MATH 3151 Analysis II, Spring 2017

Arthur J. Parzygnat

These are my personal notes. This is not a substitute for our textbooks. You will not be
responsible for any Remarks in these notes. However, everything else, including what is in your
textbooks (even if it’s not here), is fair game for homework, quizzes, and exams. At the end of
each lecture, I provide a list of homework problems that can be done after that lecture. I also
provide additional exercises which I believe are good to know. You should also browse other books
and do other problems as well to get better at writing proofs and understanding the material.
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1 January 19: Linear Algebra Review

I don’t think there’s a canonical method to teach Analysis II. There are several possibilities one
can follow after learning the basics of sequences, convergence, functions, continuity, differentiation,
and integration in R. These possibilities are as follows.

1. Multivariable calculus: functions on Euclidean space, differentiation, implicit function theo-
rem, integration, Fubini’s theorem.

2. Differential topology: manifolds, Sard’s theorem, differential forms, Stoke’s theorem, de
Rham cohomology, vector fields, cobordism theory, Hopt’s theorem.

3. Metric spaces: notion of distance, contraction mapping theorem, fractals.

4. Functional analysis: Banach spaces, Hilbert spaces, Fourier analysis, convex analysis, oper-
ator theory, C*-algebras, abstract probability theory.

5. Measure theory: measurable spaces, measure spaces, the Lebesgue integral.

Personally, my favorite are options 2 and 4 though 2 has significant overlap with a course on
differential geometry. 5 is somewhat technical and potentially incredibly boring, but crucial for
any serious analyst. 1 is pretty standard but not enough for a full semester. 3 seems interesting
though I have less experience with it. I've decided to begin with 1 with a slight emphasis on
some concepts from 2. Most of these topics are explored in Spivak’s book [13] though a few in
Milnor’s book [8]. This will probably occupy us for about a little over one month. Then, we will
proceed to parts of items 3 and 4, following Kolmogorov and Fomin’s book [7] along with other
sources. To avoid many technicalities, when we get to item 4, we might only focus on operators on
finite-dimensional Hilbert spaces. This does a great disservice to the topic as much of the reason
for its study is precisely due to the subtleties in infinite dimensions. However, there are already
many wonderful applications of these ideas in probability theory, non-commutative geometry, and
quantum mechanics, even at the level of finite-dimensional Hilbert spaces. I hope we will explore
at least some of these applications rather than being held up by technical details, which you will
eventually work through if you study further or specialize in any of these areas.

That being said, we will begin with multivariable calculus after having first reviewed some
concepts from linear algebra. But even before that, we will recall the definition of a cartesian
product from a different perspective that will become more and more useful as we progress in our
studies. Warning: the following definitions may seem very foreign but will be used constantly
throughout the course.

Definition 1.1. A (finite) diagram of sets consists of a finite collection of sets X := {X1,..., X, }
together with a collection of a finite set of functions F := { g X Xi}aea,;, where Ay is a
finite set, for each i,j € {1,...,n}. A diagram may be denoted by D := (X, F).




Diagrams are often drawn explicitly such as

N
AN

Xe

\/

Definition 1.2. Let D = (X, F) be a (ﬁnite) diagram of sets. A path in D consists of an ordered
subset of functions v := {fi,..., fin} of F such that the source of f; equals the target of f;_; for
allie {2,...,m}.

A path in the diagram drawn above may be depicted as the set of thick red arrows here.

X

Definition 1.3. A diagram D commutes iff for every two paths v := {f1,...,fm} and 6 :=
{g1,-..,gx} in D with the source of f; and g; being the same and the targets of f,, and gy being
the same, the compositions are equal, namely

fmo...oflzgko...ogl' (14)

Two paths in the diagram drawn above are depicted as a set of thick red and blue arrows.
/ :

Xe

\/

The diagram commutes when both compositions are equal as functions for every such pair of paths.
Another example consists of the two paths

e
AN

Xs

\/



Definition 1.5. Let X and Y be two sets. A Cartesian product of X and Y is a set U together
with functions 7x : U — X and 1y : U = Y

U
o/ N\ "
X Y

satisfying the following (‘“universal”) property. For any other set V' equipped with functions

vx:V—=>Xanduvy:V =>Y
v
N\ m
X Y

there exists a unique function h : V' — U (drawn as a dashed arrow) such that the diagram

vV
Vxéé\ . (1.8)

Ty
X Y

commutes, i.e.
Tx oh =vyx and Ty o h = vy. (1.9)

The functions 7y : U — X and 7y : U — Y are called projections onto their respective factors.

Before we relate this definition to one that you might be familiar with, notice what the universal
property is saying. First, for any set Z and a function f : Z — U, one automatically obtains
functions 7x o f : Z — X and my o f : Z — Y, i.e. functions onto the projections. Conversely,
(and this is what the universal property says), given any two functions fy : 7 — X and fy : Z = Y
onto the two factors, this uniquely determines a function f : Z — U such that nx o f = fx and
my o f = fy. This is how we think of the product of two sets in terms of the characteristic properties
that it satisfies rather than any particular construction, as in the following.

Theorem 1.10. Given any two sets X and Y, a Cartesian product (U, wx,my) ezists and is
unique in the following sense. For any other Cartesian product (V,vx,vy) of X and Y, there exist
functions f: U =V and g: V — U such that

(a) f and g are inverses of each other and
(b) vxof=mx and vy o f = my.

Note that from this it follows that vx = 7x 0o g and vy = 7wy 0 g.



Proof. There are two things to prove: existence and uniqueness.
(Proof of existence.) Set U to be the set of ordered pairs

U:={(z,y) € X xY} (1.11)

and the projections 7y, Ty to be mx(z,y) := x and 7y (z,y) = y for all (z,y) € X x Y. To see that
U satisfies the universal property in Definition 1.5, let V' be any other set equipped with functions
vy :V =X an vy : V — Y. Then, define h : V — U by the assignment

Vou h(v) = (vx(v), vy (v)). (1.12)

With this definition, 7x o h = vy and my o h = vy and in fact h is the only such function that
satisfies this condition.

(Proof of uniqueness.) Let (V,vx,vy) be another Cartesian product. Since (U, vx, vy ) satisfies the
universal property, there exists a unique g : V' — U such that vx = mx o g and vy = 7y 0 g. Since
(V,vx, vy ) satisfies the universal property, there exists a unique f : U — V such that vx o f = 7x
and vy o f = my. Consider the compositions fog:V — V and go f : U — U. Again by the
universal property, there must be unique functions hy : V. — V and hy : U — U such that
vx o hy = vx and vy o hy = vy and similarly for hy. The only such functions that achieve these
conditions are the identity functions idy : V' — V and idy : U — U. Hence, f o g = idy and
go f=idy. |

Thus, it makes sense to say “the” Cartesian product of X and Y in a certain sense made
precise by the previous theorem. Furthermore, it is common to denote this product by X x Y.
Part of the annoyance comes when defining the product of three sets X, Y, and Z. One may choose
(X xY)x Zor X x (Y x Z) and obtain different sets for example. The first has elements of the
form ((z,y), z) and the second of the form (z, (y, z)). Of course, this difference is irrelevant and
we often denote “the” element by (z,y, z) in “the” set denoted by X x Y x Z.

Remark 1.13. Similarly, given any collection of sets { X, }oca indexed by some set A, the Carte-
sian product of these sets is a set, denoted by

I x. (1.14)

acA

together with functions
w5 [ [ Xo = Xs (1.15)
acA
for each § € A satisfying a universal property analogous to ones mentioned above. However, we
can no longer use the construction in terms of ordered tuples because A might be an infinite set,
in fact uncountable. If we assume the Axiom of Choice, one possible construction of the Cartesian
product is

HXQ::{f:A%UXa:f(ﬁ)EXﬁforallﬁeA}. (1.16)
acA acA

Given an element 3 € A and a function f: A — (J,c4
B providing an element f(3) € Xz. This evaluation is precisely the projection, w3 := evg, where

X, one can evaluate the function f on
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evg(f) := f(B). One can obtain the special case of the product of two sets X; and X, by setting
A = {1,2}, the set consisting of the elements labeled “1” and “2.” Both satisfy the universal
property in the sense described in the following exercise.

Exercise 1.17. Let {X,}sca be a collection of sets indexed by some set A. Show that [],. 4 Xa
together with the functions evg : [[ .4 Xo — Xp for all B € A satisfies the universal property of
Cartesian products, namely for any other set V' together with functions {ps : V' — Xg}seca, there

exists a unique function h : [, 4 Xo — V such that pg = evgoh for all 5 € A.

acA

Exercise 1.18. Let A and X be two set and let X,, := X forall & € A. Show that X4 := {f: A — X},
the set of all functions from A to X, is the Cartesian product [] ., Xa.

Definition 1.19. Let R™ denote n-dimensional Euclidean space, i.e.

n times
R":={(z1,22,...,2) : 3, €Ri€{1,2,....,n}} =R x--- xR. (1.20)
Elements of R" are called n-component vectors and occasionally the shorthand notation ¥ :=
(21,22, ...,x,) will be used to denote such vectors. The binary operation R" x R" — R™ defined
by
(X1, Tay .y xn) + (Y1,Y2y -+ Yn) = (X1 + Y1, T2 + Y2, -« o, T+ Yn) (1.21)

is called the addition of n-component vectors. The function R x R® — R" defined by
c(xy, o, ... xy) = (cx1, CTay . . ., CTy) (1.22)

is called the scalar multiplication. A subspace of R™ is a subset V' C R"™ such that

0eV, (1.23)
cveV VeeR, veV (1.24)
and
h+ U €V Vﬁl,ﬁg eV (125)
Let V' C R™ be a subspace. A finite set of vectors S := {#,...,Z,} in V is said to be linearly
dependent iff there exist real numbers ay, ..., a, € R, not all of which are zero, such that

> aiE; =0. (1.26)
=1

Otherwise S is said to be linearly independent. S spans V iff for all ¥ € V, there exist numbers
ai, ..., a, € R such that

> ai; =, (1.27)
=1

S is a basis for V' iff S spans V and § is linearly independent. Given any subset X C R",

span(X) := {Za@’i ca; €R e X jie{l,...,m}, meN}, (1.28)

=1

i.e. the set of all linear combinations of vectors in X.



Together with this structure and the zero vector, R™ is a real vector space. In addition, R™ has

a natural notion of distance and an inner product.

Definition 1.29. The Fuclidean norm/length on R™ is the function R™ — R defined by

s, )| = \fad 4 ad 4ot a2,

The Fuclidean inner product on R™ is the function R™ x R™ — R defined by

<(ac1,x2, e ), (Y1, Y2, - - ,yn)> =Ty + Toys + 0+ Tpln.

Often, the short-hand notation

n

Y m=atatotn
=1

will be used to denote the sum of n real numbers z; € R"i € {1,...,n}.

With this structure, R™ is an inner product space.

(1.30)

(1.31)

(1.32)

Theorem 1.33. R" with these structures satisfies the following for all vectors &, v,z € R™ and for

all numbers c € R,

(a) (Z,Z) >0 and (Z,Z) = 0 if and only if £ =0,
) 13 = /& 7).

(¢c) (Z,9) = (4, T),

(d) {cZ,9) = (T, §) = (T, cj),

(¢) (T+2,9) = (T,4) + (Z,9) and (T,§ + 2) = (T, 4) + (¥, 2),

(f) &2, 9| < ||Z]|||7]] and equality holds if and only if £ and y are linearly dependent (Cauchy-

Schwarz inequality),
(@) 1+ < |2 + 7] (triangle incquality),
(h) (%) = w (polarization identity).

Proof.

(a) Let (x1,...,2,) := T denote the components of Z. Then,

n
(Z,2) =) 7>0
=1

(1.34)

since the square of any real number is always at least 0. Furthermore, the sum of squares is

zero if and only if each term is zero, but the square root of zero is zero so x; = 0 for all ¢ if

and only if (7, 7) = 0.



(b) This follows immediately from the definitions of || - || in (1.30) and ( -, - ) in (1.31).
(¢) This follows from commutativity of multiplication of real numbers and the formula (1.31).

(d) This follows from commutativity and associativity of multiplication of real numbers and the
formula (1.31).

(e) This follows from the distributive law for real numbers and the formula (1.31).

(f) Suppose that Z and ¢ are linearly independent. Therefore, ¥ # Ay for all all A € R. Hence,

0< || A\y—Z|* = i()\yi — ;) =\ iyf — 2)\ixiyi + iaf (1.35)
=1 =1 =1

i=1

In particular, this is a quadratic equation in the variable A that has no real solutions. Hence,

<—2ixiyi> —4 (if) (i x§> <0. (1.36)

Rewriting this and canceling out the common factor of 4 gives
DD wwiyy; < Yy @by (1.37)
i=1 j=1 i=1 j=1

Applying the square root to both sides gives the desired result.

Now suppose & = Ay for some A € R. Then by parts (b) and (d), equality holds.

(g) Notice that by the Cauchy Schwarz inequality,

n

17+ 717 =D (@i + )

i=1

=Y ai 42 wmyi+ Y v (1.38)
=1 =1 =1
< 21> + 22 7] + 171
= i 2
= (12l + I711)

Applying the square root and using parts (a) and (b) gives the desired result.

(h) This calculation is left to the reader.

Exercise 1.39. Let &,y € R". The distance from & to ¥ is
d(Z,7) == ||y — . (1.40)
Prove that d satisfies the following conditions for all Z, ¥, 2’ € R™.
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(a) d(#,7y) =0 if and only if ¥ = 7,
(b) d(z,7) = d(, %), and
(c) d(Z,2) < d(Z,9) +d(y, 2).

Furthermore, using only these three conditions and not the explicit formula for d, prove that
d(Z,y) > 0 for all Z, 5 € R™

Definition 1.41. Let n,m € N U {0}. A linear transformation from R" to R™ is a function
R™ £ Rn satisfying

T(Z+ cy) =T(Z) + () (1.42)
for all c € R and 7,y € R™.

Exercise 1.43. Prove that a function R™ <~ R” is a linear transformation if and only if

T(Z+y) =T(Z)+ T(9) (1.44)
and
T(c) = eT(7) (1.45)
for all c € R and 7,y € R™.
Definition 1.46. Let €1, ¢é5,...,¢, denote the standard unit vectors of R”. Namely, €; has 1 in

the i-th component and 0 otherwise. Let R™ &£ R" be a linear transformation. The i J-th matrix
coordinate of T is

Ti; == (&, T(€))). (1.47)
Exercise 1.48. Let R™ <Z R™ be a linear transformation. Prove that
9-3°3 T 149
i=1 j=1
where .
F=) ;. (1.50)
j=1
In particular, show that

S e (1.51)
=1

Proposition 1.52. Let R™ LR and R* & RP be linear transformations. The composition
ToS
Rm

given by

R? is a linear transformation. Furthermore, its associated ij-th matriz coordinate is

(ToS); ZEkSkJ (1.53)

10



Proof. The verification of the linearity of 705 is left to the reader. By definition of the composition
of functions,

= S;(&,T (€)) by linearity of T’ and by Theorem 1.33 (1.54)
k=1
= Z Z Sijlk<€i, €l> by similar arguments
k=1 I=1
= St T
k=1
[ |

This motivates the following notation for any linear transformation R™ &£ R™. The m x n

matriz associated to 1" is the array

Ty T - T
Ty To -+ T
S (1.55)
Tml Tm2 Tmn
This notation is convenient if we also view an n-component vector (z1,s,...,%,) as an n X 1
matrix
Z1
X2
(1.56)
L

and view the linear transformation T acting on & in terms of matrixz multiplication, analogous to
the expression on the right-hand-side of Equation (1.53).

Definition 1.57. The determinant for m X m matrices is a function

m times

—N—
det : R™ x ---R™ = R (1.58)
satisfying the following conditions.
(a) For every m-tuple of vectors (¥, ..., ) in R™,
switch
¥\
det (ﬁlﬁﬁjﬁm> — _det (Ulﬁ]ﬁﬁm> (1.59)

This is sometimes called the skew-symmetry of det .

11



(b) det is multilinear, i.e.

det (Ul,...,aﬁmtbﬁi,...,ﬁm) — adet (ﬁl,...,m,...,am> + bdet (171,...,@,...,17,,1) (1.60)

—

for all i = 1,...,m all scalars a, b and all vectors vy, ..., U;_1, Vs, Ui, U1,y - - -, U

(¢) The determinant is normalized to 1, i.e.

det (51,...,5m) ~ 1. (1.61)

For an m x m matrix A, the input for the determinant function consists of the columns of A
written in order:

det A := det (Aél, . ,A(?m). (1.62)

Remark 1.63. The determinant is a special example of a tensor. The above definition makes
this definition manifest. We will probably not cover tensors, but this relation is described after
Theorem 4.2. in [13].

This definition reproduces the usual formula for the determinant that you may have seen if
you’ve studied some linear algebra. Let A be the m x m matrix

aix Qa2 - Qim
Q21 Q22 -+ Q2m
(1.64)
Am1 Qm2 - Amm
Then
m m
det A = det E @i 1€50 5 - - s E @i, m€;,.
i1=1 im=1
m m
= E E aill--~aimmdet (€i1,...,€im) (165)
i1=1 im=1

m

= E Qi1 " v aimmSIgﬂ(Uil...z‘m),
i1:17--.,i7,L:1

i1 ¢i27£“'7é7:'m

where o;, ;. is the permutation defined by

1.66
2o (166)

and sign of a permutation is —1 raised to the power of the number of single swaps needed to obtain
the permutation (although the number of such swaps is not well-defined, whether the number is
odd or even is well-defined). The notation used above was probably more familiar from earlier
courses in linear algebra. However, from now on, we will drop the arrows over vectors and simply
denote Z by z. Furthermore, we will use the notation | - | instead of || - || for the norm of a vector.

