

where g := f’. The characteristic polynomial here is (A — 1)? so the only eigenvalue is A\; = 1 and
it has multiplicity 2. We can compute the eigenspace

-1 110 1 —-11(0 L |1
N I e R T BT

and we find that it is one-dimensional. Therefore, we cannot construct a matrix P that diagonalizes
the system. Nevertheless, there does exist a matrix S such that

SB ﬂ S = [_01 ﬂ (23.48)
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For example, one such matrix is

1 -1
S — 23.49
L (25.49)
as you can check.%? The usefulness of this is that we still have a rather simple formula for computing
powers of our original matrix
o 11" 111",
= i 23.
EE 50

To compute the n-th power of the matrix in the middle, it suffices to compute it for small values
of n and the pattern immediately emerges.

I 3 3 O O R R A

Therefore, the exponential of this matrix times an arbitrary coefficient z is

11 _'10+11+l1122+11133+
“PA\lo 1]*) " o1 "o T2lo1] " Tarfo o1 "

0 - 22 222 a?  32®
B 20 2 3t 3l
_ "
0 1}+[0 x}+0 51700 57
r 22 23 223 32
I e T R e Ak (23.52)
= a2 |zt .
0 v+ 5 +5+---
r 2
e a(trarg)
_0 ex
et we”
=lo &

and this is the first glimpse of xe® appearing! Going back to our ODE, the general solution is

[ﬁéiﬂ - <[—01 ﬂ x) [5] =9 {o iﬂ 57! Lﬂ (23.53)

with fo, go arbitrary (integration) constants. We do not have to work out the matrix product here

given by

to see that our expression for f(x) will be an arbitrary linear combination of e* and xe®.

We apply the previous results to completely solve a model describing a harmonic oscillator
with friction (aka damping).

Example 23.54. Consider the ordinary differential equation in R? of the form

dt
Wk (23.55)
a me

62Where this matrix comes from is a bit beyond the scope of this course. It is obtained by using what are called
generalized eigenvectors. In this case, ¢7 is an eigenvector of A because it satisfies (A — \1)7; = 0. Although a
second linearly independent eigenvector does not exist, there does exist a generalized eigenvector U5 that satisfies
(A — \1)vy = ¢; and the matrix S is obtained from S = [171 172] )
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with initial condition (z,vy) and m > 0 and k,~ > 0. This corresponds to the second order linear

differential equation given by%
d*x dev k

Pl + e + T = 0. (23.56)
This system describe a one-dimensional oscillator with friction. The x variable is interpreted as
the position and the v variable as the velocity, k is a constant dictating the strength of the spring,
m is the mass of the particle that is affected by the spring force and the frictional force, and v is a
constant related to the strength of the frictional force. v = 0 corresponds to no friction and £ = 0
corresponds to having no spring. The name for this model is the damped harmonic oscillator. We
will not plug in numbers for k, m, and v because we want to study what happens to the motion
depending on how strong the frictional constant is compared to the spring constant and mass. The

matrix associated to this system is
A { 01 ] (23.57)

-k,

because then the differential equation (23.55) can be expressed as a vector equation

% m _ Lo% —17] m (23.58)

We will now work out this general theory for the example ODE given by (23.55). The eigenvalues
of this system are therefore given by solving

) 1 Eok
0 = det =AY+ +—=—+A+ N 23.59
e[_% _V_J (YA + = AN, (23.59)
which has solutions
v 1 4k
A= —— =+ — 2 —. 23.60
5 o\ (23.60)

Let’s use the notation

1 4k 1 4k
M= <_7 — /72— —> & == <—7 +4/7% — —> (23.61)
m 2 m

for these two possibilities for the eigenvalues. The corresponding eigenvectors would therefore be
solutions to the augmented matrix problem

—A 1
k5N

m

8} (23.62)

for each A. Rather than plugging in these values right away, we can first simplify. Using the first
row, we find that

—X+y=0 <= y=>\ (23.63)
63To see this, set v := fl—f, which is the first line of (23.55), and notice that this second order differential equation
reads 92 = — £z — 4y, which is the second line of (23.55).
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so that we can set x = 1 to obtain a pair of eigenvectors of the form

5 = u} & = Kj (23.64)

for A; and A, respectively. Note that if \; = A9, we will not be able to find a second eigenvector.
We will discuss this case later. In the case that A\; # Ay, the similarity transformation matrix
corresponding to this choice of eigenvectors is given by

1 1
P= 23.
[)\1 )\2] (23.65)
and the inverse of this matrix is
B 1 Ao —1
pl—=-__- ) 23.
Ao — N\ [—)\1 1 } (23.66)

For what follows, it helps to note that

1 4k 4k k
O A e e e
4 m m m

and
)\1 + /\2 = —-. (23.68)
With these facts, you can check (do it!) that this similarity transformation enables us to express
A as
0 1 1 1](M O 1 Ao —1
- . 23.69
|:_% _’Y‘| |:>\1 AQ} |:O )‘2:| >\2 — >\1 |:—)\1 1 :| ( )

Therefore, the exponential of this matrix with the variable ¢t appended to it is given by

1 17 feM 0 1 Ae —1
tA) — tPDP_l —p tD P—l — R 2 23.70
exp(tA) = exp( ) exp(tD) {)\1 )\J [ 0 eAQt} A2 — A LM 1 ] ( )

Multiplying this expression out, we get

1 [ eMit et Ay —1
exp(tA) - )\2 — )\1 _)\16)\1t )\26)\2t:| |:—>\1 1 :|
1 B A2€)\1t _ )\16)\2t e)\Qt _ 6)\1t
_ 23.71
)\2 _ )\1 _)\1)\2<€/\1t _ 6)\2t> )\26)\2t _ )\16)\1t ( )
1 _A2€/\1t . )\16/\2t 6/\2t . 6)\1t
=\ % (e)‘lt — 6)‘2t) g2t — )\16)‘1t:| '

If v > 0, there are three cases to consider depending on the value of 2 — %, which appears inside
a squareroot. Either this is negative (complex eigenvalues), positive (real eigenvalues), or zero
(degenerate case when A\; = \2). We will discuss these three different cases one at a time in order.

(2 < % underdamped case) When v = 1 and k = m, the vector field associated to this system
looks like (after rescaling)
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In this graph, we are plotting the vector — z(t) at each point z(t) . In this case, the
dt |v(t) v(t)

eigenvalues are complex and distinct. It is convenient to set

v 1 /4k )
7 S 23.72
a=g & W=yl (23.72)

so that
A =—a—iw & Ay = —av + iw. (23.73)
With these substitutions, the solution becomes
1 e—at ((Z(.U _ a)e—iwt + (Z(.U + a)eiwt e—at (eiwt _ e—iwt)
eXp(tA) = 5 k —at (,—iwt _ iwt ) —at ((5,, _ iwt ; —iwt
2iw Lo (e e™r) e ((iw — )™ + (iw + a)e™™")
1 e (2iw cos(wt) + 2iasin(wt)) 2ie sin(wt)
 2lw — 2k g=ot gin(wt) e~ (2iw cos(wt) — 2iasin(wt))
[ (cos(wt) + & sin(wt)) Lemot sin(wt)
B — £ 7 sin(wt) e~ (cos(wt) — 2sin(wt))
(23.74)
In this derivation, we have used the fact that
e = cos(wt) + isin(wt). (23.75)

Therefore, plugging in this result to our initial condition gives the complete trajectory both
in position and velocity

[x(t)} _ {eat (cos(wt) + 2 sin(wt)) Le~ot sin(wt) } {xo]

o(t) _%e—at sin(wt) o—at (COS(wt) - sin(wt)) Vo (23.76)
[ woe® (cos(wt) + & sin(wt)) + Le sin(wt) '
[ Eeemotgin(wt) + voe ™ (cos(wt) — 2 sin(wt)) .
For example, with initial conditions o = 1 and vy = 0, which corresponds to letting the

oscillator go without giving it an initial velocity, the position as a function of time is given by
(v =2and k = 2m so that « = 1 and w = 1 in this graph)
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z(t) = e~ (cos(wt) + & sin(wt))

0.5

i (v% > % overdamped case) This case is left as an exercise.

iii. (7% = % critically damped) This is the degenerate case where the matrix for the system is

not diagonalizable. Let us again use the notation a := 7. The vector field associated to this
system looks like (after rescaling)

PN

—_
[\

—a~! —q2
P= 23.77
] (23.7)
with a Jordan matrix given by
—a 1
J= . 23.78
- (2879

64You will not be responsible for knowing how to find a Jordan normal decomposition. This case is merely
worked out to illustrate that the degenerate case can still be solved using matrix methods.
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A matrix J is in Jordan normal form iff it is of the form

)\1 *

A1
J = (23.79)

where % are either 0 or 1 and every other off-diagonal term is 0. The inverse of P is given by

_ 0 a? 0 1
Pl=a" {_1 —ofl] = {_ag _a] : (23.80)

Indeed, you can check that A = PJP~!. The exponential of t.J is given by

exp(t]) = exp ([_g‘t _Z;tD

1o N —at t 1 [(=at)* —2at 1 [(=at)® 3a’t? N
01 0 —at|] 2] 0 (—at)?] 3] 0 (—at)?
14 (o) G Gt t(1+(—at)+(’§f)2 T
- —at)? —at)3
i 0 1+ (—at) + Co 4 oy
B e—at te‘o‘t
L0 e
(23.81)
for all t € R. Therefore,
[—a™! —a7?] [e™@ te ] [ 0 1
tA) =
exp(tA) ! 0 } { 0 6_0"5} {—oﬂ —OJ
[—a™! —a7?] [-a?te™ (1 —at)e ™
= 23.82
1 0 } {—aze_o‘t —qe ( )
[+ at)e te~ot
| —aPte™t (1 —at)e |’

Notice that there are no oscillatory terms and any initial configuration with zero velocity
asymptotically approaches 0 without passing through 0. When o« = 1, and xy = 1 and vy = 0,
the trajectory looks like
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However, if there is an initial sufficiently strong “kick,” the trajectory will pass through the
origin once (but only once!). Such a trajectory occurs, for instance, when zo = 1 and vy = —2
(with £ = m and v = 2) and is depicted here

X

z(t) = (1 —t)e

0.5

1 1 : ¢

Recommended Exercises. Please check HuskyCT for the homework. Please show your work!
Do not use calculators or computer programs to solve any problems!