12



Level 1 problems.
From Spivak [13]: 1.2, 1.3, 1.4, 1.9, 1.10, 1.11
From these notes: Exercise 1.17, 1.18, 1.43, 1.48

Level 11 problems.
From Spivak [13]: 1.1, 1.6, 1.7, 1.8, 1.12, 1.13
From these notes: Exercise 1.39
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2 January 24: Topological Notions in Euclidean Spaces

Today we will review concepts of topology in R™. All of these concepts should be familiar to you
in R, and we will therefore be brief. We already know that some subsets of R can have interesting
and surprising properties. For example, the Cantor set is an uncountable perfect set. The rational
numbers are dense in R but are countable. Is there a difference in intuition between subsets of R
and subsets of R™ for n > 17

Definition 2.1. A closed rectangle in R™ is a subset of R"™ of the form

[a1, b1] X [az, ba] X -+ X [an, ba), (2.2)

where a;,b; € R and a; < b; for all i € {1,2,...,n}. An open rectangle in R" is a subset of R™ of
the form

(a1,b1) X (a2, bo) X -+ - X (an, by), (2.3)

where a;,b; € R and a; < b; for all i € {1,2,...,n}. A subset U C R" is called open iff for any
x € U, there exists an open rectangle R such that x € R and R C U. A subset C' C R" is called
closed iff R™ \ C' is open.

Definition 2.4. Let A C R"™. The interior of A is the set

A= R, (2.5)

RCA

where R is an open rectangle in A. The exterior of A is the set

ext(A) := (R \ A)°. (2.6)

The closure of A is the set

A :=R"\ ext(A). (2.7)

The boundary of A is the exterior of A minus the interior of A, i.e.
A :==R"\ (A° Uext(A)). (2.8)
Exercise 2.9. Show that for each ¢ € R"™ and § > 0, the set
Vs(e):={z eR" : |z —c| <4} (2.10)

is open. Vj(c) is called the d-neighborhood/open ball around c.

Exercise 2.11. Let U C R". Show that U is open if and only if for every ¢ € U, there exists a
d > 0 such that Vs(c) C U.

Exercise 2.12. Let A C R". Prove that

A°=R"\ (R*\ A). (2.13)

14



Exercise 2.14. Let A C R". Prove that A is the intersection of all closed sets containing A, i.e.

A=) B, (2.15)

BDA

where B is a closed subset of R™ containing A.
Exercise 2.16. Let ¢ € R" and fix 6 > 0.
(a) Show that the closure of Vj(c) is the set

Vs(c)={z € R" : |z — | <4} (2.17)
(b) Show that the exterior of Vs(c) is the set

ext(Vs(c)) = {z € R" : |z —¢| > §}. (2.18)

(¢) Show that the boundary of Vs(c) is the set

IWVs(c)={z eR" : |z —c|=4}. (2.19)

Exercise 2.20. Let A C R". Show that 0(0A) = @.

Last semester, we learned about the Nested Interval Property. The analogous result for rect-
angles is true as well.

Theorem 2.21 (Nested Rectangle Property). Let
R DRy, DR3D - (2.22)

be a nested sequence of closed rectangles in R™. Then

o
()R # 2. (2.23)
k=1

Proof. For each i € {1,2,...,n}, the image m;(Ry) of each rectangle under the projection maps is

an interval. Furthermore, these intervals satisfy

Hence, by the Nested Interval Property, there exists a

ci € () mi(Ry). (2.25)
k=1
for each i € {1,2,...,n}. Thus,
(c1,¢9, ... Cn) € ﬂRk. (2.26)
k=1
|

15



Last semester, we learned a slightly different definition of closed subsets. This definition is also
valid here.

Exercise 2.27. A sequence in R™ is a function a : N — R™ whose value at n € N is denoted by
a,. A sequence a : N — R™ converges to lima € R™ iff for any € > 0, there exists an N € N such
that

la, —lima| < e Vn>N. (2.28)

Let A C R™ be a subset. An element z € A is a limit point of A if and only if for any open set
U containing z, AN (U \ {z}) # @. Otherwise, z is said to be an isolated point. Show that the
following are equivalent for a subset A C R™.

(a) A is closed.

(b) For any sequence a : N — A that converges to lima, then lima € A.

(c) A contains all of its limit points.

Definition 2.29. A subset A C R" is bounded iff there exists an R > 0 such that A C V(0).

Definition 2.30. Let A C R™. An open cover of A is a set O of open subsets of R" such that

Ac U (2.31)

A is compact iff for any open cover O of A, there exists a finite subset V = {U,,,...,U,,} of O
that covers A (a.k.a. a finite subcover).

The following three exercises were done in our first semester of analysis but for subsets of R.
Completely analogous proofs hold for R™ and are therefore left to the reader.

Exercise 2.32. Let a : N — R™ be a sequence. A subsequence of a consists of a one-to-one
and monotone non-decreasing function f : N — N together with the sequence ao f : N — R™.
Show that a subset A C R™ is compact if and only if for any sequence a : N — A, there exists a
convergent subsequence whose limit is contained in A.

Exercise 2.33. Let
Ki2Ky DKz 2 K42+ (2.34)

be a nested sequence of nonempty compact subsets of R”. Show that

ﬁ K, + @. (2.35)

Exercise 2.36. Show that a subsequence of a convergent sequence in R™ is convergent and con-
verges to the same value as the original sequence. Use this fact to show that compact subsets of
R™ are closed.

Exercise 2.37. Show that any closed subset of a compact set in R” is compact. Use this to show
that the intersection of an arbitrary collection of compact subsets of R" is compact.

16



Theorem 2.38. All closed rectangles in R™ are compact for all n € N.

Proof. Let R = [a1,b1] X -+ X [a,,b,] € R™ be a closed rectangle. Suppose to the contrary that
there exists an open cover U := {Uy}rea of R with no finite subcover. Then, at least one of the
2™ halved n-cubes of R is not covered by finitely many of the U,. Let R; denote such a cube.

Ry

Similarly, at least one of the 2" halved n-cubes of R; is not covered by finitely many of the U,.
Let Rs denote such a cube.

Ry

Continue this process so that you have a nested sequence of non-empty closed rectangles

RiIDRyDR3D---. (2.39)

’:F

By the Nested Rectangle Property, there exists a ¢ € (), Ry. Since U is an open cover of R, there
exists an open set Uy, € U such that ¢ € U,,. Therefore, there exists an open rectangle ) such
that ¢ € @ C U,,. @ contains all but finitely many of the nested rectangles. Thus, there exists an
N € N such that Ry € QQ C U,, for all £ > N. This contradicts the assumption that there does
not exist a finite subset of I that covers Ry. |

Theorem 2.40 (Heine-Borel Theorem in R). A subset A C R is compact if and only if A is closed
and bounded.

Proof. The proof of this theorem was given in class last semester. |
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The analogous theorem is also true in R”.

Theorem 2.41. [Heine-Borel Theorem in R"] A subset A C R™ is compact if and only if A is
closed and bounded.

Proof.

(=) Suppose A is compact. Then, by Exercise 2.36, A is closed. For each k € N, the sets V(0)

are open by Exercise 2.9. Furthermore, the collection {V4(0)} rey 1S an open cover of R" and

therefore covers A. Since A is compact, there exists a finite subcover {V4,(0),...,V4,.(0)}. Set

M := max{ky,...,kn}. Then A C Vj,(0) so that A is bounded.

(<) Suppose A is closed and bounded. Since A is bounded, there exists an M > 0 such that

A C Vy(0). Thus, A C [-M, M| x -+ x [-M, M] C R™. Since A is a closed subset of [—M, M| x
[—M, M, which is compact by Theorem 2.38, A is compact by Exercise 2.37. [ |

Lo X

Definition 2.42. Two nonempty subsets A, B C R™ are said to be separated iff AN B and ANB
are both empty. A subset E C R" is disconnected iff there exist separated subsets A, B C E with
E = AUB. A subset E C R" is connected iff it is not disconnected.

The following is also a useful characterization of connected subsets.

Theorem 2.43. A subset E C R" is disconnected if and only if there exist nonempty open sets
UCFE andV C E suchthatUNV =@ and UUV = FE.

Proof. This was proved last semester. |
Connected subsets of R have a particularly simple characterization, which we recall.

Theorem 2.44. A subset E C R is connected if and only if for any a,b € E with a < b implies
(a,b) C E. In particular, closed intervals are connected.

The analogous statement is false for subsets of R™ when n > 1. However, we do have the
following generalization of this definition and result.

Definition 2.45. A subset C' C R" is convez iff for any two points z,y € C, ty + (1 —t)z € C for
all ¢ € [0, 1].

Exercise 2.46. The (n — 1)-simplex A"! is defined to be

AL ::{(pl,...,pn)e]R" : ZpizlandpiZOVizl,...,n}. (2.47)

=1

For example, the 2-simplex looks like the following subset of R? viewed from two different angles
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Ps3

P1

-2 ‘1 b2

b1
Show that the (n — 1)-simplex is convex for all n € N.
Theorem 2.48. Fuvery convex subset of R™ is connected.
Proof. The proof of this will be postponed until next lecture. |

The converse of Theorem 2.48 is false.
Example 2.49. Fix n € N. The set
Shi={zeR" : |z| =1} (2.50)

is called the (standard) unit sphere of dimension n — 1. S~ is not convex for any n € N.

Exercise 2.51. Using only the definition of connectedness, show that S™~! is connected for all
n € N with n > 1. Show that S° is disconnected.

Level I problems.
From Spivak [13]: 1.14, 1.15, 1.16, 1.18, 1.19
From these notes: Exercise 2.9, 2.11, 2.12, 2.14, 2.20, 2.36, 2.37, 2.46

Level 1I problems.
From Spivak [13]: 1.17, 1.21, 1.22
From these notes: Exercise 2.16, 2.27, 2.32, 2.33, 2.51
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3 January 26: Continuous Functions

Let A C RP. By the universal property of the Cartesian product, a function f : A — R"™ determines
and is uniquely determined by its n component functions m;o f, where 7; : R™ — R is the projection
onto the i-th factor. Setting f; := ;0 f, one may also write f = (fi,..., fn). A is called the domain
of f and R" is called its codomain. Let B C R" with f(A) C B and let g : B — R™ be another
function. The composition of f followed by g will be denoted by go f and we will often depict this

via the diagram
B
g ‘X (3.1)
gof A

Definition 3.2. Let A C R”, let f,g : A — R™ be two functions, and let ¢ € R. The sum of f
and ¢ is the function f 4+ g : A — R™ defined by

Rm

A3 a~ (f+g)(a) = fla)+g(a). (3.3)
The scalar multiple of ¢ with f is the function c¢f : A — R™ defined by
Asa~(cf)(a):=cf(a). (3.4)

Definition 3.5. Let A C R" and let f,g : A — R be two functions. The product of f with ¢ is
the function fg: A — R defined by

A3 ar (fg)(a) = fla)g(a). (3.6)
If g(a) # 0 for all a € A, the quotient of f with g is the function % : A — R defined by
f _ J()
Asaw (§> (a) := o) (3.7)

There are several ways to visualize such functions.

Example 3.8. Let VV : R? — R? be the function defined by
R? > (z,y) = V(z,9) = (y, —). (3.9)

//'/'/,/,
| 777NN
///'/) “ \
SN RN
O ot 1 v a v D0 m v
WSS
N N
_17 _ "/// —
NS
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This function can be conveniently drawn with its values indicated directly on the domain (the
arrows are scaled to 1/4 their actual lengths). This function is an example of a vector field, a
concept that we will return to in more detail later.

Example 3.10. Let § : R — R? be the function
R > ¢+ §(t) := (cos(t),sin(t)). (3.11)

This can be depicted as the graph of a function by drawing planes above each point ¢ in R and
drawing the value of § at ¢ on this plane. This traces out a helix as in the following plot.

—47r_27r
2m A
Example 3.12. Let v : [0,27] — R? be defined by
[0,27] 2t = ~(t) := (sint + 2sin 2¢, cost — 2 cos 2t, — sin 3t). (3.13)

This is an example of a parametrized curve, more specifically a loop. This curve is known as the
trefoil knot. The visualization of this function is in terms of its image in the codomain.

Example 3.14. Let h: R?> — R be the function defined by

R? 5 (z,y) — h(z,y) == |z| + |y|. (3.15)
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The visualization of this function is in te#ms of its graph, namely, the set of points of the form

.= {(x,y, hz,y)) €R® : (z,y) € ]R2}. (3.16)

The definitions of limits of functions and of continuity of functions is completely analogous to
what it was for real-valued functions of a single variable.

Definition 3.17. Let A CR™ and let f: A — R™. Let ¢ be a limit point of A. L is said to be a
limit of f as x approaches c, written

lim f(x) = L, (3.18)

Tr—C

if for any € > 0, there exists a 0 > 0 such that f(z) € V(L) for all z € Vs(c) N A\ {c}. L is called
a functional limit of f as x approaches c.

Exercise 3.19. Let A CR", let f: A — R™, and let ¢ be a limit point of A. If L and L’ are both
limits of f as x approaches ¢, show that L = L/, i.e. functional limits are unique.

Exercise 3.20. Let f: R" — R™ be a function and let ¢ € R™ and L € R™. Show that

ilir(l}f(x) =L (3.21)
if and only if
lim f(c+ h) = L. (3.22)
h—0

The following exercise is meant to illustrate that limits in more than one dimension are not
strictly determined by limits of functions along straight paths.

Exercise 3.23. Let f : R" — R™ be a function and let ¢ € R". For every v € R" let f., : R — R™
be the function defined by
R >t fo,(t) == flc+tv). (3.24)
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Equivalently, if .., : R — R" denotes the curve 7., (t) := ¢+ tv, then f., = f 0 Yeo.

(a) Show that if lim f(x) = L for some L € R™, then

Tr—C

lim fuo(t) = L (3.25)

t—0

for every v € R".

(b) Give an example of a function f : R”™ — R™ (for some choices of m and n), a point ¢ € R,
and a vector L € R™ for which
lim f..,(t) = L (3.26)
t—0

for every v € R™ but for which f does not have a limit as = approaches c. [Hint: try n = 2
and m = 1 and do not use functions that are invariant under rotation about the origin.]

(c) For each i € {1,...,n}, let p; : R — R™ denote the i-th inclusion function, namely
R >z ¢i(x) :=(0,...,0,2,0,...,0) (3.27)

where the non-zero entry is in the i-th coordinate. Find the appropriate ¢ € R" and v € R"
such that fov., = fo ;.

This last part shows that fixing all the coordinates of a function f : R™ — R™ is a special case of
precomposing f with a straight line curve.

Taking limits is a local operation in the following sense.

Exercise 3.28. Let A C R", let f,g : A — R™ be two functions, let ¢ € A be a limit point of
A, and suppose that lim f(z) and lim g(x) both exist. Suppose that there exists an open set U
Tr—cC Tr—cC

containing ¢ such that f = g on U N A. Show that
lim f(z) = lim g(x). (3.29)

r—cC r—C

[Hint: Use Exercise 2.11.]

Definition 3.30. Let A C R™ and let f : A — R™ be a function. f is continuous at ¢ € A if
for every e > 0, there exists a § > 0 such that f(z) € V.(f(c)) for all z € Vz(c) N A. If f is not
continuous at ¢ € A, then f is said to be discontinuous at ¢ € A. f is continuous on A if f is

continuous at ¢ for all ¢ € A.

Exercise 3.31. Let A CR" and let f : A — R™ be a function. If ¢ € A is an isolated point of A,
show that f is continuous at a.

The following theorem gives some simple examples of continuous functions.

Theorem 3.32.

(a) The i-th projection m; : R" — R is continuous for all i € {1,2,...,n}.
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(b) Let A CR™. Then the identity function id : A — R™ is continuous.

(c) Let A C R" and let f : A — R™ be a constant function, meaning that f(z) = f(y) for all
x,y € R". Then f is continuous.

(d) The function s : R? — R defined by
R? 3> (z,9) — s(z,y) =2 +y (3.33)
18 continuous.
Proof.
(a) Fix € > 0 and ¢ € R™. Set § := e. Then m;(z) € V(mi(c)) for all z € Vs(c).
(b) A similar proof shows that id is continuous.

(c) Let c € Aand fix € > 0. Set 6 = 1 (or anything for that matter). Let d := f(c). Since f(z) =d
for all z € A, f(x) € V.(d) for all x € Vj(c).

(d) Fix ¢ € R? and € > 0. Let b := s(c). Then

s ) ={(z,y) eR® : x+y=b} ={(z,y) €eR® : y=—x+b} (3.34)
)
c
&
N
N
2
<
T
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I herefore, set ¢
5 = —. 335

Then s(Vs(c)) € Vi(s(c)) as can be seen from the following image.

Hence, s is continuous at ¢ € R?. Since ¢ was arbitrary, s is continuous on all of R2.

Exercise 3.36. Show that the function p : R*> — R defined by
R? 3 (z,y) = ple,y) == zy (3.37)
is continuous.

Exercise 3.38. Let A C R", let f : A — R™ be a function, and let ¢ € A. Show that f is
continuous at c¢ if and only if for every sequence a : N — A with lima = ¢, it follows that
lim(foa) = f(c). Furthermore, if ¢ is a limit point of A, show that these conditions are equivalent

to lim f(z) = f(c).

T—C
Exercise 3.39. Let A CR", let f: A — R™ be a function. Show that f is continuous if and only
if for any open set U C R™, there exists an open set V' C R" such that VN A = f~1(U).

Exercise 3.40. Let ACRP and B C R". Let f: A — B and g : B — R™ be functions continuous
at ¢ € A and f(c) € B, respectively. Show that the composition go f : A — R is continuous at c.

Theorem 3.41. Let A CR", let f: A— R™ be a function and fix c € A. [ is continuous at ¢ if
and only if m;o f : A — R™ — R are continuous at ¢ for alli € {1,2,...,n}.

Proof.
(=) Assume that f is continuous. Then by Theorem 3.32 and Exercise 3.40, m; o f is continuous.
(<) Suppose that m; 0 f : A — R" — R is continuous at ¢ for all ¢ € {1,2,...,n}. Fix e > 0. For

each i € {1,2,...,n}, there exists a §; > 0 such that m(f(a:)) € V€<7ri(f(c))> for all z € ANV, (c)

since 7; o f is continuous. Set

d :=min{dy,...,0n}. (3.42)
Then f(z) € Ve(f(c)) for all z € AN Vj(c). [ |
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Theorem 3.43 (Algebraic Continuity Theorem). Let A C R™, let f,g: A — R™, and let ¢ € A.
Furthermore, suppose that f and g are continuous at c. Then the following facts hold.

(a) The function kf is continuous at ¢ for all k € R.
(b) The function f + g is continuous at c.
(¢) When n =1, the function fg is continuous at c.

(d) When n =1, let B C A be the domain over which g is nonzero and so that ¢ € B. Then the
function % : B — R is continuous at c.

Proof. The proof is similar to last semester. |

Theorem 3.44. Let K CR" be a compact subset of R™ and let f : K — R" be continuous. Then
f(K) is a compact subset of R™.

Proof. The same proof from last semester applies. |

Theorem 3.45. Let A C R" be a connected subset of R™ and let f : A — R™ be continuous. Then
f(A) is a connected subset of R™.

Proof. The same proof from last semester applies. |
Theorem 3.46. The norm function | - | : R™ — R defined by
R" 32 = (21,...,2,) — |z| :i=y/2?+ -+ 22 (3.47)

18 continuous on R™.

Proof. The norm function | - | : R™ — R is the composition of the following functions
R RE R SR (3.48)
where
R" >z = (21,...,7,) = sq(z) = (22,...,2%) (3.49)
and
R'sy=(y1,-.-yUn) = S(Y) =11+ + Yn. (3.50)

sq is continuous by Theorem 3.41 and the fact that the squaring operation is continuous on R.
s is continuous because it is the composition of several binary sum functions as in part (d) of
Theorem 3.32, which is continuous. Finally, /- is continuous because the square-root function is
continuous. Thus, by Theorem 3.40, the norm function is continuous. |

Exercise 3.51. Show that the Euclidean inner product ( -, - ) : R" x R — R defined by sending
((:cl,xg, ey ), (Y1, Yo,y - ,yn)) € R™ x R™ to

(1,22, T0n), (Y1, Y2, -, Yn)) == T1Y1 + ToYa + - + Tuly (3.52)

1s continuous.
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Exercise 3.53. Show that the functions in Examples 3.8 and 3.12 are continuous.
Exercise 3.54. Show that the functions in Examples 3.10 and 3.14 are continuous.

Example 3.12 is particularly interesting as it is an example of a path.

Definition 3.55. Let A C R". A (Moore) path in A is a continuous function of the form
v : |a,b] — A for some a,b € R with a < b.

Definition 3.56. A subset A C R" is path connected iff for any two points z,y € A, there exist
r,s € R with r < s and a path v : [r, s] = A with v(r) =z and ~(s) = y.

Exercise 3.57. Show that a subset A C R” is path connected if and only if for any two points
x,y € A, there exists a path v : [0,1] = A with v(0) =z and v(1) = v.

Theorem 3.58. Fvery convex subset of R™ is path connected and hence connected.

Proof. Let C C R™ be a convex set. Let x,y € C. Because C' is convex, (1 —t)x + ty € C for all
t € [0,1]. Let v : [0,1] — R™ be the path defined by this formula, namely ¢ € [0, 1] gets sent to
v(t) := (1 — t)x + ty. v can be written as y(t) = t(y — ) — x and is therefore a linear function so
is continuous. |

Example 3.59. The converse is false, namely, there exist path connected sets that are not convex.
An example is S', the unit circle in R?. To see this, let (x1,1), (x2,%2) be two points on the unit
circle. There are three cases to consider (the following is not the most elegant proof but is meant
to illustrate several methods of approaching the problem).

Case 1: If (z2,y2) = (x1,21), then the constant path, namely v (t) = (z1,y;) for all ¢t € [0, 1],
exhibits a path between the two points that lies in S*. The constant path is continuous by Theorem
3.32.

Case 2: If (x2,y2) = —(x1,91), let 6 be the unique angle in [0, 27) such that 21 = cosf and y; =
sinf. Then the path v : [0,7] — S* defined by sending ¢ € [0, 7] to v(t) := (cos(t + 6),sin(t + §))
satisfies ¥(0) = (z1,y1) and y(7) = (22, y2). Let Ty : R — R denote the function that is translation
by 0, namely Ty(t) := t + 0 for all ¢ € R. Ty is linear and is therefore continuous by Exercise
1.25 in [13]. Hence, the component functions of v, namely ;3 = cosoTy and 75 = sinoTy, are
the compositions of continuous functions by Exercise 3.40. Since the component functions are
continuous, 7 is continuous by Theorem 3.41.

Case 3: In the final case, i.e. when (s, ) # & (1, y1), the path v : [0,1] — S defined by

A =D(z,y) + 22, 10)
(L=t (1, 31) + (o, o)

0,1] 5 ¢ — ~(t) : (3.60)

satisfies v(0) = (z1,41) and y(1) = (22, y2). Note that ~ is well-defined because the denominator
is never zero as can be seen in the following picture.
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(w2, 72)

(z1,91)

v is continuous for the following reasons. First, the numerator is continuous because it is a straight
path and the proof of Theorem 3.58 applies. The denominator is continuous because the norm
function is continuous by Theorem 3.46. Finally, v is the ratio of two continuous functions with
the denominator never being zero and is therefore continuous by Theorem 3.43.

Theorem 3.61. Fvery path connected subset of R™ is connected.

Proof. Let E C R™ be path connected and suppose to the contrary that there exists two non-empty
disjoint open subsets! A, B C E such that AUB = E. Let x+ € A and y € B. By assumption,
there exists a path 7 : [0,1] — E with (0) = z and (1) = y. Since ~ is continuous, 7~ (A) and
7~!(B) are open. Furthermore, they are nonempty since 0 € y~!(A) and 1 € y~*(B) and they are
disjoint by assumption. This contradicts the fact that [0, 1] is connected by Theorem 2.44.

Notice that the proof of this theorem was quite simple. It relied heavily on the fact that [0, 1]
is connected, a fact whose proof was significantly more involved and technical.

Exercise 3.62. Prove that S" ! the (n — 1)-dimensional sphere (see Example 2.49) is path
connected for all n € N with n > 1. [Hint: 2 linearly independent vectors in R™ uniquely determine
a plane.]

The converse of Theorem 3.61 is false.

!'Though this is not necessary for the proof, recall that A is open in F iff there exists an open set U C R™ such
that UNE = A.
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Example 3.63. Let f : R — R be the function

0 ife=0
3 e fle) = {sin (1) otherwise (869
Let
r={(z,f(x) €R? : xR} (3.65)

be the graph of f (see Example 3.14). Then I' as a subset of R? is connected but not path
connected. I' is known as the topologist’s sine curve.

—-0.4 —0. 0.2 0.4

1}

Exercise 3.66. Prove that the topologist’s sine curve is connected. Prove that it is not path
connected.

Level 1 problems.
From Spivak [13]: 1.23, 1.25, 1.28
From these notes: Exercise 3.19, 3.20, 3.28, 3.31, 3.39, 3.40, 3.51, 3.53, 3.54, 3.57

Level 1II problems.
From Spivak [13]: 1.26, 1.29
From these notes: Exercise 3.23, 3.36, 3.38, 3.62, 3.66
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4 January 31: The Differential

Last semester, we studied two equivalent definitions for a function to be differentiable on R. Here,
we will present the one that is more useful in higher dimensions.

Definition 4.1. A function f : R™ — R™ is differentiable at ¢ € R" if and only if there exists a
linear transformation D.f : R®™ — R™ such that

i 1) = F(e) = (Def)(w — o)

e 1z — ]

D.f is called the differential of f at c.

= 0. (4.2)

This cartoon picture provides some justification for the notation D.f for the differential of f at c.
One “pushes” a vector v located at ¢ (in the case of the picture, the vector v is x — ¢) along the
function f to the vector (D.f)(v) at f(c). This heuristic idea will be made more rigorous in a few
lectures. Also notice that when m =1 and n =1, D.f : R — R is completely determined by its
slope. In fact, the slope is precisely f’(c), the derivative of f at ¢, namely

(Def)(v) = f'(c)v (4.3)

for all v € R. We proved this last semester. For more intuitive and less rigorous for why the
differential should be a linear transformation, consider a function f : R? — R of two variables and
let ¢ = (a, b) for some a, b € R. Consider the two points (a+h,b) and (a, b+ k) for some sufficiently
small h, k € R. Then

df _df
o h—f(c)+h.o.t. =

f((a+n,0)) = f(c) = flc+her) = fe) = f(c) w ~| hthot (44)

(a,b)

where we have taken the derivative of f viewing it as a function of just = (since the second
coordinate is fixed) and h.o.t. stands for “higher order terms.” Similarly,

daf df
a,b+k))— flc)= flc+key)— f(c) = f(c)+— k— f(c)+h.ot. = — k+h.o.t. (4.5
Fl(a.b+ k) = £0) = flethes) = £~ £+ 5| b= £(0) ol (4.5)
Since a general point is a linear combination of these two unit vectors,
f((a+h,b+k)) = fla,b) = f((a,b) + hes + kes) — f(a b)%ﬁ h—l—ﬁ k+h.o.t. (4.6)
’ ’ ’ ’ dx (a,b) dy | (a,b)

30



In other words,

df
dy

f((a—|— h,b+k’)) — f(a,b) = [% )

Lo, "

which shows how the derivative should be appropriately interpreted as a matrix acting on vectors
in a neighborhood of the point (a,b).

Theorem 4.8. Let f : R" — R™ be differentiable at ¢ € R™ and suppose that p : R" — R™ is a
linear transformation that satisfies

@) = 1)~ pla — )
im

s iz — ¢|

Then p = D.f, i.e. if f is differentiable, then its differential is unique.

Proof. For ease of notation, let A := D.f and let g : R" — R™ be defined by g(z) := f(z) — f(c).
Then,

= 0. (4.9)

(e —¢) — Az —o)| (92) = Az = ) + (e = ) - g())|

lim = lim
T—c |{E — C| T—C |‘T - C|
z)— ANz —c z)— ulx —c (4.10)
i 9@ A O] o) — e )
xr—c |,ZU _ C| Tr—c |LE — C|
=0.

iz =€) = Az — )]

Since the quantity is non-negative for all x € R™\ {c},

|z =]

wbe=oecal

by the squeeze theorem. By Exercise 3.20, this is equivalent to

ol = Aw)

lim 7 =0 (4.12)

Let v € R\ {0}. Then

|u(tv) — A(tv)]

lim
t—0 |tv|
by linearity of A and % \\\by Exercise 3.23
[t u(o) = M) 0 (4.13)
=0 |t]|v]
|1(v) = A(v)]
|v]

By this equality and since v is non-zero, it must be that p(v) = A(v). Since this is true for all
v € R"\ {0} and because by linearity, 1(0) = 0 = A\(0), it follows that pu = A. [ |
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Exercise 4.14. Show that a function f : R" — R™ is differentiable at ¢ € R™ if and only if there
exists a linear transformation A : R" — R™ such that
| fle+h) = fle) = A(h)]

P 7]

= 0. (4.15)

How is A related to D.f?
The following fact should be compared to Exercise 3.28.

Exercise 4.16. Let f,g : R® — R™ be two functions and let ¢ € R". Suppose that f and g are
both differentiable at ¢ and suppose that there exists an open set U C R"™ containing ¢ such that
f =g on U. Show that D.f = D.g.

This shows that differentiability of a function at a point only depends on the values of the
function in a neighborhood of that point, i.e. it is a local property. In fact, given any function
f:U — R™on an open U C R" that is differentiable at ¢ € U, the differential D.f is defined and
is a linear function D.f : R" — R™. More precisely, we have the following definition.

Definition 4.17. Let U C R" be an open set, let ¢ € U, and let f : U — R™ be a function. f is
differentiable at ¢ € U iff there exists a linear transformation D.f : R" — R" such that

i 1) = F(e) = (Def)(w — o)

Tr—cC |fL‘ — C|

= 0. (4.18)

D.f is called the differential of f at c.

One can define differentiability of functions on more general domains besides just Euclidean
space or open sets [13], [8].

Definition 4.19. Let A C R" and let ¢ € A. A function f: A — R™ is differentiable at c if and
only if there exists an open set U and a function f : U — R™ such that

i) ceU
ii) f=fonUNA
iii) and f is differentiable at c.

Similarly, f : A — R™ is differentiable on A if and only if there exists an open set U and a function
f:U — R™ such that

i) ACU
i) f=fonA
iii) and f is differentiable on U.

Exercise 4.20. Let A CR™ and let f: A — R". Show that f is differentiable on A if and only if
f is differentiable at ¢ for every ¢ € A.
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The definition of differentiability of a function f : A — R™ on some arbitrary subset A C R" is a
bit meaningless because there is no claim to the uniqueness of the differential. Indeed, consider the
case where A is a single point A = {a}. Then f : A — R™ can be extended to an open neighborhood
of A in so many ways that the differential can be any linear transformation R™ — R™. As another
interesting case, given a differentiable function on the Cantor set, what should its differential be?
We will see that there are suitable subsets A for which the differential has a satisfactory meaning.
Such subsets are called manifolds and we will study them in a few lectures.

Example 4.21. Let f: R?\ S' — R be the function

1

R*\ S' > (z,9) — f(z,y) = 2+ —1

(4.22)
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Then f is differentiable on R? \ S' and the differential of f at (a,b) € R?\ S! is the linear
transformation D,p) f : R* — R given by

—2(au + bv)

R? > (u,v) (D(a,b)f) (u,v) = m'

(4.23)
It is not only difficult but also un-enlightening to prove that this linear transformation is indeed
the differential of f at (a,b). We will be able to differentiate functions in a much simpler manner
when we prove some theorems of algebraic nature and then even more so when we discuss partial
derivatives.

Because the differential D.f : R® — R™ of f : R® — R™ at ¢ € R" is a linear transformation,
one can use the standard basis to express it as a matrix.