In this lecture, we covered Section 5.7 in [Lay] and additional topics not covered in [Lay].
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24 Vector spaces and linear transformations

The applicability of the subject matter of linear algebra goes far beyond the analysis of vectors
in finite-dimensional real (and complex) Euclidean space. Many of the constructions, definitions,
and arguments we gave had nothing to do with the specific structure associated with Euclidean
space. Take for example the definition of a linear transformation. A function R™ &L R” is a linear
transformation iff it satisfies

T(@+7) =T +T(@) &  T(ct) = T(7) (24.1)

for all numbers ¢ and vectors , . The definition looks the same whether we use a function
R> <~ RS or a function R <= R3. Furthermore, the only structure needed to write down the
above condition is that of being able to add vectors and the ability to multiply vectors by scalars.
Before giving the abstract definitions of vector spaces, linear transformations, etc., an example
should help motivate why we might want to do this.

Example 24.2. A real degree m polynomial is a function p : R — R of a single real variable of

the form
p(7) = ap + a1z + agx® + -+ + apa™, (24.3)

where ag, ay,as,...,a,, are real numbers. We do not place any restriction on these numbers
(therefore, a degree n polynomial is also a degree n 4+ 1 polynomial but not vice-versa). A degree
zero polynomial is a constant, a degree one polynomial is a linear function, and a degree two
polynomial is a quadratic function. For example, p(z) = 5x*— 323 +2x —4 is a degree 4 polynomial
in the variable x. The sum of a degree m polynomial p as above and a degree n polynomial ¢ given
by

q(z) = by + by + box® + - - + bya” (24.4)

is the degree M := max{m,n} polynomial p + ¢, which is given by
(p +q)(2) := p(x) + q(x) = (a0 +bo) + (a1 +bi)a + (ag + bo)a® + -+ + (anr + bar)z™. (24.5)

In this notation, if n > m, then a,,11,...,ay are defined to be zero (and vice versa if m > n).
For example, if ¢(z) = 72% — 3z* + 2% — 2z, then (p + q)(z) = 72 + 22* — 223 — 4. If ¢ is a real
number, then cp is the degree m polynomial given by

(cp)(x) = ep(x) = cag + carx + cagx® + - - - + ca,z™. (24.6)

For example, if ¢ = 3, then (cp)(x) = 252% — 1523 + 62 — 12 for the example we have been using.
Therefore, polynomials can be added and scaled just as vectors in Euclidean space. Moreover, the
zero polynomial, which is just the polynomial whose coefficients are all zero, i.e. it’s the constant
function whose value is always zero, satisfies the same conditions as the zero vector does. Namely,
if you add it to any polynomial, you get that polynomial back. If you wanted to make sense of
a basis for all polynomials, you would want to be sure that any polynomial can be written as a
unique linear combination of the polynomials of said basis. One such basis could be the set of

monomials, {po, p1, D2, Ps,- .- }, where
pr(x) = 2" (24.7)
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Notice that this set of monomials has infinitely many polynomials. Such a set of monomials
spans the set of all polynomials because every polynomial is a (finite) linear combination of such
monomials. Furthermore, the set of these monomials is linearly independent because no monomial
is a (finite) linear combination of other monomials. An example of a linear transformation on the
set of polynomials is the derivative operation. Recall, for k > 0,

d d

pi(z) = %(pk(x)) = %(:Ek) = ka™ L. (24.8)
What about g p
. (2" + 2 & o (cx®)? (24.9)

This is something usually covered in a course on calculus, but from the definition of the derivative
(in terms of limits), you can prove that

%(azk +2') = %(xk) + %(ml) & %(cxk) = cdilm (z"). (24.10)
This is true no matter what polynomial you plug in:
d d d d d
(@) +4(@)) = =p(a) + () & —(ep(2)) = o= (p(2)). (24.11)

This just means that taking the derivative is a linear transformation. But to make sense of it being
a linear transformation, we have to specify its source and target. What are we allowed to take
derivatives of in this case? If we write P as the set of all polynomials, then we can think of the
derivative as a function % : P — P on polynomials. We could analyze this linear transformation
in many ways. For instance, what is its kernel? The analogue of the definition of kernel would say

that p p
ker (%) = {p el %p(x) = 0} ) (24.12)

so the set of all polynomials whose first derivatives are the zero function. The only polynomials
whose derivatives are the zero function are exactly the constant functions. Therefore,

ker <%) — span{po} (24.13)

since po is the function representing po(x) = z° = 1. What is the range/image of %?66 By
definition, the range/image would be

s (1) = { o < g7} s

65Tt is more precise to write span{py} instead of span{1} because we want to make sure we understand that
an entire function is being represented inside the span and not just a number. For example, span{z} could be

interpreted as cx for all numbers ¢ € R but if z is a fixed number (and not a variable), then this represents just all
possible numbers. However, span{p; }, where p; is the function defined by p;(x) = x for all x, is more accurate and
less ambiguous. It might seem strange to write it this way if you are not used to thinking of functions as rules. The
main point is that f(x) is not a function—f(x) is the value of the function f at x. I might be sloppy on occasion,
however, and call f(z) the function even though it’s really f because this tends to confuse most students (even
though it confuses me!).

66 Notice, by the way, that we can’t use the terminology “column space’ because we do not have a matrix
anymore.
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i.e. the derivatives of all possible polynomials. Is % surjective/onto? Before we answer this, it
helps to understand what this question is asking. % is surjective iff for each polynomial p there
exists a polynomial ¢ such that %q(w) = p(z). Hence, to answer this question if % is surjective,
we would try to solve the following problem. If p(z) = ag + a1z + asx® + -+ + a,,x™ is some
polynomial, can we find a polynomial ¢ whose derivative is p? As an equation, we want to find a

g such that

d
d—q(x) =ap+ @ + ax® + -+ apr™. (24.15)
T
Finding such a polynomial can be obtained by integrating p. Namely, take ¢ to be
_ Y2, %23 o _%m om 24.16
q(x) a0x+2x+3x+ —i—m+1x : (24.16)

Then, you can check that -Lg(z) = p(z) for all z € R. Of course, there are many other possibilities,
one for each integration constant. Therefore, because we can always integrate polynomials,

d
i — | =P, 24.17
image ( d:c) ( )
the image of % is actually all of P, i.e. % is onto/surjective. The set of polynomials with their usual

notion of addition and scalar multiplication form what is known as a vector space, a mathematical
object that formalizes the structure of of vector addition and scalar multiplication along with its
properties resembling those of Euclidean vectors and polynomials.

We will continue giving several examples, but let us introduce the abstract concepts one at a
time.

Definition 24.18. A real (complex) vector space consists of a set V, the elements of which are
called vectors, together with

i) a binary operation + : V' x V' — V| called addition and written as @ + ¢/
ii) a vector 0 in V, called the zero vector

iii) a function R x V.—V (C x V — V) called scalar multiplication and written as cu

satisfying

—

(a) addition is commutative: @+ ¢ =+ @

—

)
(b) addition is associative: @ + (¥ + W) = (4 + ¥) + W
)

(c

the zero vector is an identity for addition: @+ 0 = @

(d) addition is invertible: for each vector @, there is a vector @ such that @+ @ = 0
(e) scalar multiplication is distributive over vector addition: ¢(@ + ¥) = ctl + ¢

(f) scalar multiplication is distributive over scalar addition: (¢ + d)u = ct + du
(g) scalar multiplication is distributive over itself: ¢(dw) = (cd)d

(h) the scalar unit axiom: 14 = @
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If in a particular definition or statement it does not matter whether the real or complex numbers
are used, the terminology “vector space” will be used more generically.®” Depending on the context,
we might not write arrows over our vectors. For example, we usually do not write arrows over
polynomials and other functions, which can be viewed as vectors in some vector space.

To understand why definitions are the way they are written, imagine trying to define a piece
of chalk.®® What is a piece of chalk other than the properties and structure that characterize it?
For example, chalk is made mostly of calcium, but this is not enough to define it. It serves the
function of a writing utensil on certain surfaces such as blackboards. It can come in a variety of
colors. It is often in cylindrical shape. To really specify what chalk is, we must keep describing
its characterizing features. However, we do not want to specify so much that we identify only one
particular chalk in the universe. Instead, we wish to identify the characterizing features so that
any chalk can be placed into this set, but so that nothing else besides different pieces of chalk are
in this set. Identifying these characterizing features is what goes behind setting up a mathematical
definition (and also what goes behind image recognition software). Features such as “color” might
not be so relevant when one is merely interested in a writing utensil for blackboards. Hence, we
would not include these in a definition of chalk—we would instead save that for the definition of
chalk of a particular color.

You might also ask: why do we need such an abstract definition? What do we gain? The
pay-off is actually phenomenal. As we will see shortly, there are many examples of vector spaces.
Rather than proving something about each and every one of these examples, if we can prove or
discover something for general vector spaces, then all of these results will hold for every single
example. The reason is because most of the concepts we have learned about vectors and linear
transformations in Euclidean space have completely natural analogues for vector spaces.

For example, here is a list of some concepts/definitions that have natural analogues for arbitrary
vector spaces: linear combinations, linear independence, span, linear transformations, subspace,

basis, dimension, image, kernel, composing linear transformations (in succession), projections,®

0 eigenvectors, eigenvalues, and eigenspaces. We will discuss all of these definitions in

inverses,
their generality in the next few sections.

There are some other concepts/definitions that we have studied that do not have immediate (or
straightforward) analogues for arbitrary vector spaces and linear transformations. These include,

but are not limited to: the determinant (and therefore the characteristic polynomial).