Definition 4.24. Let ¢ € R™ and let f : R® — R™ be a function that is differentiable at c. The
Jacobian matriz of f at ¢ is the m X n matrix [D.f] corresponding to D.f with respect to the
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standard basis in Fuclidean space, namely

<€17 (Dcf)(el)> <€17 (DCf) (62) <617 (D0f> (en)>

Yy o
(e2, (Def)(er))  (ez, (Def)(e2)) -+ (e2,(Def)(en))

[Def] = (4.25)

(em (Daf)(€1)) (ems (Daf)(e2)) - {ems (Def)(en))

Theorem 4.26 (Chain Rule). Let A C R? and B C R" be open sets, let f : A — R" with
f(A) C B, and let g : B — R™. Let ¢ € A. Suppose that f is differentiable at ¢ with differential
D.f and g is differentiable at f(c) with differential Dyyg. Then g o f is differentiable at ¢ with
differential

Dc(g o f) - Df(c)g o Dcf: (427)
i.e. the diagram
R?’L
Wi//\ef (4.28)
R De(gof) R

of linear transformations commutes.
The following proof comes from [9].>

Proof. The goal is to show that

lim l9(f(c+h)) —g(f(e) — (Dye9) ((Dcf)<h))|

h—0 ‘h‘

= 0. (4.29)

By assumption that ¢ is differentiable at f(c) and B is open, there exists an € > 0 such that
Ve(f(c)) C B. Since f is continuous at a and A is open, there exists a § > 0 such that Vs(a) C A
and f(Vs(a)) C Vi(f(c)). Let Ag: V5(0) = R™ and A, : V.(0) — R™ be the functions defined by

Vs5(0) > h— Ag(h) :== f(c+h) — f(c) (4.30)

and
V0) 3 ks A, (8) 1= g(F(0) + £) — 9(/(6)). (4.31)
In addition, let F': V5(0) — R™ and G : V,(0) — R™ be the functions defined by
0 for h =0

V5(0) > h s F(h) := - (4.32)
{Af(h) — (D.f)(h)  for h satistying 0 < h < 0

2Unfortunately, I can’t seem to find a proof that is intuitive. The only intuition I can extract is by doing a
“physics” calculation

g(f(ct+h)—g(f(e)) = g(f(e)+(Dcf)(h)—g(f(c)) = g(f(c))+(Dy(e)g) (Def)(h)—g(f(©)) = (Dye)g) ((Def)(h)),

which only gives us a good guess for what the formula for the derivative should be, but not any intuition for the
proof that follows.
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and

0 for k=0
Ve(0) 3 k — G(k) == o (4.33)
Ag(k) — (Dgeyg)(k)  for k satisfying 0 < k < ¢

Finally, let ¢ : V5(0) — R™ be the function defined by

V5(0) 2 b= () == g(f(c+h)) —g(f(c) = (Dsyg) (Def)(h)). (4.34)
Note that with these definitions,
o(h) A ()]

= (Drog) (F0) + == G (A, (0) 7 he Vs(0)\ {0} (4.35)

The proof of the theorem will be complete if it is shown that the limit of the right-hand-side is 0
as h — 0. By Exercise 1.10 in [13],there exists a real number M > 0 such that

|(Def)(h)| < M|n| YV heR? (4.36)

Hence, by the triangle inequality and this result,

D F
% = |(Ds09) (F(R)) + ’ Cf)(}?)hr (h)‘ G’(Af(h))‘ by Def’n of ¢ and F
D F
< |(Dy(0)9) (F(h))‘ + ‘( Cf)(h|)}‘L|+ | (h)| ‘G(Af(h))) by triangle inequality  (4.37)
< #0)9) (F(h))‘ + (M B ‘G(Af(h))‘ by Exercise 1.10 in [13].
Since F' and G are continuous at 0 and equal O there, since ]llin% Ag(h) = 0, since ]llin%% is

bounded (since the derivative of f exists at ¢), since linear transformations are continuous, and
since the absolute value is a continuous function,

F(h
lim (’(Df(c)g) (F(h))‘ + <M+ | |§l|)|> ‘G(Af(h))‘) —0 (4.38)
by the Algebraic Limit Theorem. This concludes the proof of the Chain rule. |

Exercise 4.39. In the proof of the Chain Rule, show that

A wpon)rm) + M aam)  vnevion o o

Exercise 4.41. In the last step in the proof of the Chain Rule, carefully and explicitly describe
all the steps needed to conclude that

lim (\(Df@g) (F)| + <M+ ‘Flﬁff)‘) \G(Af<h>))> ~0. (1.42)
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Theorem 4.43 (Algebraic Differentiability Theorem).
(a) If f:R™ — R™ is a constant function, then D.f =0 for all c € R".
(b) If f: R™ = R™ is a linear transformation, then D.f = f for all c € R™.

(c) A function f : R™ — R™ is differentiable at ¢ € R™ if and only if the component functions
fi : R" = R are differentiable at ¢ for alli € {1,...,m}. Furthermore,

(Def)(v) = ((Defi)(v), (Defa)(v), -, (Defin)(v)) (4.44)
for all v € R™.
(d) If s : R? = R is the function defined by
R? > (2,9) — s(z,y) == + v, (4.45)
then D.s = s for all ¢ € R
(e) If p: R2 = R is the function defined by
R? 3 (z,y) = p(z,y) = 2y, (4.46)

then
(D(apyp)(u,v) = bu + av (4.47)

for all (a,b) € R? and (u,v) € R?.
(f) If f, g : R® — R™ are differentiable at ¢ € R, then f + g is differentiable at ¢ and
D.(f+9g)=D.f + D.g. (4.48)
(9) If f,g: R™ = R are differentiable at ¢ € R", then fg is differentiable at ¢ and
D.(fg) = g(c)Def + f(c)Deg- (4.49)

(h) If f,g : R" — R are differentiable at ¢ € R™ and g(c) # 0, then there exists an open set U C R™
with ¢ € U such that § is defined on U and differentiable at ¢ and

c)D.f — f(c)D,
D, (i) _ 9()Def f2( )Deg (4.50)
9 (9(c))
Part (g) is known as the product rule and part (h) is known as the quotient rule.
Proof. See [13]. [ |

Exercise 4.51. Let f : R™ — R™ and g : R" — R™? be two functions. Let f be differentiable at
c1 € R™ and g be differentiable at ¢ € R™. Show that the function f x g : R™ xR"2 — R" x R™
defined by

R™ x R™ > (z,y) = (f x g)(z,y) = (f(2). 9(y)) (4.52)
is differentiable at (¢, cz) € R™ x R"2.
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Exercise 4.53. Let a € R™ and let f : R” — R™ be a linear transformation. Show that the
function f, : R — R™ defined by

R" >z fi(x)=a+ f(x) (4.54)

is differentiable and D.f, = f for all ¢ € R". Use this to conclude that 7., : R — R" (see
Exercise 3.23 for notation) is differentiable for all ¢ € R™ and v € R™ and its differential satisfies

(DoYeso)(1) = 0.
Exercise 4.55. Prove that the j-th projection 7; : R™ — R is differentiable and show that
Dy = (e, - ) (456)

for all c € R™, i.e.
(Demy)(v) = (€5, v) (4.57)

for all v € R™ and for all c € R™.
Example 4.58. Let v : R — R? be the function
R 36+ ~(0) := (cosb,sinb) (4.59)
and let ¢ € R. Then v is differentiable at ¢ and Dyy : R — R? is the linear transformation
R 3 v+ (Dgy)(v) = (—vsin ¢, vcos ¢). (4.60)

Y
(cos¢,sing) - ]

-
-

(— sin ¢, cos ¢)

-

-

[ IaSS

-7 T

(&) -
>

The image on the right is magnified by a factor of 2 for better viewing purposes but the length of
the unit vector e; at ¢ does not change in the image. The fact that D4y as written is the correct
differential follows from part (c) of Theorem 4.43 and the formulas for the derivatives of sine and

cosine.

Example 4.61. Let f : (0,00) x R — R? be the function
(0,00) x R > (r,0) — f(r,0) := (rcosf,rsinf) (4.62)
and let (R, ) € (0, 00) x R. Then
fi(r,8) = rcosf = p(id(r), cos(6)) &  for,0) = rsing = p(id(r), sin(9)), (4.63)
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where p : R? — R is the product function from part (g) of Theorem 4.43. Diagrammatically, these
compositions can be written as

(0,00) xR (0,00) xR
p idx cos & p id xsin ) (464)
R~— (0,00) xR R~— (0,00) x R
By the chain rule (Theorem 4.26), the diagrams
R? R?
D(R,cos ¢V Y(R,@(idXCOS) & D(R,sin ¢7 Y(R@)(idXsin) (465)
R D(r,¢) /1 R R D(r,g)f2

commute. By Exercise 4.51, these diagrams become

R2 R?
D(z,cos ¢V \(DRmX (D cos) & Dirsin ¢7 ‘\DR@ X(Dysin) (4.66)
R<— R2 R<~—FR2

D(r,¢) 1 D(r,¢) 2

By parts (b) and (e) of Theorem 4.43, problem 2-2 in [13], and together with knowledge of the
derivatives of sines and cosines, applying these linear transformations to (u,v) € R? gives

(u, —vsin @) (u,vcos )
D<R7COSV w(_ - sin 6) & D(Rvsiny \dx( - cos ) (4.67)
ucosgb—vRsmqﬁm(u,v) usm¢+chos¢>m(u,v)

Thus, f is differentiable at (R, ¢) and Dgg)f : R? — R? is the linear transformation
R* 3 (u,v) = (Dre) f)(u,v) = (ucos ¢ — vRsin g, usin ¢ + vRcos ¢). (4.68)

Exercise 4.69. Using only the results known so far, calculate the differential of the inner product
(-, ) :R*"xR" = R at the point 0. Prove that ( - , - ) is differentiable everywhere. Use this to
prove that the norm squared | - | : R” — R is differentiable and calculate its differential.

As you might have guessed from parts (f), (g), and (h) of Theorem 4.43, for any ¢ € R", the
entity D, seems to have meaning of its own independent of any differentiable function f : R — R™
that is put in to produce D, f. What type of mathematical object is D.? It takes in functions that
are differentiable at ¢ and it provides linear transformations. We will explore this in further detail
soon. D. is an example of a derivation.

Level 1 problems.
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From Spivak [13]: 2.1, 2.2, 2.3, 2.5, 2.6, 2.7, 2.10 parts (a) and (b), 2.10 parts (c¢) and (d), 2.10
part (e), 2.10 parts (f) and (g), 2.10 parts (h) and (i), 2.10 part (j), 2.11 part (a), 2.11 part (b),
2.11 part (c)

From these notes: Exercise 4.14, 4.16, 4.39, 4.51, 4.53, 4.55

Level 11 problems.
From Spivak [13]: 2.4, 2.9, 2.12, 2.13, 2.14, 2.15, 2.16
From these notes: Exercise 4.20, 4.41, 4.69
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5 February 2: Partial Derivatives

In Exercise 3.28, we introduced the inclusion functions ¢; : R — R” onto the ¢-th coordinate.
Given a function f : R™ — R™, the resulting function f o ¢; : R — R™ is given by

R >z — (fog)(z;):= f(0,...,0,2;0,...,0), (5.1)

where the non-zero entry is in the ¢-th slot. In that same exercise, we saw that this was a special
case of precomposing f with a straight curve through an arbitrary point. Recall, if ¢ € R™ and
v € R" is a vector, let 7., : R = R" denote the curve

R3St yep(t) :=c+ to. (5.2)

As a special case, consider the vectors {e;} for all i € {1,...,n} and the corresponding curves
{7ee: - These draw out a “coordinate axes” at the point c.

f}/C;ej

70;61'

Precomposing f with any of these curves gives a function f o+, of a single variable, namely, the
1-th coordinate

Rt (fovee) ()= flcry.. ., Cim1,6 + 1, Cig1, .-, C). (5.3)
Here ¢; denotes the j-th coordinate of c.

Definition 5.4. Let f : R® — R and let ¢ € R". The i-th partial derivative of f at c is the
derivative of the function f o 7., : R — R at 0, if it exists. It is denoted by?

(0:f)(€) = (Do(f 0 Vee)) (1) = (f © Yese,)'(0). (5.5)
Explicitly, it is given by
hm f(Cl, ey Ci1, G —+ t, Citly--- 7Cn) — f(Cl, ey Cim1,Ci5 Gy - 7Cn) (5 6)
t—0 t ' '

3All of this notation expresses the same mathematical entity. The first equality defines the left-hand-side, the
middle expression is in terms of differentials, and the final expression is in terms of the notation for derivatives from
our first semester of analysis.
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Thus, the partial derivative of f : R™ — R at c is the slope of f when restricted to the i-th
coordinate axis at the point c. Notice that it is not assumed that f is differentiable. The reason
we are only focusing on functions whose codomain is R is simply for convenience (consult part (c)
of Theorem 4.43) but also for the relationship to the slope from calculus on R.

Example 5.7. Consider the function f : R> — R given by

R? > (z,y) = f(a,y) == 2" — ¢, (5.8)

Let ¢ = (1,1). Then, the functions f o .., are given by

(foYee)) ) = f(L 4+, 1) = (14+)2 =12 =2t + ¢ (5.9)

rotated a bit
for another POV

and
(foVee) ) = f(1,14+1) =1* — (1 + ) = =2t — %, (5.10)

rotated a bit
for another POV
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Be careful, these functions are not the same as R z — f(z,1) =2? —1land R3> y — f(1,y) =
1—y?, respectively, though they are closely related (we will see exactly how in a moment). Anyway,
the partial derivatives of f are therefore

1+¢,1)— f(1,1 1412 —12 12412 2t
(01f)(c) = lim I )= JL1) = lim ( ) — lim — = 2 (5.11)
t—=0 t t—0 t t—0 t
and
L1+t — f(1,1 12— (1+t)?—-12+12 — 2t
(02f)(c) = lim A )~ fLD) = lim ( ) = lim —— = 2. (5.12)
t—0 t t—0 t t—0

Now consider the vector v = (1,1) and the associated curve 7.,. This curve can be depicted on
the graph of f as

rotated a bit
for another POV

as one can indeed show that f o~., = 0 is the zero function.

Our definition of the partial derivative is slightly different from Spivak’s. Let us verify that the
two definitions are the same.

Theorem 5.13. Let f : R" — R and let c € R". Let ¢.,; : R — R" be the function
R>h— @c,z(h) = (Cl, oy G, h, Citlyen- ,Cn). (514)

The i-th partial derwative of f at ¢ exists if and only if f o ., is differentiable at c;. Furthermore,
when this happens,

(0if)(c) = (f o pe;) (ci)- (5.15)
Proof. By definition of the ordinary derivative
Cly.o s Ci1,C+h,civ1, ..., cn) — fler, ..., ¢Cii1,Ciy Cixty - ooy Cn
(f o SDC'i)/(Ci) — lim f( 1 1 +1 ) f( 1 1 +1 )’ (516)
' h—0 h
which is exactly the same as the expression in (5.6) in Definition 5.4. [ |

The reason we use the definition of the partial derivative in terms of curves will become much
more important when we consider derivatives of functions defined on subsets of R™ that are not
necessarily open. In particular, the subsets we will look at will often be path-connected but they
might not be “rectangular” and contain straight lines. Take for example the unit circle S* in R2.
What should the derivative of a function f : S* — R be? We will come back to this point again
later.
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Exercise 5.17. Let f : R" — R™ be differentiable at ¢ € R"” and let v € R" be any vector. Show
that fo~., : R — R™ is differentiable at 0 and

(D0<f © '70;1)))(1) = (Dcf)@)' (5'18)
Another way to write this result is
(f ©7e)'(0) = (Def)(v). (5.19)
Theorem 5.20. Let f: R" — R™ be differentiable at ¢ € R™. Then the partial derivatives of the
component function f; at c exist for all j € {1,...,m}. In fact,
(0if5)(c) = (Defj)(ei) (5.21)
forallie{l,....,n} and all j € {1,...,m}. Furthermore,
(0:f5)(c) = {ej, (Def)(€:)) (5.22)

so that
(Oifi)(e)  (D2fi)(c) -+ (Onfi)(c)

(O1f2)(c)  (Bafa)(c) -+ (Onf2)(e)

[D.f] = (5.23)

OO @afu)©) - (@ufu)O)

Proof. Existence of the partial derivatives follows from Exercise 5.17. The explicit formula follows
from the chain rule. To see this, first note that

(DO’Vc;ez')(l) =€ (5'24)

by Exercise 4.53. By definition of the partial derivative and this previous facts,

(0:£3)(c) = (Do(fj ©Veer)) (1) = (Def) (ei)- (5.25)

By the chain rule and Exercise 4.55,
(Defj)es) = (Do) ((Def)(ei)) = {ej, (Def)(es))- (5.26)
[ |

To verify this with an example, recall Example 5.7.

Exercise 5.27. Let f : R? — R be the function defined by*

0 if (z,y) = (0,0) (5.28)

Ty
x2 +y2

R? 5 (z,y) = flz,y) = {

otherwise

a) For which vectors v does (f o 7..,)" exist? Evaluate it when it exists.
’.)/ K

4The following few exercises are from [9].
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(b) Do 0y f and Oy f exist at 07
(c) Is f differentiable at 07
(d) Is f continuous at 07

Exercise 5.29. Let f : R? — R be the function defined by

0 if (x,y) = (0,0)

R* > (z,y) = flz,y) = { s (5.30)

_z
1.2+y2

otherwise
(a) For which vectors v does (f o .,) exist? Evaluate it when it exists.
(b) Do 0, f and Oy f exist at 07
(c) Is f differentiable at 07
(d) Is f continuous at 07
Exercise 5.31. Let f : R? — R be the function defined by

R? 3 (z,y) = flz,y) = /]zyl. (5.32)
(a) For which vectors v does (f o .,) exist? Evaluate it when it exists.
(b) Do 01 f and Oy f exist at 07
(c) Is f differentiable at 07

)

(d) Is f continuous at 07

Exercise 5.33. Let f : R2 — R be the function defined by

0 if (x,y) = (0,0)
R? 3 (z,y) = f(z,y) = 2l otherwise
v 22 +y?

a) For which vectors v does (f 0~.,)" exist? Evaluate it when it exists.

(5.34)

(a)

(b) Do 01 f and Oy f exist at 07

(c) Is f differentiable at 07
)

(d) Is f continuous at 07

The converse of Exercise 5.17 is false and is an analogue of the situation for limits (and hence
continuity) from Exercise 3.28.

Exercise 5.35. Let f: R" — R"™ and let ¢ € R™. Construct an explicit example of a function f
for which f oy, is differentiable at 0 € R for all v € R" but for which f is not differentiable at c.
[Hint: try to find an example with n =2 and m = 1]
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Although the previous exercise makes us lose some hope, the following theorem brings our
spirits back. But before we can state it, let f : R” — R™ be differentiable on an open set U C R"
with ¢ € U. Consider the function U — R defined by

U x> (e, (Daf)ler)) = () (). (5.36)

Even if f is differentiable on U, there is no reason for these partial derivatives to satisfy any
particular properties such as continuity. Indeed, last semester, we saw that there were examples
of functions whose derivatives are not continuous. However, a partial converse to Theorem 5.20
holds.

Theorem 5.37. Let ¢ € R™ and let f: R™ — R™. If there exists an open set U C R™ with ¢ € U
such that

(a) (0;f;)(x) exists for all x € U and
(b) 0.f; : U — R is continuous at ¢
forallie{l,....,n} and j € {1,...,m}, then f is differentiable at c.