Remark 24.19. Besides these concepts, there are also some definitions that do not make sense
without additional structure on the vector space. For example, it is not clear how to define:

57In the example of Hamming’s error correcting codes, we manipulated the numbers {0,1} in much the same
way as real or complex numbers but with a different rule for addition. All our vectors and matrices had entries
that were all either 0 or 1. In fact, one can extend the definition of a real (complex) vector space to the notion of a
vector space over a field. Zs is an example of a field. The axioms for a field are comparable in complication to the
definition of a vector space and will therefore be omitted since most of the examples of vector spaces that we will
be dealing with from now are real or complex.

681 learned this analogy from Prof. Balakrishnan at IIT Madras.

69But not orthogonal projections—keep reading.

"0The notion of an inverse exists, but it is a tiny bit more subtle in infinite dimensions.
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orthogonality, orthogonal projections, the transpose of a linear transformation, least squares ap-
proximations, diagonalization, and spectral decomposition. To define these, we will need the notion
of an inner product as well. As this requires its own section, we will not be able to cover it here.

Rather than spending all of our time and wasting space redefining all of the concepts that do
have analogues for arbitrary vector spaces, it seems more appropriate to give examples to illustrate
the broad scope.

Example 24.20. Any subspace of R™ is a real vector space with the induced addition, zero vector,
and scalar multiplication. For example, if R™ £ R is a linear transformation, then ker(7") and
image(T') are both real vector spaces. We are very familiar with these kinds of examples, but
notice that almost none of the subspace of R” are R* for some k. For example, the zy-plane in R?
is a 2-dimensional vector space, but we would not say it is R2. This is because we describe it using
three coordinates with the third one being zero.

Here is a rather strange example of a vector space.

Example 24.21. The set of real m x n matrices is a real vector space with addition given by
component-wise addition, the zero vector is the zero matrix, and the scalar multiplication is given
by distributing the scalar to each component. This vector space is denoted by ,,.M,,. Taking the
transpose of an m X n matrix defines a function ,M,, & mM,, defined by

mMy 3 A AT € \M,,. (24.22)
Is this function linear? Linearity would say
(A+B=A"+B" &  (cA)' =cAT (24.23)
for all A, B € ,,M,, and for all ¢ € R. A quick check shows that this is true.

Exercise 24.24. Let

Q=10 3 (24.25)

and let 3 My L 2 My be the function defined by
T(A) = QA (24.26)
for all 2 x 4 matrices A.
(a) Prove that T is a linear transformation.
(b) Find the kernel of T.
(¢) Find the image of T.

In fact, if Q) is any m X n matrix, then the function ,, M, L »M, defined by sending A € , M,
to T'(A) := QA is a linear transformation for all k£ € N.
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The example of polynomials given at the beginning is another example of a vector space. The
following example generalizes this example quite a bit.

Example 24.27. More generally, functions from R to R form a vector space in the following way.
Let f and g be two functions. Then f + ¢ is the function defined by

(f +9)(x) == f(x) + g(x). (24.28)

If ¢ is a real number, then cf is the function defined by
(cf)(@) == cf(x). (24.29)
The zero function is the function 0 defined by
0(z) := 0. (24.30)

It might seem complicated to think of functions as vectors. In fact, we can think of functions

as vectors with infinitely many components. To see this, imagine taking a function, such as the

. 2
Gaussian e *

If you wanted to plug in the data for this function on a computer for instance, you wouldn’t give
the computer an infinite number of values since that just wouldn’t be possible. You could specify
certain values of this function at certain positions such as

) )

For example, the Gaussian in this picture on the left could be represented by a vector with 11
components (since there are 11 values chosen). Then you can piece them together to get a rough
image of the function by linear extrapolation as shown above on the right. The more values you
keep, the better your approximation.
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T T

In this case, we have a vector with 51 components. As you can see, you will never quite reach
the exact Gaussian because you will always be using a finite approximation. This is why we
view the set of functions as a vector space instead. We can visualize adding functions as follows.
For example, adding the Gaussian centered at 0 to a negative Gaussian centered at 1 might look
something like the following

Y Y )

T + \ T = = X
N
\
\\ 4

where the sum is drawn in purple. We could view this as summing components of vectors by using

an approximation as above

Example 24.31. The set Py of all degree 2 polynomials, i.e. functions of the form
ap + ayx + azz? (24.32)
is a subspace of the vector space P35 of all degree 3 polynomials, i.e. functions of the form
bo + b1 + boa? + bga®. (24.33)

In fact, Py is a subspace of P, for every n > 2. Even more generally, P, is a subspace of P for all
natural numbers k.
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Example 24.34. For each natural number n, let f,, and g, be the functions on [0, 1] given by
fu(z) := cos(2mnx) and  g,(z) := sin(2mnz). (24.35)

Then, the set of all (finite) linear combinations of such sines and cosines is a subspace of the set of
all continuous functions on [0, 1]. The zero vector is gy because sin 0 = 0. Such functions are useful
in expressing periodic functions. For example, the linear combination

4 1 1 1
b= p (91 + 393 + 595 + ?g7> (24.36)
given at x by
4 (. 1 . 1 . 1.
h(z) = — (sm(27rx) + 3 sin(6mx) + R sin(107zx) + = sm(147rx)) (24.37)
m

is a decent approximation to the “square wave” piece-wise function given by

h(z) :=

1 for0 <z <1
{ =TS0 (24.38)

-1 for%ﬁmgl'

See Figure 14 for an illustration of this. We denote the set of all linear combinations of the {f,}

1.0HR A=A h
0.5, b
- ' ' — ' X
02 04 |06 08 10
-0.5;

“10f AeeSAHS

Figure 14: Plots of the step function A (in blue) and an approximation h (in orange).

and {g,} by F (for Fourier),

finite finite
F = {Z an fn + Z bnGm : Qn, by € R} ) (24.39)
m=0

n=0

Example 24.40. Let (ay,as,as,...) be a sequence of real numbers satisfying

> ag| < o0, (24.41)
n=1

(recall, this means ) " a, is an absolutely convergent series). Given another sequence of real
numbers (by, bo, bs, . .. ) satisfying

> " [ba| < o0, (24.42)
n=1
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we define the sum of the two to be given by
(al, a9, as, . . ) + (bl, bg, bg, ce ) = (a1 + bl, as + bg, as + b3, cee ) (2443)

The zero vector is the sequence (0,0,0,...). If ¢ is a real number, then the scalar multiplication is
defined to be

c(ay,as,as,...) = (cay,cag, cas,...). (24.44)

The sum of two sequences still satisfies the absolutely convergent condition because

i|an+bn| < i(|an|+|bn|) —ilan|+ilbn| < 0 (24.45)
n=1 n=1 n=1 n=1

by the triangle inequality. Furthermore, the scalar multiplication of an absolutely convergent series
is still absolutely convergent

o oo o0
> lean] = lellan| = Ic] D lan| < oo. (24.46)
n=1 n=1 n=1

The set of such sequences whose associated series are absolutely convergent is denoted by ¢ (read

“little ell one”).

Exercise 24.47. A closely related example of a vector space that shows up in quantum mechanics
is the set of sequence of complex numbers (ay, as, as,...) such that

> anl* < oo (24.48)
n=1
The zero vector, sum, and scalar multiplication are defined just as in Example 24.40. Check that

this is a complex vector space (this vector space is denoted by % and is read “little ell two”).

Exercise 24.49. A generalization of the vector spaces ¢! and ¢2 is the following. Let p > 1. Check
that the set of sequences (aq, as, as, ... ) satisfying

> anl’ < oo, (24.50)
n=1
with similar structure as in the previous examples is a vector space. This space is denoted by ¢

and is read “little ell p.”

Exercise 24.51. Show that ¢! is a subspace of £2. Note that ¢! was defined in Example 24.40 and
(% was defined in Example 24.47 (let both of the sequences be either real or complex). [Warning:
this exercise is not trivial and requires a solid understanding of infinite series from calculus.]

Exercise 24.52. Show that ¢? is not a subspace of ¢!. [Hint: give an example of a sequence
(a1, a9, as, ...) such that Y 7 |a,|*> < oo but Y > | |a,| does not converge.]

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!
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In this lecture, we covered parts of Chapter 4, most notably Section 4.1 and 4.2 of [Lay]. We
have also covered additional topics not all of which are covered in the textbook giving more context
and utility for the notion of vector spaces.

Terminology checklist

degree n polynomial

vector space

linear transformation between vector spaces

kernel and image of a linear transformation

function spaces
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25 Differential operators

Let us go through examples of eigenvectors and eigenvalues for linear transformations between
more general vector spaces. We will focus on vector spaces of sufficiently differentiable functions
and our linear transformations will often be differential operators.

Example 25.1. Let P, be the set of degree n polynomials. The derivative operator % is a linear
d

transformation P, <= P, that takes a degree n polynomial and differentiates it

d
. (ao + a1+ asx® + -+ a,w”) = ay + 2asx + 3asx® + - - + na,z" L. (25.2)
x

Does % have any eigenvectors? If so, what are the associated eigenvalues? To answer this ques-
tion, it helps to draw a table and relate it to our earlier understanding of eigenvectors for matrices.
Recall, a vector ¢ is an eigenvector for a matrix A with eigenvalue X iff A7 = Av.. Three mathemat-
ical objects are used in this definition. It is our job to find the three corresponding mathematical
objects used in our current problem. The analogue of the matrix A is the linear transformation
%. The analogue of the vector ¥ is a polynomial p. The analogue of the number A is still just a

number A.
d
Al =
_ ldx
Ul p
Al A
Therefore, the eigenvalue equation reads
L p(a) = dp(a). (25.3)

How do we solve this? It helps to read what this equation is saying out loud. Does there ex-

ist a polynomial whose derivative is itself up to a scalar? What does % do to the monomials

{po,p1,---,pn}? Notice that

d
— = kpp_ 25.4
dxpk Pr—1 (25.4)
for all £ € {0,1,...,n}. In terms of the variable x, this reads
d 4o k1
%pk(a:) == kx = = kpp_1(2). (25.5)
If we used prime notation, this equation would read
Pe() = kpe-1(2). (25.6)

We will occasionally avoid the prime notation often because we want to emphasize the perspective
that the derivative is a linear transformation and should be viewed as a mathematical object in
its own right just like a matrix. From this calculation, we notice that the derivative always lowers
the degree of a polynomial. Hence, it seems impossible for there to be any eigenvectors! However,
what about a polynomial of degree 07 If we take the derivative of a constant ¢, we get O:

d
—c=0. 25.7
dz* (25.7)
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0 is still a constant, so we can interpret this as

%c = Oc. (25.8)

This tells us that every (non-zero) constant c is an eigenvector of % and its eigenvalue is 0. A basis
of eigenvectors for the eigenvalue 0 would be {1} or the monomial {py}, which is just another way
of writing the constant function 1 because po(z) = 2° = 1.

The fact that there are no other eigenvectors should surprise you if you've taken calculus. In
case you're not sure why, the following example should illustrate.

Example 25.9. Let A(R) denote the set of all analytic functions. Recall, these are all infinitely
differentiable functions f whose associated Taylor series expansions agree with the original func-
tion, i.e. for all real numbers a,

df a’® d* f a’ d> f
r+a)=fzr)+a—2)+ @)+ =)+ . 25.10
flota) = fl2) + () + 5 5 ) + 5 5 @) (25.10)
Then A(R), with the addition and scalar multiplication for functions, is a real vector space. Just
as the derivative on polynomials is a linear transformation, % is also a linear transformation on
A(R).™ Does % have any eigenvectors whose eigenvalue is not zero? Again, to answer this question,
it helps to draw and fill in a table. The analogue of the matrix A is the linear transformation %.

The analogue of the vector v is an analytic function f. The analogue of the number A is still just
a number \.

d

Al —
_ ldx
o

AlA

Therefore, the eigenvalue problem looks like

d f=Af (25.11)
de’ 77 '

Namely, for what real number A and for what analytic functions f does

L fa) = Af() (25.12)

for all z € R? We cannot actually write down a basis for A(R)—mobody (and I mean nobody)
knows even one basis for A(R) so we cannot write down any matrices here to help us. However,
we can still answer this question from a more conceptual point of view by using the definitions.
To solve

=M. (25.13)

"IThere is some abuse of notation here. In the previous example, we viewed % as a linear transformation whose
source/domain was P,, and whose target/codomain was P,,. Here, we are viewing % as a linear transformation

whose source/domain is A(R) and whose target/codomain is A(R) even though we are using the same notation for
it. The only reason we do this is because P, is a vector subspace of A(R) and the linear transformation acts in the
same way on this subspace.
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we separate the variables as in

— = Mz (25.14)

and integrate
/ 1 Az
?df = /Ada: = In(f) =Xz +c = f(z) =Ce (25.15)

for some constant ¢ and C := e°. Let ey be the function ey(z) = e**. Hence, if % were to have any
eigenvector, it should be e, for each real number A. But is e, analytic, i.e. is ey really a vector
in A(R)? This is true and it follows from the definition of the exponential (as well as a theorem
that says the exponential series uniformly converges on any compact interval). The eigenvalue of
ex is A. Hence, % has infinitely (uncountably!) many (linearly independent!) eigenvectors, with
each eigenspace being spanned by an exponential function. Because there is only one linearly
independent set of functions for each eigenvalue A, the multiplicity of A is 1

Example 25.16. Let P, be the vector space of degree n polynomials (in the variable x). The
function P, &L P, given by

(T(p))(x) = ap(z) (25.17)

for any degree n polynomial p, is a linear transformation. Here p is a degree n polynomial and
T'(p) is a degree n + 1 polynomial. For example, if n = 1 and p is of the form p(z) = mz + b with
m and b real numbers, then T'(p) is the quadratic polynomial given by ma? + bz. Let us check that
T is indeed a linear transformation. We must show two things.

(a) Let p and ¢ be two degree n polynomials, which are of the form
p(z) = ag + a1w + agx® + - - + a, " & q(x) = by + b1 + box® + - - + b, (25.18)
Then p + ¢ is the polynomial given by
(p+ q)(x) = (ag + bo) + (a1 + b1)x + (az + b)x® + - - + (a, + by)z™. (25.19)
Denote the polynomial T'(p + ¢) by r. By the definition of 7', r is given by
r(z) = x((ao +bo) + (a1 + b))z + (as + )2 + - + (an + bn)x”>
= (ap + bo)x + (a1 + by)a* + (ag + bo)x® + -+ - + (@, + b,)z"
(aoa: +ax?+asx® + -+ anx”“) + (boaz + b+ b+ bna:”+1> (25.20)

= zp(z) + 2q()

= (T(p)) (@) + (T(@)) ().
This shows that T'(p + ¢) = T'(p) + T'(q).
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(b) Now let A\ be a real number. Then T'(Ap) is the polynomial given by
(T(Ap))(z) = ZL‘</\CL0 + Aa1w + Aagr® + -+ + /\anm”>
= Ao + N1 + Naox® + -+ + Naz"
= A(ao + a1+ agx? + -+ an:v"> (25.21)

= A(zp(z))
= X\T(p))(x)

which shows that T'(Ap) = AT'(p).

These two calculations prove that 7' is a linear transformation.

a
Problem 25.22. Let A(R) <= A(R) be the derivative operator on real-valued analytic functions
on R. Is cos in the image of % (here, cos is the cosine function). If so, prove it.

Answer. It helps to compare this problem to those we have solved before. If A is a matrix and
b is a vector, to show that b is in the image of A, we would have to find an ¥ such that Az = b.
Setting up a table to compare that to our current problem gives

d
| dr
f

®4 Hi‘ I

COS

Therefore, we want to find an analytic function f such that
iy (z) (z) (25.23)
— f(x) = cos(x). .
dz

One such function is f = sin because its derivative is cos.

2
Problem 25.24. Find a basis of eigenvectors for the linear transformation A(R) <= A(R) with
eigenvalue 4.

Answer. Writing the table for eigenvectors and eigenvalues gives

d2
Al
] f
A A=4
which tells us that we must solve P
g2/ (@) = 4f(2), (25.25)

i.e. a function whose second derivative is 4 times itself. The derivative of e** is ae®* so that the
second derivative of €% is a?e®®. Plugging this in as our ansatz gives

d2

y et = a?e™” = 4, (25.26)
x



Solving for a gives two solutions a = +2. Therefore, since the set of functions {e** e~2*} are
linearly independent, it forms a basis for the eigenspace of % with eigenvalue 4.

If you are uncomfortable guessing solutions as we have, there is a sure way to go about solv-
ing this by turning the second order differential equation into a system of first order differential
equations. The second order equation we want to solve is

"—4f =0. (25.27)
Let g := f’. Then the associated linear system of first order differential equations is
I
=9 (25.28)
g =A4f.

The first line is by definition of g. The second line is precisely the equation f” = 4f. However,
notice that this system can be expressed as

0=l (25.29)

This relates back to our discussion on solving ordinary differential equations. The eigenvalues of

0 1
the matrix [ 4 0] are \; = 2 and Ay = —2 because the characteristic polynomial is

N4, (25.30)
Corresponding eigenvectors are
T Y I SR R S (25.31)
1 — . 9 2 = : _9 . .
Therefore, the matrix P that diagonalizes our matrix is
1 1
P = 25.32
5 ) (25.32)
so that )
01 1 112 ofrt 11
= : 25.
Y e et | 253

Setting f(0) =: fo and g(0) =: go, the solutions of our first order system are therefore
sl =i o] 7} 3
=e x
[gm UL o] g
11 fe* 01 1 - Jo
2 =2] |0 e?*||2 -2 9
[ 2z —2z
c ] [2 11 [fo] (25.34)

2e?* =272 |2 —1] |90

'2€2m + 26—2m e2m _ 6—2:p fO
4e? — 4e72 2e* 4+ 272 | go
[ (2fo+ g0)€* + (2fo — go)e™ ™" ]
(4fo + 290) € + (290 — 4fo) e

N i S
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This says that
2 2fo —
f(&l) — ( fOZ_g(]> 621+ ( f04 g(]> 67233. (2535)

Since fy and gy can be chosen arbitrarily, this means that f(x) is an arbitrary linear combination
of €?* and e~2*. We didn’t have to do this entire calculation to see that our basis for the eigenspace
is {€2*, e72*}. We could have stopped immediately when we found the eigenvalues. This is because
the matrix exponential is expressed in terms of the exponential of the eigenvalues with the variable
x in the exponent in front of these eigenvalues. The usefulness of the form given in 25.34 is if we
were given initial conditions f(0) and f'(0) = ¢g(0) when x is viewed as time.

Many familiar theorems are still true for arbitrary vector spaces and linear transformations.

Theorem 25.36. The kernel of a linear transformation W LVisa subspace of V. The image of
. . T .
a linear transformation W < V' is a subspace of W.

Example 25.37. Let P, L P,, be the linear transformation from Example 25.16. The image of
this linear transformation is the set of degree n 4+ 1 polynomials of the form

Mz + ax® + -+ apr” + apq ™t (25.38)

In other words, it is the set of all polynomials with no constant term. Mathematically, as a set,
this would be written as

{ao + a1 4 ast? + o+ " F A" ag =0, ay,a0,. .., a, € R}. (25.39)

The kernel of T' consists of only the constant 0 polynomial because if p is a degree n polynomial

of the form
p(xr) = ap + a1x + agx® + -+ - + a, 2" (25.40)
then T'(p) is the polynomial
(T(p))(z) = apr + a12” + aza® + - - + a,z" ! (25.41)
and this is zero for all x € R if and only if ag = a1 = ay = - - - = a,, = 0. This linear transformation

is also defined on all polynomials P & P. Does this linear transformation have any eigenvalues
with corresponding eigenvectors? If A is such an eigenvalue and p is an eigenvector (a polynomial),
then this would required zp(z) = Ap(z) for all input values of x. Since p must be nonzero (in order
for it to be an eigenvector), for any value of = for which p(x) # 0, this equation demands that
A = z, which is impossible since p(x) # 0 for at least two distinct values of x (in fact, infinitely

many). Therefore, P £ P has no eigenvalues either.