Proof. For simplicity, set m = 1. For f to be differentiable at ¢, there must exist a linear transfor-
mation D.f : R — R™ satisfying

|f(c+h) = f(e) = (Df)(h)]

h—0 ‘h‘

= 0. (5.38)

The proof of the theorem requires a lemma, which is just a special case of the Mean Value Theorem
in one dimension.”
Lemma. Under the same assumptions in the Theorem, for each h € V,(0) C R™, let ¢ > 0 be

small enough so that V.(c) C U. Set®
Di = pi—1 + hie; Vie{l,...,n} and py:=c. (5.39)

Then, there exist vectors i, ..., ¢, € V.(c) such that §; lies on the straight line between p;_; and
p; and

n

fle+h) = f(e) =Y (0 f)(@)hi. (5.40)
i=1
Proof of Lemma. Since (9;f) exists for all z € U, the function f o ¢g; @ [m(Di—1), m(5;)] — R™ is
defined and differentiable on a closed interval. The Mean Value Theorem applies to each component
so that there exists a ¢; € (m(ﬁi_l), e (ﬁl)) such that

(f © Sﬂc;i) (Wz(ﬁz)) - (f © Sﬂc;i) (771'(]5;71)) = (fo Spc;i)/(%)hi- (5-41)

5The idea is to rewrite the difference f(c+h)— f(c) for any h in a sufficiently small neighborhood of the origin in
R™ in terms of “one-dimensional” differences in orthogonal directions. The one-dimensional Mean Value Theorem
will then be used to express f(c+ h) — f(c) in terms of partial derivatives of f evaluated at nearby points. We
will then use this fact to construct a linear transformation D.f : R®™ — R™. Finally, the second step will be to use
continuity at c¢ to take the limit and prove that it satisfies the requirements of a differential.

6The vectors have be drawn on the p;’s to emphasize that they are vectors and not components of a vector.
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Set

G = (01 + hi,co+ho, ..o i1+ hiq, ¢4 qi, Gty - ,cn). (5.42)
Then,
f0i) = f(Dim1) = (0if ) (i) - (5.43)
Since this can be done for all i € {1,...,n}, a telescoping sum argument gives

n

Fleth) = fle) = D @) = F(Bia) = D (i) (@) (5.44)

i=1
|

(Back to proof of Theorem.) Since this can be done for each h € V,(0) C R", define D.f : V.(0) —
R™ to be the function

n

V(0) 3 b (Def)(h) ==Y (0 f)(e)hi. (5.45)

i=1
For any vector v € R™, there exists a vector h € V(0) and a scalar A € R such that v = Ah. Set
(Def)(v) := A(D.f)(h). This defines a linear transformation D, f : R* — R™. Using this definition
and the Lemma,

fleth) = F(e) = (Def)(h) — 321 (0if)(@)hi = 3532, (if)(0)hi

|h B ||
n . (5.46)
=2 (@:h@ - @NE) 5
Since (0;f) is continuous at ¢ for all i € {1,...,n}, since Ilzir% ¢; = c this implies
lllim<aif)((fi) = (0:.f)(c). (5.47)
—0
Furthermore, since % <1,
c+h)— flc)— (D.f)(h
h—0 |h|
by the Algebraic Limit Theorem. |

Exercise 5.49. Explain at which point the proof of Theorem 5.37 needs to be modified for when
m # 1 and precisely describe how to modify it.

Definition 5.50. Let ¢ € R™ and let f : R" — R™. f is continuously differentiable at c iff there
exists an open set U C R™ with ¢ € U such that

(a) (0;f;)(x) exists for all x € U and

(b) 0.f; : U — R is continuous at ¢
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for all ¢ and j. f is continuously differentiable on R™ (or some open subset U C R") iff f is
continuously differentiable at ¢ for all ¢ € R™ (or for all ¢ € U). The set of all continuously
differentiable functions on R" is denoted by C'(R™,R™) (or C*(R™,U)) and such a function is
said to be of class C'.

We have already seen in Exercise 5.35 that we cannot drop the continuity of the partial deriva-
tives in Theorem 5.37. However, notice that if the partial derivatives exist, nothing is stopping us
from defining the m x n matrix of partial derivatives

(Ofi)(e)  (Oafi)(c) -+ (Onfi)(c)

@1f2)(c)  (Bafa)(c) -+ (Onf2)(e)

[D.f] = (5.51)

Of)(©) @afu)©) - (@ufu)©)

Hence, a linear transformation D.f ezists but the problem is that it does not satisfy the limiting
condition required for D.f to be the differential of f at c. Indeed, in the previous proof, we
explicitly used the assumption that the partial derivatives are continuous to prove that the limit
condition is satisfied. We know that the topologist’s sine curve is differentiable but not of class
C'. However, it is also a rather complicated function. The following example illustrates that more
“reasonable” functions of several variables can be differentiable but not of class C*.

Exercise 5.52. Show that the function f : R? — R defined by

R? 3 (z,y) = f(z,y) == |zy] (5.53)

is differentiable at 0 but is not continuously differentiable.
Theorem 5.37 can be used to prove that many kinds of functions are differentiable.

Exercise 5.54. Use Theorem 5.37 to prove that the function
R? > (z,y, 2) = cos(e™z) € R (5.55)

is differentiable.
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Theorem 5.56. Let A C R"™ be an open subset and let f : A — R. Suppose that f attains its
mazimum at a € A and (0;f)(a) exists for allt € {1,...,n}. Then (0;f)(a) = 0.

Proof. This follows from the analogous theorem in one dimension by restricting to each variable.
|

Theorem 5.57 (Chain Rule v.2). Let a € R", let g : R* — R™, and let f : R™ — R. Suppose
that g; := m; o g is continuously differentiable at a and f is differentiable at g(a). Then

(0:(f 0 9))(a) = (9;£)(9(a)) (Drg;)(a). (5.58)

j=1
Proof. See [13]. [ |

Exercise 5.59. Let A C R” be an open subset of R", let ¢ € A, and let f: A — R be a function
for which the partial derivatives all exist and are bounded in an open neighborhood of ¢. Show
that f is continuous at c.

Level 1 problems.

From Spivak [13]: 2.17 parts (a) and (b), 2.17 parts (c) and (d), 2.17 part (e), 2.17 parts (f) and
(g), 2.17 parts (h) and (i), 2.20 part (a), 2.20 part (b), 2.20 parts (c) and (d), 2.20 part (e), 2.22,
2.28 part (a), 2.28 part (b), 2.28 part (c), 2.28 part (d)

From these notes: Exercises 5.17, 5.35, 5.49, 5.52, 5.54

Level 1I problems.

From Spivak [13]: 2.19, 2.23, 2.25, 2.27, 2.29 (warning: my notation is very different from Spivak),
2.30 (refer to 2.29 for the notation, but if possible, please be consistent with my notation in the
notes), 2.31, 2.32 part (b), 2.33, 2.34, 2.35

From these notes: Exercise 5.59

Level I1I problems.
From Spivak [13]: 2.26
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6 February 7: Vector Fields

Given a function f : R® — R™ that is differentiable on an open set U C R", what happens
to the differential D, f as x € U varies? What sort of mathematical object is the assignment
U>xw— D,f? This assignment defines a function

U 29 Hom(R™, R™), (6.1)

where

Hom(R™, R") := {Rm LR Tis linear} (6.2)
is the set of linear transformations from R"™ to R™. The “Hom” stands for “(linear) homomor-
phism.” The box [ is meant to denote that the input x € U gets placed there. From this
perspective, one can interpret D, f as the first order (linear) approximation to the differentiable

function f at 2.7

/

Since a linear transformation, such as D,f : R® — R™ is determined by what it does on the
standard basis, the amount of skewness provides some local information as to the behavior of the

function f near z.
From the case in one dimension, this reduces to

U 225 Hom(R, R) (6.3)

and since the function D, f is linear for every x € U, this means it is completely determined by
its value at 1 (this is the slope f’(z)). Recall, that for any two sets X and Y, the set of functions
from Y to X, denoted by X', comes equipped with a family of functions ev, : X¥ — X for every

element y € Y, given by
XY'3 g evy(g) = g(y) (6.4)

"Higher order derivatives might be discussed later in the course, but the idea behind this might be familiar.
The first derivative is just the first order term in the Taylor expansion of a function.
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and known as evaluations. Since Hom(R™ R") C (R™)®") it, too, comes equipped with such
evaluation functions for any vector in R". Consider, then, the following composition of functions

R & R™ &9 Hom(R™, RY) 22 ¢ (6.5)
B Usaos (o (Daf)e)) = (Ouf)(). (6.6)

Because of the relationship between partial derivatives in terms of straight curves and differenti-
ation and the differential, the function U — R™ on U defined by sending = € U to (D,.f)(e;) can
therefore be visualized by evaluating the differential of f on the vectors e; scattered at every point
of the neighborhood U.

2 .
1 > >
0 R

-1 >

2 4 0 1 )

In particular, for a differentiable function of the form f : U — R with U C R” open, the
composition reduces to

Usxw— (D,f)(e;) = (0:f)(x). (6.7)
Example 6.8. Let f : R? — R be the function from Example 5.7, namely
R > (z,y) = f(z,y) == 2" —y*. (6.9)

Consider the set of curves {'y(x,y);el}(%y)eRz and the associated functions f o v e, : R — R. For
example, in the following plots, the graphs of some of these functions are depicted.

rotated a bit
for another POV
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Explicitly,
Rt (fovayse)t) = fle+1,y) (6.10)
Set U := R?. Thus, the function (Dgf)(e;) : U — R is the function
fletty) = flzy) 2wt 4+t

Rza(x,y)Hg% . = lim —— = 2z. (6.11)

This is indeed nothing more than the function

U3 (z,y) = (0uf)(z,y), (6.12)

the partial derivative of f with respect to the first coordinate as we expected.

Why on earth would we complicate the partial derivative in such a manner? The point is to
view it as a very special case of evaluating the differential Dy f on vectors that might also depend
on the input! For example, given the set of varying vectors in Example 3.8, we could evaluate the
differential on this set of “moving vectors” and obtain a completely different function on U.

Definition 6.13. A vector field on R™ is a function V' : R® — R". A vector field is continuous
(differentiable) iff it is continuous (differentiable) as a function.

Example 6.14. Let W : R? — R? be the function defined by
R? > (z,y) = W(z,y) := (—,y). (6.15)

Then W is a vector field, which can be depicted as in the following plot.

BN
2 ///f\
7 Y NN
11— /7 t A \\\'\‘\
| —=—7 7 _ 7 7 AR RN N
|
G N Y ¥ ¥ 7 e |
1IN NN Y e
SN~
-2
\ \u//i/
—2 1 2

The arrows are scaled to 1/4 their actual lengths for easier view.
Example 6.16. For each i € {1,...,n}, let E; : R™ — R" be the constant function given by
R" >z +— Ei(x) :=e;. (6.17)

Then FE; is a vector field for all i € {1,...,n}. These vector fields are the standard Fuclidean vector
fields in R™. For example, E; and E, in R? are plotted as
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2 - |
1
1 - |
0
O - |
-1
-1t |
-9 | | | | -9
—2 -1 0 1 2 —2 -1 0 1 2
respectively.

Definition 6.18. Let f : R” — R be a differentiable function and let V : R® — R" be a vector
field. Set Vf : R™ — R to be the function defined by®

R" >z — (Vf)(z) = (D.f)(V(2)). (6.19)

This definition also makes sense for functions on open subsets. Diagrammatically, given such
a function f : U — R™ on an open subset U C R", the new function Vf : U — R™ is the
composition
R™ & Hom(R™,R") x R" 222V v & 1, (6.20)
where A : U — U x U is the diagonal map defined by sending z € U to A(z) := (x,z) and where
Ev : Hom(R™ R") xR" — R™ is the evaluation function defined by sending a linear transformation
T € Hom(R™,R") and a vector u € R™ to Ev(T,u) := T'(u). Therefore, vector fields V : U — R"
can also be viewed as operations V that take in differentiable functions f : U — R™ and spit out
functions Vf : U — R™.

vector differentiable

N

functions

fields functions

Example 6.21. As a special case, consider the vector fields E; on any open subset U C R™ and
let f:U — R be a real-valued differentiable function on U. Then

Eif = 0if, (6.22)

the partial derivative of f in the i-th variable.

8We will use the notation V to represent the operator associated to the vector field V instead of calling it
V again (most texts use the same notation). The reason we should use new notation is to avoid the ambiguous
situation of a vector field defined on R and a function f : U — R defined on an open subset U C R. In this case, V' f
could have two possible meanings. On the one hand, it could mean the function U > 2 + (D, f)(V(x)) but on the
other hand, it could simply mean the function U 3 z — V() f(z). Of course, we could simply clarify depending on
the context, but let us just be safe and use slightly different notation all-together to avoid the ambiguity.
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Example 6.23. Let V : R? — R? be the vector field

R? > (z,y) = V(z,y) := (y, —x). (6.24)
and let f : R? — R be the function

R? 3 (z,y) = f(z,y) == 2° — y°. (6.25)
Then

V(@) = Dy /) (V(x,y)) = dzy. (6.26)

Exercise 6.27. Let W : R?2 — R? be the vector field defined by

R? 3 (2,y) = W(z,y) = (—2,y) (6.28)
and let f : R? — R be the function

R? 3 (z,y) — f(z,y) == 2% — > (6.29)
Calculate (WF)(z,y) = (D f)(W(z,y)) for all (z,y) € R%

Vector fields have numerous properties reminiscent of the differential.

Theorem 6.30. Let f,g: R™ — R be differentiable functions, let A € R, and let V : R® — R" be
a vector field. Then

(a) V(f +9)=V(f)+V(9),
(b) VINS) = AV(f), and

(c) V(fg)=V(f)g + fV(9).

Proof. (a) and (b) follow from linearity of D, f and the definition of Vf. (c) follows from the
product rule. [ |

This theorem shows that vector fields can be thought of as linear transformations from the
vector space of differentiable functions to the vector space of all functions that also satisfy a
Leibniz property (the product rule). We will come back to this crucial observation when discussing
arbitrary vector fields on manifolds. Also note that all of the above definitions make sense for
functions f : R™ — R™ except where one multiplies functions in which case m must be 1.

Exercise 6.31. Let V : R® — R"™ be a vector field.

-----

V=> $E;. (6.32)
=1

In fact, show that these functions are given by
R" 3z (x) = (e;, V(z)) (6.33)

forall i € {1,...,n}.
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(b) Use this to conclude that
V=Y wi(ouf). (6.34)
i=1

(c) Use this to show that V' is differentiable if and only if ¢; is differentiable for all i € {1,...,n}.

Given an open set U C R", a vector field V : U — R", and a differentiable function f :

U — R™, we get a function Vf : U — R™. Suppose this function is also differentiable. Then, for

another vector field W : U — R™, we can obtain the function W(Vf) : U — R™. Suppose that

W : U — R™ is also differentiable. Then we can compare the two functions W(Vf) and V(W)
by looking at their difference

VWF) = W(Vf). (6.35)

When restricted to the set of all functions f : U — R” for which Vf and W[ are differentiable,
we can define the vector field operator

VW] :=VoW-WoV, (6.36)

but we must be careful about its domain of definition due to the fact that our functions must be
twice differentiable in a sense that will be made more precise later in this lecture. Ignoring this
technicality for the moment, in general, this expression is non-zero. In fact, it need not be zero
even in the special case where V = & and W = &;. Indeed, there exist functions f : U — R™ for
which

E(&if) — Ei(&if) = 0,05 f) — 9;(0:f) # 0. (6.37)

Fortunately, with an additional assumption on these functions, the result is zero and the partial
derivatives are said to commute.

Theorem 6.38. Let A C R"™ be open, fitc € A, let f: A—= R, and firi,j € {1,...,n}. Suppose
there exists an open set U C R™ with ¢ € U C A such that 0,f, 0;f 0;,(0;f), and 0;(0;f) are all
well-defined on U and suppose that both 0;(0;f) and 0;(0;f) are continuous at c. Then

(2:(9:N) () = (9;(0:1)) (€)- (6.39)
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The following proof comes directly out of [9].