Problem 25.42. Solve the third order linear differential equation

f/// . 4f// + 5f/ —2f=0. (25.43)
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Answer. Set g := f" and h := ¢’. Then this third order differential equation becomes

=g
g =nh (25.44)
W =2f — 5g + 4h

or in matrix form

S 0 1 0]7[f
— gl =10 0o 1| ]g]. (25.45)
h 2 -5 4] |

The characteristic polynomial of the determinant inside is
AP — 4N 45N -2 (25.46)

after multiplying by —1. This surprisingly looks a lot like the differential equation itself (this is
not a coincidence as will be explained in Remark 25.48). A = 1 is a root of this polynomial. Long
division gives

N 4N 45 —2=A=1D(A =31 +2)=(A-1)2*\—-2). (25.47)
A basis of solutions is therefore {e*, ze”, e**}.

Remark 25.48. The Cayley-Hamilton Theorem states that a square matrix A satisfies p(A) = 0,
where p is the characteristic polynomial (modified by an overall sign with respect to our earlier
convention here) p() := det(AL — A). Although - is not a square matrix, the differential equation
f"—A4f"+5f —2f =0 is precisely

( d? d? d

— —4—+5——-21 = 0. 25.49
dx3 dx? * dx ) /(@) ( )

The associated characteristic polynomial is
AP —4)\2 5N - 2. (25.50)

Therefore, the reason n-th order linear homogeneous differential equations can be solved by re-
placing derivatives of f with powers of A is due to a variant of the Cayley-Hamilton Theorem.

Example 25.51. Fix N € N to be some large natural number and set A := % Consider the
set of periodic functions on the interval [0,1] with values given only on the points % for k €
{0,1,..., N —1} (k = N is not included because by periodicity, we assume that the value of these
functions at 0 equals the value at 1). Let T : RN — R" be the function

€k+1 — €k—1

RY T =
S € (ek) oA ,

(25.52)
where —1 = N — 1 and N = 0. Extend this function in a linear fashion so that it is a linear
transformation. 7' represents an approximation to the derivative function. It takes the value of
the function at a point and then takes the approximate slope by using the values of the function
at its nearest neighbors. For example, the cosine function with N = 20 looks like
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<

Yo
U1

LYN—1]

Using the formula for 7" then gives the set of points

Y

[y — yn—1]
Y2 — Yo
x L Ys — U1

LYo — YN—2]

which are seen to lie almost exactly along the — sin curve. If fewer points where chosen, such as
10, this approximation might not be as good. The approximation
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<

gets mapped to

<

so you can see that the approximation for the derivative is not as good.

Example 25.53. The set of solutions to an n-th order homogeneous linear ordinary differential
equation is a vector space. To see this, let us first write down such an ODE as

anf™ + an 1 fOV 4 4 ar fO 4 agf = 0. (25.54)

Here f denotes a sufficiently smooth function of a single variable (one that admits all of these
derivatives) and f*) denotes the k-th derivative of f. The coefficients a; are all constants inde-
pendent of the variable input for f. An example of such an ODE is

fP4+f=0 (25.55)
whose solutions are all of the form

f(z) = acos(x) + bsin(x), (25.56)
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with a and b real numbers. Notice that in this example, the set of solutions is given by span{cos, sin}.
More generally, let A(£2) denote the vector space of analytic functions of a single variable on a
domain 2 C R. Let A(Q) & A(Q) be the transformation defined by

AQ) 3 f= L(f) = anf™ + ana fOV 4+ arfY 4 aof. (25.57)

Then L is a linear transformation and ker(L) is exactly the set of solutions to our general ODE.
In particular, it is a vector space since every kernel of a linear transformation is. Inhomogeneous
systems can also be formulated in this framework. Let g € A(£2) be another function and let

anf(”) + an_lf(”_l) 4. 4 Cblf(l) +apf =g (2558)

be an n-th order linear inhomogeneous ordinary differential equation. L is defined just as above
and the solution set is actually the solution set of Lf = g (which should remind you of AZ = g,
where A is replaced by L, 7 is replaced by a function f, and b is replaced by a function ¢g). In
particular, the solution set of the inhomogeneous ODE is a linear manifold in .A(£2).

Theorem 3.34 from a while back tells us that the general solution to the inhomogeneous system
Lf = g is therefore of the form

f(@) = fplx) + ful), (25.59)

where f, is one particular solution to Lf = ¢ and f;, is any homogeneous solution to Lf = 0.
Therefore, many of the concepts from the theory of differential equations are special cases of the
concepts from linear algebra.

Example 25.60. Let A(R?) be the vector space of analytic real-valued functions of two variables
x and y and let A := 86—;2 + 88—; be the Laplacian. Then, ker A is the subspace of harmonic functions
on R2.

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!

264



26 Bases and matrices for linear transformations*

It is sometimes helpful to write down matrix representations of linear transformations between
abstract vector spaces. The m x n matrix associated to a linear transformation R™ L R was a
convenient tool for calculating certain expressions. In fact, we were able to use the basis {é1,...,¢€,}
in R™ to write down the matrix associated to T—but we didn’t have to for many of the calculations
we did. For example, T'(4¢y — 7é5) = 4T(éy) — 7T(é5) does not require writing down this matrix.
If we know where a basis goes under a linear transformation 7', then we know what the linear
transformation does to any vector. For example, if {¥},...,%,} was a basis for R", then any
vector 4 € R™ can be expressed as a linear combination of these basis elements, let’s say as

U= Uty + -+ + UpUp. (26.1)
Then by linearity of T,
T(@) =T (with + -+ + up¥n) = T(01) + - + u,T(T,). (26.2)
Therefore, we only need to know what the vectors {T'(¢}),...,T(v,)} are.

Furthermore, when we express the actual components of a vector such as T'(€), we would be
using the basis {é1, ..., €,} for R™ (notice that we’re now looking at R™ and not R™ because T'(¢é>)
is a vector in R™). In other words, we can use this basis to express the vector T'(€3) as a linear
combination of these basis vectors. But we could have also used any other basis. Therefore, the
notion of a matrix associated to a linear transformation makes sense for any basis on the source
and target of T

Definition 26.3. Let V be a vector space. A set of vectors S := {¥},...,0x} in V is linearly

independent if the only values of xq, ...,z that satisfy the equation
k
i=1
are
21=0, 22=0, ..., x=0. (26.5)

A set S of vectors as above is linearly dependent if there exists a solution to the above equation

for which not all of the x;’s are zero. If S is an infinite set of vectors in V| indexed, say, by some
set A so that S = {¥U,}aen, then S is linearly independent if for every finite subset Q of A, the

only solution to™
D ol =0 (26.6)
acQ
is
o =0  forall a €. (26.7)
S is linearly dependent if it is not linearly independent, i.e. if there exists a finite subset € of A
with a solution to ) . Ta¥s = 0 in which not all of the z,’s is 0.

"2Here, the notation « € Q means that « is an element of .
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Example 26.8. Let S be the set of degree 7 polynomials of the form S := {pi, p3, pr}. Here py, is
the k-th degree monomial
pr(z) = 2" (26.9)

The set § is linearly independent. This is because the only solution to
ayr + azx’ + azzx’ =0 (26.10)

that holds for all x is
a; =as =ay; =0. (26.11)

However, the set {p1, p3, 3ps — 7p7, p7} is linearly dependent because the third entry can be written
as a linear combination of the other entries. The set {p; + 2p3, s — ps, 3ps + Spo — p1} is linearly
independent. This is because the only solution to

a(r +22%) + b(x* —2°) +c(32° +5—-2) =0 (26.12)
is a = b= c = 0. To see this, rewrite the left-hand-side as
a(r +22%) + b(a* — 2°) +c(32° +5—2) = 5 + (a — ¢)x + a22® + ba* — b’ + 32 (26.13)

The only way the right-hand-side vanishes for all values of z is when ¢ = 0 which then forces a = 0
and b = 0 as well.

Example 26.14. The set of 2 x 2 matrices

1 2 -3 1 -1 5
A= B = = 26.1
{O _J, {0 2}, and € {O O] (26.15)
are linearly dependent in 3 My because
2A+ B =C. (26.16)

Definition 26.17. Let V be a vector space and let S := {¥;,..., ¥} be a set of k vectors in V.
The span of S is the set of vectors in V' of the form

k
> ailh = w4 - i, (26.18)
i=1
with 1, ...,z arbitrary real or complex numbers. The span of S is often denoted by span(S). If S

is an infinite set of vectors, say indexed by some set A, in which case S is written as S := {U, }aea,
then the span of S is the set of vectors in V' of the form™

> ol (26.19)

a€QCA
Q) is finite

"3Here, the notation 2 C A means that Q is a subset of A and o € Q means that « is an element of .
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The sum in the definition of span must be finite (even if S itself is infinite). At this point, it
does not make sense to take an infinite sum of vectors because the latter requires a discussion on
sequences, series, and convergence.

Example 26.20. Let S = {po, p1, P2, D3, - - - } be the set of all monomials. Then span(S) = P, the
vector space of all polynomials. Indeed, every polynomial has some finite degree so it is a finite
linear combination of monomials. A power series is not a polynomial.

Example 26.21. Consider the vector space F of Example 24.34. Recall, this is the vector space
of linear combinations of the functions f,(x) := cos(2mnz) and g¢,,(x) := sin(2wmax) for arbitrary
natural numbers n and m. Let S := {fy, f1, 91, f2, g2, f3, 93, - .- }. Then the function

x +— sin (27rx — %) (26.22)

is in the span of §. Notice that this function is not in the set S. The fact that this function is in
the span follows from the sum angle formula for sine:

sin( + ¢) = sin(0) cos(¢) + cos(0) sin(¢), (26.23)
which gives

sin (27T[E - %) = sin(27z) cos (—g) + cos(27x) sin (—%)

V2 V2
= 7 Sln(zﬂ'l’) — 7 COS<27T£U) (2624)
V2 V3
=5 9(@)+ | = | Ale).
2 2
As another example, the function
T+ cos®(2m) (26.25)

is also in the span of S. For this, recall the other angle sum formula
cos(0 + ¢) = cos(f) cos(¢) — sin(0) sin(¢) (26.26)

and of course the identity
cos?(#) + sin?(f) = 1, (26.27)

which can be used to rewrite
cos(26) = cos®(6) — sin?(6) = cos?(0) — (1 — 0052(9)> = 2cos?(f) — 1. (26.28)
Using this last identity, we can write
) 1 1 1 1
cos’(2mx) = 5t5 cos(4mx) = §f0(:1:) + §f2(az) (26.29)

Definition 26.30. Let V' be a vector space. A basis for V' is a set B of vectors in V' that is linearly

independent and spans V.
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Definition 26.31. The number of elements in a basis for a vector space V is the dimension of V
and is denoted by dim V. A vector space V with dim V' < oo is said to be finite-dimensional. A

vector space V' with dim V' = oo is said to be infinite-dimensional.

Example 26.32. A basis of P, is given by the monomials {pg, p1,p2, ..., pn}, where
pi(z) = 2F. (26.33)
Therefore, dimP,, = n + 1. Similarly, {pg, p1, p2, p3, ... } is a basis for P. Therefore, dim P = oc.

Example 26.34. A basis for m x n matrices is given by matrices of the form

0O --- 000 --- 0
0 --- 0 0 --- 0

Ej;=10 --- 010 --- 0 (26.35)
0 0 00 0
0 - 000 --- 0]

where the only non-zero entry is in the i-th row and j-th column, where its value is 1. In other
words, E;; is an m X n matrix with a 1 in the ¢-th row and j-th column and is zero everywhere
else. Therefore, dim ,, M,, := mn. For example, in s, M5, this basis looks like

T O

Example 26.37. Let F be the vector space from Example 24.34. A basis for F is given by
{fo, f1, 91, f2, g2, ... }. Hence, dim F = oco. Notice that we have excluded gy because gy is the zero
function and would render the set linearly dependent if added.

Theorem 26.38. Let V' be a vector space and let H be a subspace of V. Then dim(H) < dim(V).

Theorem 26.39. Let V' be a vector space and let B be a basis for V. Then every vector ¥ in'V can
be written uniquely as a linear combination of elements of B (except for possibly zero weights).

Note that this theorem is false if the word “basis” is replaced with a set that merely spans V.
Also, the theorem is true even in infinite-dimensional vector spaces.

Proof. To cover the case of infinite dimensions as well, let B = {U,}aca and suppose that the
vector @ can be expressed as a linear combination of the vectors in S in two ways as

U= E ZaUq and U= E Y03 (26.40)
acQCA BEOCA
Q finite Q finite

Then the difference of these two equals the zero vector and is given by the sum
Z LUy + Z (Ta — Yo )Us + Z Yoo = 0. (26.41)
a€f) but a¢O© a€f) and a€®© ag) but a€©

Here the notation o ¢ €2 means that « is not an element of 2. Because the vectors 4, are all
linearly independent, this is only possible if all of the coefficients are zero. ]
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In the case that the vector space was infinite-dimensional, we noticed that there is some am-
biguity in the linear combinations in the sense that one could throw in more vectors and attach
coefficients of 0 in front. We would like to avoid this possibility, so for the time being, we work
with finite-dimensional vector spaces. This theorem motivates the following definition.

Definition 26.42. Let V' be a finite-dimensional vector space and let B = {#y,--- , ¥} be a basis
for V. Let @ be a vector in V. The coordinates of U with respect to B is the set of coefficients for
the linear combination used to express @ in terms of B, i.e. the coefficients z1, ..., x, from

U= 2101 + -+ + TpUp. (26.43)

You are already familiar with this concept, but we mostly dealt with the vector space V = R"
before. Let us give an example of expressing vectors with respect to a basis as in Definition 26.42.

Example 26.44. The set of real 2 x 2 matrices

{665 o5

is a basis for the subspace of all real 2 x 2 matrices that are symmetric (i.e. they are equal to their
transpose). Let us prove this. To show that the set is linearly independent, we must show that

! {(1) (1)1 +y{(1) ﬂ “B _OJ = {8 8} (26.46)

is the trivial solution x = y = z = 0. Writing this out gives

[y;?z , ’ Z] - [8 8} . (26.47)

the only solution to

Looking at each of the components, this implies x = 0 immediately. The other two equations say
that y + 2 = 0 and y — z = 0. Adding them gives 2y = 0 so y = 0 and subtracting gives 2z = 0 so
2z =0. Thus z = y = 2 = 0 as needed. Now consider a general symmetric matrix of the form

[Z ﬂ , (26.48)

where a, b, c € R are arbitrary. We must show that our above set spans all symmetric matrices, so
we must find real numbers «, 3,y such that

{Z i] :“[(1) é]”{é ﬂ”[é _OJ (26.49)

I'll leave you the task of solving this (add up the matrices on the right-hand-side as we did earlier
and compare the two sides) to you as an exercise and will simply give you the answer:

R R GO G I (26.50)
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Exercise 26.51. What happens to the previous example if we view the matrices with entries in
Zs? Do they still form a basis for all symmetric 2 x 2 matrices with entries in Zy? If so, prove it.
If not, remove one of the matrices so that you are left with a linearly independent set and then
add to that set another matrix that is symmetric so that the resulting set is a basis (and prove
that it is).

Theorem 26.52. Let V' be an n-dimensional vector space. Any linearly independent set of n
vectors in V is a basis for V.

Remark 26.53. Be careful! This theorem is false in infinite dimensions! For example, take ¢!.
The sequences of the form e, defined by

1 ifm=n

em(n) == { (26.54)

0 otherwise

are all linearly independent. Furthermore, there are an infinite number of such elements. Nev-
ertheless, they do not form a basis for all elements in ¢!. To see this, notice that the sequence
ap, = # is not expressible as a (finite) linear combination of the e,,’s. Indeed, it can only be

expressed as an infinite sum

216_1111 (26.55)
m2 m 7479’167"‘ ) M

m=1

which, as mentioned before, we have not defined.

As another example, consider the vector space F of finite linear combinations of the sines and
cosines. Then {fo, f1, 91, f2,92,...} is a basis with a countable number of elements. But if we
remove any finite number of elements from this basis, we will still have a linearly independent set
of a countable number of elements, yet they will no longer form a basis.

Example 26.56. Consider the polynomials
qo(x) == 2* + 27, @(x):=1—ux, @(z) =1+ 2 + 27, g(r) =1—2° (26.57)

and let S := {qo, ¢1, G2, q3}- Then S is a basis of degree 3 polynomials. One way to check this is to
express the elements of the basis B := {pg, p1, p2, ps} (see Example 26.32) in terms of the basis S.
Then using the previous theorem, since the set S has 4 vectors and we know B = {pg, p1, p2, p3} is

a basis, we know S is a basis.

The goal is to find coefficients a;; such that™

Do = apoqo + A10G1 + A20492 + 3043
P1 = aop1qo + anqi + a21q2 + aziqs
P2 = Go2qo + A12q1 + G22G2 + 3243
D3 = ap3qo + a13G1 + A23G2 + 3373

(26.58)

™The reason for writing the coefficients in this way will be clear soon.
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which is exactly a linear system, just in a foreign vector space instead of (what looks like) R?. In
terms of the variable x, the system (26.59) takes the form

1 = (a10 + az + aso) + (a2 — ar0)x + (ago + az)z” + (ago — azo)z’
x = (a1 + a1 + as1) + (agr — an)w + (agr + ag1)2® + (agy — as)z® (26.50)
2 = (a1 + a9 + asg) + (agy — a12)x + (ao2 + axn)r? + (ag — asy)r? '

= (a13 + @23 + as3) + (asz — a13)z + (aos + as3)z” + (ags — ass)z’

Solving this directly is certainly doable, but takes some time (it gives a linear system with 16 equa-
tions for all the unknowns). Another way is to express the basis S in terms of B = {po, p1, p2, p3}
instead (which is much easier). First, we have

qo = P2t D3
g1 =Po— D (26.60)
g2 = Po + P1+ P2
43 = Po — P3
Treating the left side as a list of vectors, we get a matrix of column vectors
0 1 1 1
0 -1 1 0
— 26.61
O @ ¢ g Lo 1ol (26.61)
1 0 0 -1

where the right-hand-side is a matrix with respect to the B = {po, p1,p2, ps} basis. The inverse
of this matrix will express the vectors B = {pg, p1,p2, p3} in terms of the basis S = {qo, ¢1, 92, g3 }-
The inverse of this matrix is

-1 -1 2 -1
1
= X (26.62)

— = O O
o |
—_

O = =

-1 -1 -1 2 =2
The columns of this matrix should be the solution to our problem. Let us check this:

—qo +q1+qG2 —@q3= Do
—{qo T @R —¢@G=n
200 —q1 — 2 + 2q3 = p2
—qo+ ¢+ q2 — 2q3 = p3

(26.63)

Therefore, the columns of the inverse matrix express the basis {po, p1, p2, p3} in terms of the basis

S.

Definition 26.64. Let V and W be two finite-dimensional vector spaces. Let V := {¢}, s, ..., 0, }
be an (ordered) basis for V and W := {w,,Ws, ..., w,,} be an (ordered) basis for W. The m x n
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matriz associated to a linear transformation W <~ V with respect to the bases V and W is the

m x n matrix whose ij-th entry is the unique coefficient (7" &

T(v;) = Z W{T]vij?ﬁr (26.65)

;; in front of w; in the expansion

The same definition can be made for vector spaces of infinite dimensions provided one uses only
finite linear combinations.

We will explain why ,,[7]Y;; is reasonable notation after relating this concept to something
more familiar.