Proof. 1t suffices to prove the theorem for a function f of two variables. Hence, write c as ¢ = (a, b).
Therefore, the goal is to prove

(02011)(c) = (9102f)(c). (6.40)
By the definition of the ordinary derivative of a single variable (the second variable in this case),

(0:(0.)) (¢) = lim 2@ O TE) = (B1f)(a.P)

k—0 k

. (6.41)

Applying this definition one more time (to the first variable now) to 0, f gives

1( flat+hb+k)—fla,b+k) f<a+h=b)_f(a’b)>, (6.42)

(©:(aN)(©) = Jim | iy h T h

By the Algebraic Continuity Theorem, this becomes (please note the order of limits must be
preserved)

(001 (@) — i Ty LT o0 TR = @b K) — flat ) + fla)

k—0 h—0 hk ’ (6.43)

The expression for (010:2f)(c) is the same but with the limits performed in the opposite order.
This calculation motivates the following definitions and notation. Because U is open, there is a
closed rectangle R of the form [a,a + h| X [b,b + k] for some h,k > 0 contained in U. Let A(h, k)
be the expression

A(h, k) = f(a,b) — f(a+h,b) — fla,b+k)+ fla+hb+k). (6.44)

Our goal, therefore, is to prove

o AR ARk
Tl e A e e R R (6.45)
To do this, we will need a lemma.
Lemma. There exist points p,q € R such that
A k) = (@) E)E & A k) = (02) (@) hk. (6.46)
Proof of Lemma. Let ¢ : [a,a + h] — R be the function defined by
[a,a+h] 51— o(r) = f(r,b+k)— f(r,b). (6.47)
Note that
¢la+h) —¢la) = fla+h,b+k)— fla+ h,b) — fla,b+ k) + f(a,b) = A(h, k). (6.48)
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Because 0, f exists in U, ¢ is differentiable in an open interval containing [a,a + h]. By the Mean
Value Theorem (MVT), there exists an ry € [a,a + h] such that

by MVT
e

dla+h)—¢la)  (¢(ro))h

by (6.48/ \ay (6.47) (6.49)

A(h k) ((O1f)(ro, b+ k) = (9 f)(r0, b))
The MVT can be used once again applied to the function
b,b+ k| > s (01 f)(ro,s) (6.50)
so that there exists an so € [b,b+ k] such that

(O f)(ro, b+ k) — (01 f) (10, b) = (0201f)(ro, S0)k- (6.51)

Setting p := (1o, So) gives
A(h, k) = (0201)(p) k. (6.52)

A similar proof works considering the function v : [b,b+ k] — R defined by
[b,b+ k] >t Y(t) = fla+ h,t) — f(a,t). (6.53)
from which ¢ can be constructed satisfying the right-hand-side of (6.46). |

(Back to proof of Theorem.) Since this lemma is true for arbitrary sufficiently small h and k, for
every sufficiently small ¢ (such as for all ¢ satisfying 0 < ¢ < min{h, k}), the assignment ¢ — A(¢,t)
defined on the rectangle

Ry :=la,a+1t] x [b,b+1] (6.54)

is well-defined. By the previous Lemma, for each such ¢, there exist p;, ¢; € R; such that

AL, 1) = ((8261f)(pt))t2 & At 1) = ((alan)(Qt))tQ- (6.55)

By continuity of both 0,05 f and 0,0 f at ¢ and because lir% P =c= PI% qs,
— —

i) — oo e & malbd

t—0  t2 t=0  t2

= (0102f)(c) (6.56)

respectively. Since the left-hand-sides are the same for each of these equalities, this proves that
(0201 f)(c) = (0102f)(c). (6.57)

[ |

Exercise 6.58. Indicate how the proof of Theorem changes if the function f in the statement is
assumed to have codomain R™ instead of R.
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Definition 6.59. Fix £k € N. Let ¢ € R” and let f : R* — R™. f is k times continuously
differentiable at c iff there exists an open set U C R"™ with ¢ € U such that

(a) (0 ---0;,fj)(x) exists for all x € U and
(b) 0, ---0;,f; : U — R is continuous at ¢

for all 4y,...,4, € {1,...,n} and j € {1,...,m} forall l € {1,...,k}. fis k times continuously
differentiable on R™ iff f is k times continuously differentiable at ¢ for all ¢ € R™. The set of all k
times continuously differentiable functions from R™ to R™ is denoted by C*(R™,R") and such a
function is said to be of class C* on R™. Sometimes, the shorthand notation C*(R™) is used if it
is clear from context that one is considering real-valued functions f : R” — R and not functions

with more than one component.
Exercise 6.60. Let g : R — R be a function of class C? on R. Show that

J(¢) = 1im 9+ 1) = 20(0) + gle — )

hs0 h? (6.61)

[Hint: Use ideas from the proof of Theorem 6.38.]

Definition 6.62. Let ¢ € R™ and let f : R™ — R™. f is infinitely continuously differentiable at c
iff f is k-times continuously differentiable at ¢ for all £ € N. f : R" — R™ is infinitely continuously
differentiable on R™ iff f is infinitely continuously differentiable at ¢ for all ¢ € R™. The set of all
infinitely times continuously differentiable functions on R" is denoted by C'*°(R™,R™) and such a

function is said to be of class C* on R".

Analogous definitions can be made for functions f : A — R™ defined on an open subset A C R™.

Exercise 6.63. Prove or disprove the following:? “Let ¢ € R™ and let f : R® — R™. f is infinitely
continuously differentiable at ¢ if and only if there exists an open set A C R” such that ¢ € A and
feC>R™ A).” Prove any direction that is true and provide a counter-example to any direction
that is false. [Warning: The subtlety that I am noticing is that the definition we gave states there
exists a Uy C R” for each £ € N, but what happens if these open sets get smaller and smaller as
k increases?|

Theorem 6.38 implies the following result.

Corollary 6.64. Let U C R"™ be open and let f : U — R be a function of class C* on U. Then
0;0;f = 0;0;f (6.65)
foralli,j € {1,...,n}.

There is a subtle but important distinction between continuously differentiable functions and
just differentiable functions. The same is true for higher derivatives, but we need to define what
it means for a function to be twice differentiable.

9 don’t know the answer!
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Definition 6.66. Let A C R"™ be open, let ¢ € A, and let f : A — R™ be a function. f is twice
differentiable at c iff there exists an open set U C R” such that

(a) ce U C A,
(b) f is differentiable on U, and
(¢c) 0:f; is differentiable at ¢ for all i € {1,...,n} and j € {1,...,m}.

The above definition uses partial derivatives in a crucial way. However, as we will be studying
manifolds in the coming lectures, it will be important to provide a definition that is independent
of coordinates (for arbitrary domains, it might not be possible to define 9;f).

Theorem 6.67. Let A C R" be open, let c € A, and let f : A — R™ be a function. Then f is
twice differentiable at c iff there exists an open set U C R™ such that

(a) ce U C A,
(b) f is differentiable on U, and

(c) for every differentiable vector field V : U — R™, the functions Vf; : U — R are differentiable
atc for all j € {1,...,m}.

Proof.

(<) Fix ¢ € {1,...,n}. Set V := E;. Since E; is differentiable (it is constant), & f; = 0.f; is

differentiable at c. Since ¢ and j were arbitrary, this proves that f is twice differentiable.

(=) Let V : U — R" be a differentiable vector field. By Exercise 6.31, there exist a unique set of

-----

V= ZME% (6.68)
=1
Therefore,
V=Y wiEify =Y ¢ioif;, (6.69)
=1 =1

which is a finite sum of a product of differentiable functions. Hence, Vf; is differentiable for all
jedl,....,m}. [

Notice that f is required to be differentiable not just at ¢ but on some open neighborhood of
cin A (the definition would not make sense if Dy f was not defined in a neighborhood of ¢ since
to take the next derivative, we need to know the values of Dgf in a neighborhood of ¢). This is
so that we can iterate and use our earlier definition. In particular, this definition can be used to
define what it means for a vector field to be twice differentiable. Therefore, this can be used to
inductively define what it means for a function to be k times differentiable for any k£ € N.

Definition 6.70. Fix k € N. Let A C R" be open, let ¢ € A, and let f : A — R™ be a function.
fis k times differentiable at c iff for every (k — 1) times differentiable vector field V : U — R™,
the functions Vf; : U — R are (k — 1) times differentiable at ¢ for all j € {1,...,m}.
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Exercise 6.71. Make a statement analogous to Theorem 6.67 so as to characterize what it means
for a function f: A — R™ to be k times differentiable without using vector fields and only using
partial derivatives as in Definition 6.66. Prove your claim.

Finally, we can then use this to define infinitely differentiable functions.

Definition 6.72. Let A C R" be open, let ¢ € A, and let f : A — R™ be a function. f is infinitely
times differentiable at c iff f is k times differentiable at ¢ for all £ € N.

Exercise 6.73. Let A C R" be open and let f: A — R™ be a function. Prove or disprove: “f is
infinitely times differentiable on A if and only if f is of class C"™° on A.”

Exercise 6.74. Let f : R3 — R3 be the function defined by
R? > (p, ¢, 0) — f(p,¢,0) := (pcosgbsin@,psingbsin@,pcos 9). (6.75)

(a) Calculate the matrix associated to the linear transformation Dy, f : R* — R?® with respect
to the standard Euclidean basis.

(b) Calculate the determinant det (D, 4.0 f)-

(c) Let
T T
— 11,2 [—] [—} .
S:=11,2] x |0 5] % 0 5 (6.76)
Sketch the image of S under f. On the same drawing, sketch the images of the unit vectors

e1, €2, 3 € R3 at any point of your choice in S.

Level 1 problems.
From Spivak [13]:
From these notes: Exercises 6.27, 6.58, 6.71

Level 1I problems.
From Spivak [13]: 2.24
From these notes: Exercises 6.31, 6.60, 6.63, 6.73, 6.74
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7 February 14: Differential Equations and Dynamical Sys-
tems

(This lecture is now the only content for Week #04. ]

As we saw from the last few lectures, there are many technical and subtle differences between
different definitions of differentiability. This can get annoying when trying to formulate theorems
since their validity may depend on the precise nature of the assumptions. As a result, we will
often assume that our functions are of class C* for some k& € N. Let us now get back to vector
fields and their applications. But before we do that, we will refresh our memory by recalling some
points from ordinary differential equations of a single variable. A more through explanation of
this material will be differed to when we learn about integration. In many exercises, you will be
asked to plot vector fields and plot some integral curves. You may use whatever program you deem
appropriate, but I highly recommend using Mathematica’s VectorPlot and StreamPlot features.

Example 7.1. The present example is motivated by the discussion in [12]. Without considerations
to domain, suppose you had a function z of a single variable ¢ that satisfies

' (t) = - (7.2)

for all ¢ for which the right-hand-side makes sense. What should the function = be? Upon some
thought, perhaps z(t) = log(t) would work. Or more generally, you might guess x(t) = b + log(t)
for some constant b. However, the derivative function 2’(¢) makes sense for all values of ¢ away from
0. Meanwhile, the domain of log consists only of positive real numbers. Upon more contemplation,
another solution that works is z(t) = a + log(—t) for some constant a but this time the domain is
different. Only after putting these two solutions together do we obtain a general solution to the
differential equation (7.2)

£(t) = {a +log(—t) fort e (—o0,0) (73)

b+ log(t) for ¢t € (0, 00)

for some constants a,b € R. Notice the important point of not only the domain issue mentioned
above, but also the existence of two integration constants! In calculus, you were probably shown
that the anti-derivative of a function usually involves one integration constant. This is true for
integrable functions defined on a connected domain (we will discuss integration later and for now
[ am relying on your experience with having taken calculus). In general, there is an integration
constant for each connected subset of the domain. One way to visualize these functions without
even attempting to solve the differential equation is to plot the graphs of the slopes of the function
x using the differential equation. Namely, for every point ¢ € R\ {0}, draw the vector (1,2'(t)) at
the points (¢, s) for every s € R. This defines a vector field on R? \ ({0} X ]R). Visually, we can see
that the solutions of (7.2) “hug” these vectors.

60



T T T T

oF ~ =~ ~S\N e
| | \\ | | |

-3 -2 -1 0 1 2 3

In the figure above, the vector field
1
R*\ ({0} xR) > (t,z) = V(t,z) == (1, ;) (7.4)

has been drawn with is vectors scaled by a factor of % for easier viewing purposes.

Exercise 7.5. Consider the differential equation
t(22° — 132’ + z(2t* — 2%) = 0, (7.6)

where x is assumed to be a function of ¢ so that ' means the derivative of x with respect to t.
Calculate the associated vector field (being careful to explain the possibility of dividing by 0), plot
it on the domain [—1, 1], and describe its integral curves without finding their explicit expressions.

It is not necessarily true that if a solution exists to a differential equation then its solution
through a point is unique. We will later study assumptions which guarantee the existence and
solutions of differential equations later when we learn about metric spaces.

Example 7.7. Consider the differential equation
(1) =t (7.8)

which is defined for all ¢ > 0. For every ¢ > 0, there are two possible vector fields associated with
this differential equation. These vector fields, denoted by V., V_ :[0,00) x R — R?, are given by

[0,00) x R 2 (t,2) — Vi(t,z) == (1, \/5) (7.9)

and
0,00) x R > (t,2) = V_(t,z) == (1, —V1), (7.10)

respectively.
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The vectors were scaled by a factor of i for easier viewing purposes.

Example 7.11. The present example is also from [12]. Consider now the second order differential
equation

2"(t) = 0, (7.12)

where x is a function of ¢ € R. Rather than working through the solution of this differential
equation (which you should verify is of the form z(t) = at 4+ b with a,b € R), write this as two
first order differential equations in the form

'(t) = y(t)
y(t)=0
by introducing the function y whose domain is R. By substituting back, you can check that the

(7.13)

original ODE is obtained. In this way, a solution to the original ODE (7.12) can be expressed as
a solution to (7.13) which describes a parametric curve t — (z(t),y(t)). There is a vector field
associated to the ODE (7.13)

1
0.5 :
0l T |
0.5 |
—1 ! ! ! !

-15 -1 —-05 0 0.5 1 1.5

whose solutions are curves “hugging” along the vector field lines (the vectors have been scaled by
a factor of %) Indeed, the solutions are y = a for some constant a € R. The behavior of these
solutions depends on whether a > 0,a = 0, or a < 0. Thus x as a function of time either increases,
remains in place, or decreases in these respective possibilities.
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As the previous example illustrates, for several functions of a single real variable, it can be
useful to use vector fields to provide a visualization of differential equations. Besides the reason of
providing visualizations of second order differential equations, another reason is that the derivative
of a function f : R — R"™ can no longer be interpreted as just a slope. Instead, we visualize solutions
of differential equations as integral curves.

Definition 7.14. Let V : R" — R” be a vector field and let ¢ € R™. An integral curve through c
consists of an open interval U C R and a differentiable curve v : U — R"™ such that

(a) 0 €U,
(b) v(0) = ¢, and
(¢) (Dyy)(1) =V (y(t)) for all t € R.

Example 7.15. Let V : R? — R? be the function defined by
R? > (z,y) = V(z,y) := (y, —x) (7.16)

and consider the case ¢ = (a,b) € R? as an arbitrary initial condition with not both a and b equal
to zero. Suppose that an integral curve v : R — R? through c exists. Let 71,72 : R — R be the
components of such an integral curve. Then such curves must satisfy the conditions

N(t) = 2(t)

50 = =1 ) (717)

and the initial conditions

710)=a &  10)=0 (7.18)

This is an example of an initial value problem (an ordinary differential equation). We are postu-
lating that solutions exist and we will confirm whether or not the set of solutions is non-empty by
attempting to find an explicit formula for a solution. We assume that ~ is twice-differentiable, in
which case the initial value problem becomes

Y (t) = 1(t) = —mn(t)
Yy (t) = =7 (t) = =5 (t)

whose solutions might be more transparent: the sine and cosine functions satisfy the condition

(7.19)

that if you differentiate them twice, they are negatives of themselves. Thus, the solutions should
be of the form

71(t) = Acost + Bsint

7.20
Y2(t) = Ccost + Dsint (7.20)

for some as of yet undetermined coefficients A, B, C, D € R. To determine these constants, we use
the initial conditions and the first order differential equation itself. The initial conditions provide
for us

a=v(0)=A4 & b=(0)=C. (7.21)
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Differentiating (7.20) gives

v1(t) = —asint + B cost

: . (7.22)
vVo(t) = —bsint + D cost.
Using this and (7.17) gives the constraints
—asint + Bcost =bcost + Dsint & —bsint + Dcost = —acost — Bsint  (7.23)

for all ¢t in some domain which we will soon discover. Whatever this domain is, it must contain
t = 0 so plugging this in gives
B=b & D = —a. (7.24)

Hence, the supposed solution to the initial value problem is
R > ¢+ (t) = (acost + bsint,bcost — asint) (7.25)

which is indeed defined for all ¢ € R and solves the initial value problem.

The previous example has integral curves that are periodic.

Definition 7.26. Let V : R® — R" be a vector field. An integral curve v : R — R" is periodic iff
there exists a T € R such that

Yt +T) =~(t) VteR. (7.27)

When 7y is periodic, the smallest such non-negative value of 7" is called the period of the integral

curve .

Exercise 7.28. Let V : R? — R? be the vector field given by

Plot V' on a graph and calculate all of the integral curves of V' specifying their precise domains.
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Exercise 7.30. Let V : R? — R? be the vector field given by

V(z,y) = (2% y). (7.31)

Plot V on a graph. Calculate the integral curves of V' and see which ones are defined on all of R.
In particular, given an arbitrary initial condition, define the domain on which an integral curve
exists satisfying the initial conditions.

One of the reasons for studying vector fields is that they describe systems that can be described
by differential equations. To see this, consider a simple n-th order differential equation (in a single
variable) of the form

£ g FD g D g f = 0 (7.32)

where f is a real-valued function of a single variable and the a;’s are real numbers.! Then by
setting
T = f, zo = O L = Y, (7.33)

we get n coupled first order differential equations

/
Ty = T2,
, —_—
Ty = T3,
(7.34)
, —_—
Tp_1 = Ty

/
T, = aor1 +a1x2+ -+ ap_1T,

This last set of equations is a differential equation obtained from a vector field on R™. The vector
field R™ — R™ in question is defined by

R" > (z1,...,2,) — (1’2,3:3, T, QT+ 1Ty + e+ an,lxn). (7.35)

Therefore, from an n-th order ordinary differential equation, we obtained a vector field. The
integral curves of these vector fields are precisely the set of solutions to the n-th order differential
equation once the variables are changed. In general, the system of (coupled) first order differential
equations associated to an arbitrary vector field V' : R® — R" are given by

:L‘/1 = ‘/1(113171‘2, T ,ZL‘n)
2l = Valay, &, .., ) (7.36)
x; - Vn(xlax% Tt ’x”)

where V; := m; 0oV is the i-th component of V. Equivalently, if v is assumed to be an integral curve
of V, this can be rewritten more concisely as

V(1) =V (x(1)). (7.37)

10Tp fact, the a;’s do not have to be constant coefficients and can more generally be functions of ¢t. This gener-
alization is explored in Exercise 7.38.
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It turns out that it is not always possible to obtain a single n-th order differential equation from
such a system. Therefore, vector fields describe a far more general set of differential equations
than higher order differential equations (a more precise statement will be provided in Exercise
7.38). Since we only described a very simple type of n-th order differential equation, the following
exercise should convince you that far more general equations are allowed.

Exercise 7.38. Let f : R — R be n times differentiable and let G : R® — R be a function. Show
that the n-th order differential equation

fO—G(f, fO, ) =0 (7.39)

can be reduced to a system of n coupled first order differential equations.

Definition 7.40. Let V : R® — R” be a vector field on R". The critical points of the dynamical
system associated to V' are the points z € R™ such that V(z) = 0.

The critical points of a vector field often provide a lot of useful information about the integral
curves and their behavior in the vicinity of critical points.

Exercise 7.41. Consider the differential equation in R? given by

T=ar+b
. Y (7.42)
y=cx—+dy
where a, b, ¢, d € R. The dot is another notation for the derivative, typically used when we interpret
the quantity to change in time. Let A be the 2 x 2 matrix given by

a b
A= 7.43
. (7.43
and
v(t) == (z(t), y(t)) ViteR. (7.44)
Then, the differential equation (7.42) can be expressed as
i(t) = Ay (1) (7.45)
for all t € R.

(a) Show that this first order linear differential equation can be expressed as a second order
differential equation of the form

Z—tr(A)z + det(A)x =0 (7.46)

(and similarly for y), where Z is the second derivative of x, tr(A) is the trace of A (the sum of
its diagonal entries), and det(A) is the determinant of A. Use this to argue that if P is another
matrix, then PAP~! gives exactly the same set of second order differential equations.

(b) Solve the system assuming the initial conditions are x(0) = 2o and y(0) = yo. Note: you will
need to split the solutions into the following four cases

66



i) det(A) =0 and tr(A) =0,

ii) det(A) =0 and tr(A) # 0,

iii) det(A) # 0 and tr(A)? # 4det(A), and
) det(A) (A)* =

det(A) # 0 and tr(A)? = 4det(A).

iv

(c¢) Further subdivide the previous solutions based on the behavior of the integral curves in the
vicinity of the critical point. Note: be aware that complex eigenvalues are possible.

Exercise 7.47. Let V : [0,00) X [0,00) — R? be the vector field given by
[0,00) x [0,00) 3 (z,y) — V(z,y) := (0.4z — 0.4zy, —0.1y + 0.2zy) (7.48)
so that the associated differential equation describing dynamical system is

= 0.4z — 042y

. (7.49)
y=—0.1y 4+ 0.2zy

This dynamical system describes a simple model for a predator-prey community. Here x is the
prey and y is the predator.

(a) Plot the vector field V' on the domain [0, 2] x [0, 2].

(b) Calculate the critical points of V.

(c) In physical terms, describe (do not calculate) the integral curves of V' in the vicinity of the
critical points. What happens as you move slightly away from the critical points but still
remain within the domain (0, 00) x (0, 00)?

(d) Describe the integral curves for the initial conditions where x(0) = 0.
(e) Describe the integral curves for the initial conditions where y(0) = 0.

Exercise 7.50. Let V : [0,00) x [0,00) — R? be the vector field given by

[0,00) % [0,00) 3 (1) = V(z,y) = (291: (1 - g) — 2y,3y (1 - %) - 23:y> . (7.51)

The dynamical system associated to is a simple model describing two species z and y competing
for the same source of food.

(a) Plot the vector field V' on the domain [0, 2] x [0, 2].
(b) Calculate the critical points of V.

(c¢) In physical terms, describe (do not calculate) the integral curves of V' in the vicinity of the
critical points. What happens as you move slightly away from the critical points but still
remain within the domain (0, c0) x (0, 00)?

(d) Describe the integral curves for the initial conditions where z(0) = 0.
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(e) Describe the integral curves for the initial conditions where y(0) = 0.
Exercise 7.52. Let V : R? — R? be the vector field with associated system of differential equations
given by

(7.53)

(a) Plot the vector field V' on the domain [—-2,2] x [-2,2].
(b) Find the critical points of this dynamical system.

(¢) Without explicitly solving the system, describe the integral curves.
(d) Are there any periodic orbits?

(e) What do all the trajectories look like they are being “attracted” to?
(f)

f) Can you convert this set of coupled first order differential equations into a single second order

differential equation? If so, try to solve it and find explicit solutions.

Exercise 7.54. Let V : R? — R? be the vector field given by

R* > (z,y) = V(z,y) = (y, —z — (" — 1)y). (7.55)
(a) Plot the vector field V' on the domain [—3, 3] x [—4,4].
(b) Find the critical points of this dynamical system.

(c) Without explicitly solving the system, describe the integral curves.
(d) Are there any periodic orbits?
)

)

(e) What do all the trajectories look like they are being “attracted” to?

(f) Can you convert this set of coupled first order differential equations into a single second order
differential equation? If so, try to solve it and find explicit solutions.

Exercise 7.56. In 1963, Edward Lorenz, a mathematician and meteorologist born in West Hart-
ford, Connecticut, discovered a mathematical model which he used to describe atmospheric con-
vection. The differential equation he found to describe the motion of particles in air is given by

T =10(y — x)
y=z(28-2)—y (7.57)
Z=xy— 37

Incidentally, this model can be used to describe a wide variety of physical phenomena.
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(a) Plot the vector field associated to this differential equation on any domain that you believe
illustrates the overall features of the vector field (you may want to rescale the vectors in some
way so that it is easier to visualize). Warning: do not attempt to draw this by hand.

(b) Calculate the critical points of V.

(c) Many initial conditions tend to be “attracted” to a subset of R?® and the trajectories asymptot-
ically approach this subset. Plot one such trajectory, enough to see a qualitative description of
this attraction. The set is known as a strange attractor. For a precise definition (which you are
capable of understanding!), see https://en.wikipedia.org/wiki/Attractor though you do
not need to know the definition to analyze this problem.

A large class of examples of dynamical systems comes from classical physics. The motion of N
particles in R™ subject to a force is described adequately by a function H : R*™Y — R known as
the Hamiltonian. Let us write R*™" = R™Y x R"IV to distinguish between the two variables—the
first stands for the position of the particles and the second for their momentum (momentum is
closely related to velocity). Therefore, we will often denote the variable for position by = and the
variable for momentum by p and use indices for the different particles. Many Hamiltonians are of
the form

R . RN
H(Zy, ..., BN, Pl PN) = Z; +V(Z,...,ZN), (7.58)

- 2m;
=1

where m; is a non-negative real number interpreted as the mass of the ¢-th particle and V' : Rgﬁfs\[ —
R is the potential, a function closely related to the force F' by the formula F' = —VV, where V
is the gradient (see exercises in [13]). For convenience, we will consider a single particle so that
N =1 and we only have a single index for our position and momentum variables. When H is

differentiable, it gives rise to a vector field Vg : R x R™ —~— R™ x R™ by the formula

pos mom pos mom
R x RS (x,p) = Vi(z,p) = (0,H, —0,H), (7.59)
where 0,H and 0, H are shorthand notation for
OH = (0m1H,0psaH, ..., 00n,H) &  O,H:=(01H,0H,... ,0,,H) (7.60)
though sometimes the notation

O,H = (0, H,00,H,...,0, H) &  0,H:= (0pH,0,,H,...,0, H) (7.61)

is used instead in case it is not clear that the position variables are always placed first. In other
words, the differential equation associated to this vector field is

T = amH o1 =0 H

Ty = Op, H or remaining consistent Ty = O H (7.62)
P = —0, H with our earlier notation p1 = —Opmi1 H ‘
pm = _ammH pm = _anH
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These are known as Hamilton’s equations of motion.

Example 7.63. Let H : R? — R be the function defined by

2
R? 3> (0,p) — H(O,w) = % + 1 —cosé. (7.64)

This describes the motion of a pendulum (of mass 1, length 1, and gravitational constant set to 1),
where 6 is the angle between the rod that holds the pendulum and the direction of gravity and p
is the angular momentum. The associated system of differential equations (Hamilton’s equations)
is

r=r (7.65)
p= —sinf

and the vector field looks like

e —
BN s i | S
21 H/)/’/’/Y/Y/Y/LM\\\\V» N
M//////M\\\\\\)ﬁ
,Wﬂﬁfﬁ?‘ﬂyﬁl\
> 4 AP PP Ay,
AR AR
KXX«x

Notice that for small 6, this looks like Example 7.15, which makes sense because sinf ~ 6 4 h.o.t.
(remember, h.o.t. stands for higher order terms). In fact, we can compare these two vector fields

by overlaying them.

You can see that near the critical point, the two vector fields behave very similarly.
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Later in this course, we will specify conditions under which integral curves exist for vector
fields and their uniqueness. This will follow from the existence and uniqueness of solutions to
ordinary differential equations, which is a theorem we will prove using contraction mappings on
metric spaces along with existence and uniqueness of fixed points. However, to get to this point,
we will need to discuss integration and metric spaces, and will therefore take a few more weeks.

Definition 7.66. A vector field V : R" — R" is integrable iff for every ¢ € R", there exists an
integral curve through ¢ whose domain is all of R.

One of the important things about the Hamiltonian is that it is a constant of the motion.

Definition 7.67. Let V : R™ — R" be an integrable vector field. A constant of the motion (also
known as an integral of motion) is a function I : R™ — R such that the composition T o~y : R —
R"™ — R is constant for all integral curves v : R — R" for the vector field V.

Theorem 7.68. Let H : R?® — R be a differentiable function, a Hamiltonian, and suppose that
the associated Hamiltonian vector field Vi : R*™ — R?" is integrable. Then H is a constant of the
motion.

Proof. This follows from the chain rule and Hamilton’s equations of motion. |
Exercise 7.69. Prove Theorem 7.68.

Constants of the motion help us solve complicated differential equations. Given an integrable
vector field V' : R — R™ and a constant of the motion I : R" — R, we know that if v : R — R" is
an integral curve, then since [ oy : R — R is constant, let ¢ € R denote this constant. The curve
~ must lie on the set in R™ described by

I7Ye) = {(z1,...,20) €ER" ¢ I(21,...,3,) = c}. (7.70)

Often, this set is an (n — 1)-dimensional submanifold of R” (the definition of which will be given
in a few lectures). For example, a torus in R? can be described by a function f : R* — R given by

fla,y,2) = (2 + 9% + 22+ B2 — %) — 4R (2* +4?) (7.71)

with R > r > 0 constants.

There is an important theorem that guarantees when a function / : R® — R and a constant
¢ € I(R") in the image of I describes a manifold via the set of points x € R" satisfying I(x) = ¢. We
will also state and prove this theorem later in the course. This provides two important observations
that will motivate the study of manifolds and vector fields on manifolds.

1. When a constant of the motion exists, generically, a system of n coupled first order differential
equations is reduced to a system of (n—1) coupled first order differential equations. Therefore,
the system is simpler to analyze from this perspective.

2. However, a complication arises in the following sense. Even though we began with a vector
field in R™, constants of motion restrict attention to subsets of R™ that need not be vector
subspaces. More often, they are submanifolds, and the vector fields on R" restrict to these
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Figure 1: A plot of the manifold f~!(0) with R = 3 and r = 1. This was drawn in Mathematica.

submanifolds in a precise sense (that will be described later) and provide new dynamical
systems on the corresponding manifolds. Interestingly, the topology of a manifold can very
often give you a lot of information about the behavior of such vector fields and the existence
of critical points. For example, it is guaranteed that every continuous vector field on the
sphere S? has at least one critical point (this statement is false in R*—just take the vector
field E; for example).

Not every vector field is integrable. Notice that the vector field from Exercise 7.30 is not
integrable because of the first coordinate. Indeed, the vector field on R given by

R >z 2? (7.72)

is not integrable. An integrable vector field gives rise to a very special type of function.

Definition 7.73. Let V' : R®” — R"” be an integrable vector field. The flow generated by V is the
collection of functions {®; : R" — R"},cg defined by

R" 52— O(x) 1= 7,(¢), (7.74)
where 7, is an integral curve of V' through =z.

Later in the course, we will actually prove a theorem that guarantees the existence of solutions
to initial value problems. In particular, we will prove a theorem about the existence of flows
locally for vector fields that are not necessarily integrable. Furthermore, depending on the type of
vector field (continuous, differentiable, continuously differentiable, etc.), the flow will have different
properties. With such conditions, one of the important properties of a flow is that it is invertible. to
explore this in more detail, we will first need to discuss inverse functions and their differentiability.

Level 11 problems.
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From these notes: Exercises 7.5, 7.28, 7.30, 7.38, 7.69

Level III problems.
From these notes: Exercises 7.41, 7.47, 7.50, 7.52, 7.54, 7.56
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8 February 23: Inverse Functions

[This is now covered on the second day of Week #05 and is the only content for the week. ]

We now come back to more rigorous aspects of analysis. Today, we will study inverse functions
and their properties. First, we will suppose that an inverse exists and is differentiable and use
this to calculate the differential of the inverse. Then, we will supply sufficient conditions for when
the inverse exists with a differentiable inverse. The implicit function theorem will be stated and
proved in the following lectures. This theorem is crucial, for example, in understanding the local
structure of manifolds.

Theorem 8.1. Let A CR" be an open subset of R", let c € A, and let f: A — R"™ be a function.
Furthermore, suppose there exist open neighborhoods U of ¢ and V' of f(c) together with a function
g:V — R" such that

(a) ce U C A and f(c) CV,

(b) f is differentiable at ¢ € A,
(c) g is differentiable at f(c) € V.
(d) f(U)=V and g(V)=U, and
(e) gof=idy and fog=idy.

Then,
D9 = (Def)™ (8.2)

where (D.f)™! denotes the inverse of the linear transformation D.f.

Proof. By assumption, the diagrams

% U
/ y & / y (8.3)
U<—idU U V<—idv Vv

both commute. Applying the chain rule to these diagrams says the diagrams

Rn
Dyeyg D. Dsey9
1 ! & / w (8.4)
n n
R Dc(gof)ZDc(idU)Zian R Df(c)(fog Df(c)(ldV lan

both commute. The equalities on the bottom arrows follows from Theorem 4.43 and the fact that
the derivative of a linear map equals that same linear map (the derivative of the identity is the
identity). [ |
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Recall that the inverse of a finite-dimensional matrix exists if and only if its determinant is
non-zero. Therefore, in order for the inverse function to be differentiable, it must be that the
differential of f has non-zero determinant. Consider, for example, the function f : R — R defined
by R > z — f(z) := 2®. Then Dof = 0. Now, the inverse function g : R — R of f ewists
everywhere since it is given by R > y +— g(y) = &y but its derivative is not defined at the origin.
Note that g can be written as f~! := g so that Equation (8.2) can be written more suggestively
as

Dy f~h = (Df)" (8.5)
Written this way, the formula for the inverse might be much easier to remember than it would be
if expressed in terms of partial derivatives.

Moving on, we wish to drop several of the assumptions in Theorem 8.1 and find sufficient
conditions for when an inverse exists, at least locally. For example, one of the assumptions is that
f is one-to-one in some open neighborhood of U containing ¢ (this is the condition that a function
g exists satisfying go f = idy). This actually follows from the assumption that the differential of f
is one-to-one. Before stating and proving the inverse function theorem, we need a few more facts
from linear algebra. Recall Exercise 1.10 in [13], which states that for any linear transformation
R™ & R™, there exists a real number M > 0 such that

T(v)| < MJv]  VwveR" (8.6)
The following exercise expands on this concept.

Exercise 8.7. For any linear transformation R™ L R™, define

T = inf{M >0 |[T()] < M| Vove ]R”}. (8.8)

(a) Prove that ||T|| exists and is well-defined for any linear transformation R™ LR,

(b) Prove that ||| > 0 for all linear transformations R™ L R and |T|| = 0 if and only if 7" = 0.
(c) Prove that ||AT|| = |A|||T|| for all A € R and linear transformations R™ L Re.

(d) Prove that ||T"+ S| < ||| + ||.S] for all linear transformations R™ L R and R™ & R~

(e) Prove that |70 S|| < ||T]|||S|| for all composable pairs of linear transformations R Erd
RP.

(f) Prove that
[idg-|| =1 & flm] =1, (8.9)

where 7; : R® — R is the i-th projection.

(g) Viewing a linear transformation R™ &£ R" as an m x n matrix (using the standard basis),
prove that the function || - || : R™ — R given by

R™ 5T — ||T| (8.10)

1S continuous.
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Given a linear transformation R™ <= R”, the quantity |T|| is called the operator norm of T.

Theorem 8.11 (Inverse Function Theorem). Let A C R"™ be open, let c € A, and let f: A — R"
be of class C* on A. If det(D.f) # 0, then there exists open sets U,V C R"™ and a function
g:V — R" such that

(a) ce U and f(c) €V,

(b) f:U—=V and g:V — U are inverses of each other,

(¢) g is continuous on 'V and differentiable at f(c) with Dyg = (D.f)7".
The proof of this theorem is lengthy and will be broken into several steps.