Example 26.66. Let £ denote the standard Euclidean bases. When V' = R™ and W = R", this
reduces to what we already know. This is because the matrix associated to 7' is the matrix whose
columns are the images of the unit vectors {T'(€;)};ec(1,...n} since

[T = |T@E) T@&) - T@E)|. (26.67)

We always wrote T(€;) as a column matrix, but that’s because we always used the standard
Euclidean basis. For example,

T(€1) =Tner +Tner+ -+ T, (26.68)
which gave us
Ty T - T
7= |T@) T@) - TE)| = | (26.69)
Tor Too -+ Toum
which is exactly the form of the matrix from above. In other words,
e[T)F = [T] (26.70)

showing that the matrices we’ve been writing up to this point are matrices of a linear transforma-
tion between Euclidean spaces with respect to the Euclidean bases!

Example 26.71. Consider the derivative linear transformation % on degree n polynomials as in
Example 25.1. We could express % as a matrix using the basis of monomials P := {pg, p1,...,pn}-
With respect to this basis, the linear transformation % takes the form
010 0 0 - 0]
002 0 0 e 0
PR 000 3 O e 0
[—1 = | o el el el (26.72)
pldr
000 - 0 n—-10
000 --- --- 0 n
000 «++ o o 0]

"Such and expansion exists because VW spans W and such an expansion is unique because W is linearly inde-
pendent.
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This is an (n + 1) X (n + 1) matrix. For example, one can use this matrix representation to find
the eigenvalues of %. They are obtained by solving

—-x 1 0 0 0 - 0
0 -A 2 0 0 0
O 0 =X 3 0 - 0
O 0 0 -+ =Xn—=-1 0
0 0 0 - o0 =\

0 0 0 v cee e _)\_

because this is an upper triangular matrix and the determinant is therefore just the product along
the diagonals. But upon inspection, the only solutions to this equation are A = 0. Therefore, the
only eigenvalue of % is 0. Are there any eigenvectors? To find the eigenvectors associated to the
eigenvalue 0, we would have to find polynomials p such that

d
Zp=0 26.74
7P ( )

since Op = 0 for all polynomials p. The only polynomial whose derivative is 0 is the constant
polynomial. Hence, the set of all eigenvectors for % with eigenvalue 0 are

{tpo : te]R}. (26.75)

Example 26.76. Consider the linear transformation ,M,, L 2M,, defined by sending an n x n
matrix A to T(A) := AT, the transpose of A. What are the eigenvalues and eigenvectors of
this transformation? Let us be concrete and analyze this problem for n = 2. Then, the linear

()= d) )

We want to find solutions, 2 x 2 matrices A, together with eigenvalues A, satisfying T'(A) = A\A,

transformation acts as

i.e. AT = AA. Right off the bat, we can guess three eigenvectors (remember, our vectors are now
2 x 2 matrices!) by just looking at what 7" does in (26.77). These are

10 0 0 0 1
P I (I R (| -

Furthermore, their corresponding eigenvalues are all 1. This is because all of these matrices satisfy
AT = A, for i = 1,2, 3. Is there a fourth eigenvector?”® For this, we could express the linear trans-
formation 7" in terms of the basis £ := { E11, E12, Ea1, Fao}. In this basis, the matrix representation
of T'is given by

1000
0010

T = 26.
0001

"6We do not have to go through this entire calculation that follows to find this fourth eigenvector. One can think
about what it should be by guessing, but we will go through this to illustrate what one would do even if it is not
apparent.
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because

T(En) = En
T(Ep) = F
(Era) = En (26.80)
T(En) = Ero
T(EQQ) - E22.
The characteristic polynomial associated to this transformation is
PR G
det =(1=XNdet| 1 =X 0
0 1 =X 0 0 0 1-2x
0 0O 0 1-=2A
B 1 (26.81)
= (1—A)*det
- nrae | N
= (1=A)*(\ -1)
=(1—=X>3A\+1).
Hence, we see that there is another eigenvalue, namely, Ay = —1. The corresponding eigenvector
can be solved for by solving the linear system
200 010 100 0]0
01 100 01 1010
26.82
01 10]/0] f0oo0o0o0l0 (26.82)
000 2/0 000 1[0
whose solutions are all of the form
0
-1
S| (26.83)
0]¢
with s a free variable, which in terms of 2 x 2 matrices is given by
0 -1
) 26.84
I (26.84)
Hence, our fourth eigenvector for T' can be taken to be
0 -1
Ay = 26.85
= (26.85)
and its corresponding eigenvalue is Ay = —1.

Example 26.86. Consider the following two bases of degree 2 polynomials

qo(x) = 0+ 2z + 32° po(z) =1
qi(r) =1+ 1z + 32° pi(z) ==
@(r) =1+ 2z + 227 pa(7) = 2°
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and the linear transformation Py &L P, satisfying T'(p;) = ¢; for i = 0,1, 2. A matrix representation
of this transformation in the P := {pg, p1, p2} basis is given by

01 11"
ST = |2 1 2| . (26.87)
o3 3 2

Because this matrix has nonzero determinant (det 7" = 5), it is invertible. In fact, we studied this
matrix in Example 21.26. A matrix representation of the inverse of this transformation is given in

the Q := {qo, ¢1, ¢} basis by

A <
T 712 = =2 32 (26.88)
3 3 =2

Q

and satisfies T7'(g;) = p; for i = 0,1,2. To check this, let us make sure that the first column of
this matrix expresses the polynomial py in the Q basis.

4 2 3 4
—z00(@) + =01 (2) + £aa(w) = —=(0+ 20+ 32?)
2
+ 5(1 — 1z + 32%)
3
- g(1 + 27 + 227)
= 1(1+ 0z + 02?)

Anyway, we’d like to find the eigenvalues and corresponding eigenvectors of 7. To do this, we
can use any basis we'd like and use the matrix representation of 7" in this basis. Therefore,
we can simply find the roots of the characteristic polynomial, which we have already done in
Example 21.26. They were A\ = —1, Ay = —1, A3 = 5. We should now calculate the corresponding

eigenvectors. For \; = Ay = —1, we have to solve
11 11]0 1 1110
2 2 2100 —=10 0 0/0 (26.89)
3 3 30 00 00
which has solutions
—1 —1
yl| 1 +z|0 (26.90)
0 P 1 P

with two free variables y and z. Hence, a basis for such solutions, and therefore two eigenvectors
for A\; and X\, is given by the two vectors

5= |1 &  wH=|0] . (26.91)
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(Note: your choice of eigenvectors could be different from mine!) For the eigenvalue A3 = 5, we

must solve
-5 1 1|0 0 010 0 0 0|0 00 0 |0
2 -4 2 10| = -2 1 {0f— |1 -2 1 |0|—=1|1 0 —=1/3]|0 (26.92)
3 3 =310 1 —-110 0 3 =2|0 01 —=2/3|0
which has solutions
1/3
2 |2/3 (26.93)
L
with z a free variable. Thus, an eigenvector for Az is
1
7= (2] . (26.94)
315

In terms of the polynomials, the eigenvalues together with their corresponding eigenvectors in Py
are given by

A —potpe—l+4x
Xo:  —po4pe > —14 a2 (26.95)
A3 po+2p1+3ps < 1+ 2z + 322

Recommended Exercises. Please check HuskyCT for the homework. Be able to show all your
work, step by step! Do not use calculators or computer programs to solve any problems!
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27 Change of basis™

Example 27.1. In Example 26.56, we showed that S := {qo,q1,q2,q3} is a basis for P3. Let
Py &< P3 be the linear transformation that multiplies polynomials by pg, which is the polynomial
po(z) := x. Let B := {po, p1, P2, p3,ps} denote the monomial basis for P,. We also use the same
notation B for the monomial basis for 3. These polynomials are just defined by pi(x) := 2* for k
any non-negative integer. Notice that T'(py) = pr+1. Therefore, with respect to the bases B, the
linear transformation 71" takes the simple form

B[T]B = (27-2)

o O O = O
o O = O O
o = O O O
_ o O O O

With respect to the basis S on P35 and the basis B on Py, it takes on a more complicated form.
What we have to do is express each T'(gx) (notice that now we input ¢) in terms of the basis B.
Fortunately, this isn’t too complicated since we have already expressed the ¢’s in terms of the p’s
in (26.60). The results are

T(q0) = T'(p2) + T'(p3) = ps + pa

T(¢1) =T(po) — T'(p1) = p1 — p2 (27.3)

T(q2) = T(po) + T(p1) + T(p2) = p1 + P2 + p3

T(q3) = T(po) = T'(p3) =p1 — pa

by linearity of T Therefore, the matrix for T" with respect to B and S is
[0 0 0 0]
0 1 1 1
ST =10 =1 1 0 (27.4)

1 0 1 O
1 0 0 —1]

Example 27.5. Now suppose that a vector space V' has two bases B := {v},...,,} and C :=
{Wy,...,@,} and let V & V be the linear transformation that sends each basis element of C to
the corresponding basis element of B, namely

T(vy) = Wy (27.6)
for every k € {1,...,n}. Then the matrix for 7" with respect to these two bases takes a very simple
form. In fact, it is the identity matrix!

1 0
ST =1 0 i, (27.7)
0 - 1



The transformation T is called a change of basis linear transformation because it transforms one

basis into another. In Example 26.56, the matrix in (26.61) transforms the basis of the p’s into
the basis of the ¢’s and is given by a linear transformation Ps L P3 defined by T'(px) = gy for all
k € {0,1,2,3}. The matriz written down in (26.61) is actually this transformation with respect
to the basis {po, p1, p2, p3} so it is not the identity. Nevertheless, it is still a change of basis. The
inverse in (26.62) is actually the matrix associated to the transformation that sends g back to py
with respect to the basis {pg, p1, P2, P3}-

We have seen changes of bases several times before. In fact, there was a question on the practice
midterm and the actual midterm! Here’s the question from the practice midterm.

1=
Problem 27.8. A linear transformation R?> — R? takes the vector ¢} := — [ \/ﬂ to €y = {ﬂ

2 | V2
1 2
Ve -

-1 . . . -
and takes the vector v, = = to —e; = [ 0 ] . Find the matrix associated to this linear

2 V2
transformation.
Answer. There are several ways to do this problem. Notice that because B := {y, 7} and
B’ := {éy, —€,} are both bases of R? the question is asking for the change of basis matrix from

the basis B to the basis B’ (with respect to the standard Euclidean basis). The following items
list some possible methods.

i. (Brute force method) The matrix is of the general form . d} and is assumed to satisfy
c

LR« REUG) e

This gives a system of linear equations

2 2 (27.10)

2 2
%c—i—%dzo

which should be solved for the entries a, b, ¢, and d.

ii. (Using the inverse) Instead of solving for the matrix itself, first solve for the inverse. In other
words, find the matrix that takes the vector € to —t, and the vector €5 to v7. This is just the

7]

2 |-1 1

matrix

(27.11)
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iii.

and essentially (except for the fact that we switched the minus sign in front of €}) describes
the change of basis in the other direction. The inverse of this matrix is

V2 {_1 _1] (27.12)

2 [-1 1

and is the desired transformation. By the way, notice that this is a matrix whose inverse is
itself!

(Visual method) Drawing these vectors out

we can see that if we first rotate v; and vy by —45°, let’s call this transformation R, then we

get (acting on just the vectors v; and )

AN

)

I

—~1=

1S

gl IS

R(%)

¢ >
T(Uz):*é’l

IN
S .
s
=l
~|x
S(R()
T(UQ):_El

Therefore T" = SR which gives

()

? { 1 1D _ V2 [_1 _1] . (27.13)
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Proposition 27.14. Let U,V, and W be three vector spaces and let W EV and V &£ U be two
linear transformations. Then the function W L U, defined by

(ST)(@) == S(T (7)) (27.15)

for all vectors @ in U, is a linear transformation, called the composition of S and T (also said as
“T' followed by S”—notice the flip in direction). Furthermore, for any vector space V, the function

vy given by
idy (0) =0 (27.16)
for all vectors v in 'V is a linear transformation, called the identity on V.

We now give some explanation for the notation 4[T7°.

Proposition 27.17. Let U,V, and W be finite-dimensional vector spaces, let U EVvEW be
linear transformations, and let A, B, and C be ordered bases for U,V, and W, respectively. Then

AlS)PB[T)C = A[STIC. (27.18)
In other words, when we compose linear transformations, we “sum over” the intermediate basis.

Definition 27.19. Let V and W be two vector spaces. An inverse of a linear transformation

%74 & V is a linear transformation Vv ﬁ W such that
ST =idy & TS =idy. (27.20)

When an inverse S exists for T, T is said to be invertible or an isomorphism. If V and W are two

vector spaces and there exists an isomorphism from V' to W, then V is said to be isomorphic to

W.

Proposition 27.21. Let V and W be two vector spaces. If W &LV is an invertible linear
transformation, then there exists a unique inverse, denoted by T—1, to T.

Proof. Let S and R be two such inverses. Then
ST =idy, TS =idy, RT =idy, & TR = idy. (27.22)

Multiplying the first equation on the right by R gives (ST)R = idy R = R. By associativity of
composition, this becomes S(T'R) = R. Using then the fourth equation from above gives S =
S@dw) = R. [
Example 27.23. Let ,,M, be the vector space of m x n matrices. Define a transformation
R L mM,, as follows (to be extra careful and to avoid confusion, I have placed a comma in
between the subscripts for the matrix)

1,1
a2
11 Q12 - Q1p
a1n T az1 Q22 -+ A2p (27 24)
sy <~ . .
2,2 m,1 Am2 *° Omn
_am,n_
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This transformation is linear (exercise). It is an isomorphism because the inverse is given by

ay
az ai az Tt G
as An+1 An+2 Tt Qop
—r—| " | " (27.25)
Amn—1 Am—1)n+1 A(m-1)n+2 *°° Amn

Definition 27.26. Let V and W be finite-dimensional vector spaces and let W &V be a linear

transformation. The dimension of the image of T" is also called the rank of T" and is denoted by
rank A.

Example 27.27. Let Py L P3 be the linear transformation from Example 27.1 that multiplies
polynomials by the polynomial py. The image of this transformation is by definition

{T'(p) - pePs} (27.28)

but what does this mean explicitly? Any polynomial p € P3 is of the form

p = apo + bp1 + cp2 + dps. (27.29)
Hence,
T(p) = aT'(po) + bT'(p1) + cT'(p2) + dT(p3s) = apy + bps + cp3 + dps. (27.30)
Therefore,
{T(p) : p € Ps} =span{pi,pa, p3,pa}- (27.31)

Since all of these vectors are linearly independent, they form a basis of the image. Since there are
four elements here,

rank(7) = 4. (27.32)

Theorem 27.33. Let V and W be finite-dimensional vector spaces and let W &V be a linear
transformation. Then
rank 7"+ dimker 7' = dim V. (27.34)

Example 27.35. Let P, be the vector space of degree 2 polynomials and let R? &£ Py be the
linear transformation given by sending a degree 2 polynomial p to the vector

T(p) = [p mq (27.36)
We did this example for HW earlier. We found that the kernel is given by all polynomials of the
form bx — ba?. This kernel is spanned by the polynomial z — 2 and is therefore one-dimensional.

The dimension of Py is 3. Therefore, by the previous theorem, this indicates that the rank of T’
is 2. Let us check this explicitly by finding a basis for the image of T. Every polynomial can be
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expressed as a linear combination of the monomials. Let p(x) = a+ bx + cz? be such a polynomial.
Then the image of this vector under 7' is given by

wvoed =l ol el (27.37)

1 0
Thus, any 2-component in the span of the span of the vectors [1] and [1] are in the image of

T (since the image of T' is a subspace). This subspace is two-dimensional, which agrees with our
earlier calculation.

Note: Please look at the invertible matrix theorem in Section 4.6 of [Lay].

Theorem 27.38. Let V and W be finite-dimensional vector spaces. A linear transformation
W < V is invertible if and only if it is one-to-one and onto.

Proof.

(=) Suppose T is invertible. Then the equations T7!T = idy and TT~! = idy both hold. The
second one holds if and only if T"is onto (exercise). The first one holds if and only if 7" is one-to-one
(exercise).

(<) Suppose T is one-to-one and onto. Then, W T—_1> V exists as a function. We need to check
that T~1 is linear. Let w; and @ be two vectors in T and let ¢ be a real number. Let o} := T~ (w))
and Uy := T~ (). Then v; + vy and T~ (W, + W) are two vectors in V (we want to show they
are equal). Applying T to the first one gives

T () + ) = T~ (1) + T (W) = 1y + Wy (27.39)
by linearity of 7. Applying T to the second one gives
T(T_l(’LU;[ + wg)) = W + Wy (27.40)

because T is onto. Thus, because T is one-to-one, the vectors T~ (w; + w,) and ¥} + ¥, must be
equal proving that
T + ) = T () + T (). (27.41)

A similar proof shows that T~ (cw) = T~ (). [ ]
Finite-dimensional vector spaces are classified by their dimension.

Theorem 27.42. Let V and W be two finite-dimensional vector spaces. Then dimV = dim W if
and only if V and W are isomorphic.

Proof.
(=) Suppose n := dim V' = dim W. By definition, this means there exist a basis By = {v1,...,7,}
for V' and a basis By = {,...,w,} for W. Define a linear transformation W &LV as follows.

First, define T" on the basis By by
T(0;) := w; (27.43)
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for alli € {1,2,...,n}. Then, since By is a basis for V, for any vector ¢'in V| there exists a unique
expression of the form (Theorem 26.39)

U= CL1171 + -+ anﬁn (2744)

Then, set

T(0) == ayih + -+ - + an W, (27.45)
By construction, T is a linear transformation. It is invertible because the inverse T~ is constructed
in a similar fashion by

T (w;) =7 (27.46)

and extended linearly as for 7. Thus, V and W are isomorphic.
(<) Let n:=dimV and m := dim W. Let W & V be a linear isomorphism (by assumption, one
exists). Let By := {t1,...,7,} be a basis for V. Because T is one-to-one, By := {T(ﬁl), . ,T(ﬁn)}
is a linearly independent set in W. Because T is onto, every vector « can be expressed as T'(¢) for
some ¥ in V. But since By is a basis of V, there exist unique coefficients such that

U= CL1171 + -+ anﬁn. (2747)
By linearity of T,
showing that By, spans W. Thus By is a basis for W. Since By has n elements, m = n. [ |

The basis By := {T(%),...,T(,)} in the proof of the above theorem is analogous to the
column vectors for a matrix.

Example 27.49. Look back at Example 27.23. A basis of ,,M,, is given by the matrices {£;;}
with ¢ € {1,2,...,m} and j € {1,2,...,n}. Then, the linear transformation 7" described in that
example is exactly the linear transformation taking the basis

{E117E127"‘7E11’L7E217E227"'7Emn} (2750)

for ,,M,, to the basis
{€1,€, ..., Emn} (27.51)

for R™" and extended linearly as in the proof of Theorem 27.42.

Proposition 27.52. Let V and W be vector spaces, let B be a basis for V, and let W L Vbea
linear transformation. Then T is completely determined by its value on the vectors in B.

Proof. The proof of this is similar to the proof of Theorem 27.42. In fact, we implicitly assumed
it already when working through several examples. |

Theorem 27.42 can be applied in the following way by setting W := V.

Corollary 27.53. Let V' be a finite-dimensional vector space, say of dimension n, and let B :=
{Vh,...,0,} and C := {w,...,W,} be two bases for V. Then there exists a unique linear isomor-

phism V <= V such that T(Ug) = U for allk € {1,...,n}.

Recommended Exercises. Please check HuskyCT for the homework. Please show your work!
Do not use calculators or computer programs to solve any problems!

In this lecture, we covered Sections 4.4, 4.6, and 4.7.
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