Proof. The following proof will be broken up into four steps. First, it will be shown that f is one-
to-one in some open neighborhood of ¢. Second, a construction of g on some open neighborhood
of f(c) will be provided. Third, it will be shown that g is continuous in some open neighborhood
of f(c). Finally, it will be shown that g is differentiable at f(c).

Step 1. To prove that f is one-to-one, a stronger result will be shown, which will be useful for a
later part of the proof of the theorem.

Lemma. Under the same hypothesis as in the the statement of the theorem, there exists an ¢ > 0
and an a > 0 such that

|[f(z) = f(y)]| = alz —y] (8.12)
for all z,y € V().
Proof of Lemma. Set .
= W, (813)

which is well-defined by parts (a) and (b) of Exercise 8.7. Then,

2alz — y| = 20| (D)) ((Def) @ = )| < 20][(D) M [(Pef) @ = )] = |(De)z = 9)]. (8.14)
This inequality will be used shortly. Define the function H : A — R" by
H:=f-D.f. (8.15)

Then D,H = D,f — D.f for all z € A and in particular D.H = 0. Because f is C* (and because
all linear transformations are C'), H is C''. Since || - || is continuous by part (g) of Exercise 8.7,

A > x — ||D.H| is a continuous function on A since it is the composition of two continuous

functions, namely A Lolly gmn 100, g 11 Because |D.H|| = 0, there exists an € > 0 such that

|DH| < % V€ Vi(e) (8.16)

DoH . . L . . .
14 Z=—3 R™ is continuous because each of the projections m;; o Do H are continuous since these are precisely

the partial derivatives 9; H; and are continuous since H is of class C! on A.
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By the Mean Value Theorem (restricting to the i-th component function of H), for any z,y € V.(c),
there exists an a € V,(c) such that

| Hi(x) = Hi(y)| = |(DaHi)(x — )] by MVT
<D Hlllz—yl by Defnof | -|
= ||m o D H|||z — y| by the Chain Rule
<||ImDH |||z — y| by part (e) of Exercise 8.7 (8.17)
= |[|D.Hl||z — | by part (f) of Exercise 8.7

< i|x —y by Equation (8.16).

vn

Since this result is true for all i € {1,...,n}, it follows that

1)~ Bl = || Y1)~ B < |3 S~y =\ Cnle — g = ale —yl. (819)

=1

Therefore,
2alz —y| — | f() —f Y)| < |(Def)(@) = (Def)(y)| = | f(2) = f(y)] Dby (8.14)
= | f(z) = (Def)(x) — f@)(DJXw fly) = f(@)] = [f(=) = f)]
< [f0) = (D)) = F) + (D) + ) = S = @ = Sl o
by the triangle inequality '
= |H(z) — H(y)| by Def’'n of H
< alr -yl by (8.18)
Canceling terms, this gives ‘f(x) — f(y)| > a|z — y| as needed. [ |

(Back to Proof of Theorem.) From this Lemma, it follows that f is one-to-one on V(c) because
|f(x) = f(y)| = ale —y[ >0 (8.20)

for all distinct z and y in V,(c), which says f(z) # f(y) for all distinct = and y in V,(c). By choosing
e to be smaller if necessary, it also follows that f is one-to-one and satisfies this inequality on V,(c).

Step 2. The result from Step 1 implies, in particular, that the restriction of f to V.(c) is one-to-one.
In this step, it will be shown that f(V.(c)) is an open subset of R™ containing f(c). This can then
be used to define an inverse function and the fact that f(VE(c)) is open will be used in proving
that the inverse is continuous in Step 3.

Lemma. Under the same hypothesis as in the the statement of the theorem, let ¢ > 0 be small
enough so that f : Wc) — R" is one-to-one. Then f (Ve(c)) is an open subset of R" that contains

f(c).

Proof of Lemma. The goal is to show that for any y € f(\/;(c)), there exists an open neighborhood
U C R" such that y € U C f(K(c)). Without loss of generality, it suffices to focus on the point
y := f(c). Therefore, the goal is to show that there exists a § > 0 such that Vs(f(c)) C f(Vi(c)).
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Since OV,(c) is compact, f (8‘4(0)) is a compact subset of R". Since f is one-to-one, f(c) ¢

f (8%(0)) . Since {f(c)} and f (Eﬂé(c)) are disjoint compact subsets of R™, Problem 1.21 in [13]
shows that there exists a > 0 such that

d({f(@},f(@@f@§>>:>25. (8.21)

Hence, Va5(f(c)) is disjoint from f <8m> . Let z € V5(f(c)). The goal is to show that z = f(x)
for some z € V(c) because it must be shown that f(V.(c)) contains each point of some open
neighborhood around f(c), i.e. the goal is to show that %(f(c)) C f(Ve(c)). To do this, first
define ¢ : A — R to be the function

A3z ¢(x) = |f(z) — 2|, (8.22)

By Exercise 4.69, ¢ is C'. Since V.(c) is compact, f restricted to V.(c) attains a minimum value

(by Problem 1.29 in [13]), say at = € V(c). Because z € V5(f(c)),

o(c) = |f(e) — 2| < 8. (8.23)

Therefore, the minimum value of ¢ must not only be less than 62, but also cannot occur on (8‘4(0))
by (8.21). Therefore, x € V,(c). By Theorem 5.56,

D¢ = 0. (8.24)
By the Chain Rule,
Dy¢ = (Dy@)-:| = [*) o (Daf). (8.25)
By Exercise 4.69,
Djay—| - P =2(f(z) =2, -). (8.26)

Since det(D, f) # 0, one can multiply both sides of (8.25) by (D, f)~! turning equation (8.25) into

0=2(f(x) — =z, -). (8.27)

By non-degeneracy of the inner product (part (a) of Theorem 1.33), it follows that f(z) — z = 0,
ie. f(z) ==z |

(Back to Proof of Theorem.)
Step 3. In this step, it will be shown that the inverse g : f (V6 c)) — R"™ of f is continuous. Let
U C R" be an open subset of R™ and set V := UNV,(c). Then, g~ (V) = f(V) since f is one-to-one
on V,(c). Since V is an open subset of V,(c), Step 2 shows that f(V') is open in R™. Hence g~ (V)
is open in R™ and therefore also open in f (Ve(c))
Step 4. In the final step, it will be shown that the inverse ¢ : f (VE(C)) — R” of f is differentiable
at f(c) with differential D9 = (D.f)~'. By Step 2, there exist open neighborhoods U C R"
around ¢ contained in A and V := f(U) around f(c) on which the inverse g : V' — U is defined
and continuous. Let

W:={heR" : f(c)+heV}\{0}. (8.28)
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Define the function G : W — R™ by

g(f(e)+k) —g(f(e) = ((Df)~) (k)

Wk~ Gk):= 7 (8.29)
It is also convenient to define A : W — R"™ by
W 3 ke Ak) = g(f(c) + k) — g(f(c)). (8.30)
The goal is to show ]lcir% |G(k)| = 0. To do this, it helps to rewrite the function G as
Ly (B (D) (AR) ) [AR)]
G(k) = —((D.f)7! ; 8.31

-~

(*)

which is valid for all £ € W. Each of the three terms will be analyzed separately in the limit as k
tends to 0. The first term is a constant and is unaffected by the limit. For the second term, note
that by definition of A,

g(f(e)) + A(k) = g(f(c) + k). (8.32)
Applying f to both sides gives

J—
_

P(o(r@) +am)  1(o(r@)+1))
since gof=id since fog=id (8.33)

fc+ Ak)) fle)+k
Solving for k£ and plugging it into (x) gives

k= (Def)(AK) _ flet AR) = fle) = (Def) (AR)

W= am NG|

(8.34)

Since g is continuous, ’lfirrtl) A(k) = 0 (see Exercise 4.3.4. in [1] and generalize the claim to higher
ﬁ

dimensions). Using this and the fact that f is continuous and differentiable at c,

[k (D) (A)
k—0 ‘A(k)‘

= 0. (8.35)

Finally, for the third term in the expression for G(k), using the Lemma from Step 1 and setting

X = g(f(c) + k:) & Y= g(f(c)) (8.36)

gives the inequality

[F(©) + k= f(e)] = alg(f(e) + k) = g(f(e))|;

(8.37)
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which says

1 _ |A®R)
- > : 8.38
a |k (8:38)
Hence, W 3 k — % is a bounded function on W. Therefore, ]EH(I) G(k) = 0 (see Exercise 4.2.7.
—

in [1] and generalize the claim to higher dimensions) proving that g is differentiable at f(c). With
this, the proof is complete. |

The following two exercises were used in the proof of the inverse function theorem above and
are generalizations of exercises 4.3.4 and 4.2.7 in [1], respectively.

Exercise 8.39. Let f : R? — R" and ¢g : R™ — R™. Suppose that lim f(z) =b linll) g(y) = c. Show
y—

r—a
that if g is continuous at b, then

lim g(f(z)) =c. (8.40)

T—ra

Exercise 8.41. Let A CR"” and let f,g: A — R be two functions on A such that f is bounded,
i.e. there exists an M > 0 such that | f(z)| < M for all z € A. Let ¢ be a limit point of A. Show
that if lim g(z) = 0 then lim (g(z) f(z)) = 0.

Tr—cC Tr—cC

Exercise 8.42. Prove the following closely related theorem: “Let A C R™ be open, let ¢ € A, and
let f: A — R" be of class C* on A for some k € N. If det(D.f) # 0, then there exists open sets
U,V CR"™ and a function g : V' — R" such that

(a) c€ U and f(c) €V,
(b) f:U —V and g:V — U are inverses of each other,
(c) g is of class C* on V.V

Exercise 8.43. Let A C R" be open, let f: A — R" be continuously differentiable, and suppose
that det(D, f) # 0 for all x € A. Show that f(A) is an open subset of R™.

Remark 8.44. Recall the following result from Analysis I: “Let a,b € R with a < b and let
f :[a,b] = R be a continuous function that is one-to-one. Then f~! exists and is also continuous
on its domain.” The following exercise asks if a similar theorem is true in higher dimensions.

Exercise 8.45. Let R C R" be a closed rectangle and let f : R — R" be a continuous function
that is one-to-one. Prove or disprove: f~! exists and is also continuous on its domain. [Warning:
I think this is very difficult to prove and might be beyond what we learn in analysis—according
to [9], this result (or rather a closely related one) is due to Brouwer.|

The next three exercises are from [9].

Exercise 8.46. Let f : R? — R? be the function defined by
R* > (z,y) = f(z,y) == (2% — y*, 22y). (847)

Let
A= {(z,y) eR® : z>0}. (8.48)
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(a) Show that f is one-to-one on A.
(b) Describe mathematically and draw the image B := f(A) of A under f explicitly.

(c) Let g : B — R? denote the inverse function. Using the standard Euclidean basis, express
Do,1yg9 as a 2 X 2 matrix.

Exercise 8.49. Let f : R? — R? be the function defined by
R? 3 (z,y) — f(z,y) := (e cosy, e”siny). (8.50)

Let
A={(z,y) eR* : 0<y<2m}. (8.51)

(a) Show that f is one-to-one on A.
(b) Describe mathematically and draw the image B := f(A) of A under f explicitly.

(c) Let g : B — R? denote the inverse function. Using the standard Euclidean basis, express
D19 as a 2 x 2 matrix.

Exercise 8.52. Let g : R? — R? and f : R? — R? be the functions defined by
R* 3 (z,y) = g(x,y) = (2ye™*, ze) (8.53)

and
R* 3 (z,y) = f(z,y) == 3 — v, 2v +y, vy + y°), (8.54)

respectively.

(a) Show that there exists an open neighborhood U of (0,1) € R? and an open neighborhood V
of (2,0) € R? such that g : U — V is a bijection.

(b) Using the standard Euclidean basis, express D(s,0)(f 0 g7') as a matrix.
The following exercise provides an intuition for the norm of an operator.
Exercise 8.55. Let R" <~ R” be a symmetric linear transformation, i.e.
(T(u),v) = (u,T(v)) YV u,veR",

or equivalently, if [T is the matrix associated to T, then [T]T = [T] (the superscript here means
the transpose of [T]). Furthermore, suppose there exists a basis {x1,...,2,} of vectors in R” and
numbers Ay, ..., A\, € R such that Tz; = \;z; for all i € {1,...,n}. Prove that

T| = Ail 5 8.56
7 = max {In1) (8.50)

-----
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Level 1 problems.
From these notes: Exercise 8.7 part (a), 8.39, 8.41

Level 1II problems.

From Spivak [13]: 2.37, 2.38, 2.39

From these notes: Exercises 8.7 parts (b), (c) and (d), 8.7 part (e), 8.7 part (f), 8.7 part (g), 8.42,
8.43, 8.46, 8.49, 8.52, 8.55

Level I1I problems.
From these notes: Exercise 8.45 (warning: I do not know how easy this is)
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9 February 16: Brief recap (buffer for exam review)

There is a quiz today and afterwards, we will review today in class for the exam. You may present
solutions for any week that passed, especially if there was a particular week which you wish to
obtain more points for. I will distribute the points to your benefit. If you have sufficient points
for earlier weeks, I will distribute them towards Week #05 even though you don’t present Week
#05 problems today.

[Do not forget that there is a midterm on February 21 covering Lectures 1 through 8! ]
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10 February 28: Implicit Functions

[This content is now covered on the first day of Week #06. J

Consider a small patch of the surface of the earth such that the curvature of the earth can be
neglected.’? Setting the origin of R to be sea level and setting R? to represent a point at sea level
on earth, the height above sea level at any such point defines a function h : R? — R. This function
can be depicted by a topographical map.'® For each value hg of the height, the curves depict the
set of points (z,y) € R? for which h(z,y) = h.

Ak

7 (&
(1.4]

ake
% (gJ

)
>
e~

=)l

As you can see from this figure, given a fixed hy € h(R?), it is not trivial to explicitly solve for
the variable x in terms of the variable y or vice versa. The best we could hope for is to solve for
the variable z in terms of y near some particular points (xg, 3o). Let’s say you sprained your ankle
hiking a mountain and it hurts to walk up and down steep trails on a mountain. On your map, you
see that if you walk from your current position (xg,yo) at elevation hgy to another position (xf, y;)
at that same elevation, the trail becomes significantly less steep and you can make it somewhat
safely to help. Initially, if you move a certain number of steps in the x direction, you need to move
a certain number of steps in the y direction. At every moment, the distance you travel in the
two directions changes. If you wanted, you could define a function that tells you at all times how
many steps to move in the y direction given that you move a certain number in the x direction.
This defines a function y as a function of x. Unfortunately, this method could fail after some steps
though you can always reverse it and define a function x of y when this happens.

In general, you might have a function f : R® x R — R of a vector variable x € R™ and another
variable y € R. In this case, you might want to solve for y in terms of x given some fixed constant
ho € f(R™ x R). One example of such a thing is a more general differential equation than the one
we’ve studied in the previous lecture. For instance, if F': R” x R — R is a function and f : R — R

12The present discussion is motivated by one of the responses given at http://matheducators.stackexchange.
com/questions/22/what-are-some-good-examples-to-motivate-the-implicit-function-theorem.

13TImage obtained from Al Walsh’s post on http://www.justtrails.com/nav-skills/navigation-skills-
topographic-maps/ (2013).
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is an n-times differentiable function, then a general differential equation involving f is

F(f, O, fo D f™) = 0. (10.1)

It would be convenient occasionally to be able to solve for (™ and express the differential equation
in the form we had from last lecture. At least, we can hope to obtain an expression for f in
terms of the lower derivatives locally and solve the differential equation in some suitably small
domain.

The previous discussion was the case m = 1, i.e. wanting to solve for a single variable. Even
more generally, you might have a system of functions f : R" x R™ — R™ with associated m
component functions.

Exercise 10.2. Come up with a reasonable physical situation of such a system where solving for
some set of variables would provide significant insight into the physical phenomenon (for n > 1
and m > 1).

The Implicit Function Theorem provides a sufficient condition for when one can do this. But
before stating this theorem, a converse of it is helpful in understanding it from a more mathematical
perspective [9]. And even before stating the converse, some notation should be mentioned.

Definition 10.3. For every x € R¥ and y € R, let ¢, : R* — R¥™ and ¢, : R® — R*™ be the
functions defined by'*

RF 3 2’ = @, () := (2, y) & R" 5y — ¥ (y) := (z,9). (10.4)
Note that the differentials of these functions at x € R* and y € R", respectively, are given by
RF 5 u s (D) (u) := (u,0) & R" 3 v = (Dy,)(v) :== (0,0), (10.5)

respectively. For brevity in the following theorem, these inclusions at  and y will be denoted by
i:RF 5 RF x R" and j : R® — xRF x R", respectively:

i = Dy, & J = Dyt),. (10.6)
Theorem 10.7. Let A C R¥™ be an open subset of the form A = U xV with U C R¥ and V C R”

open subsets and let f : A — R™ be differentiable on A. Let B C RF be an open subset and let
g : B — R" be a differentiable function satisfying

Bxg(B)C A (10.8)
and
f(z,9(x)) =0 Vxé€eB. (10.9)
Then'®
Dﬂﬁ(f © @g(x)) + (Dg(m)(f o ww)) o ng =0, (1010)

4These functions are closely related to the ones from Theorem 5.13. Those were the special case of inclusions
of single axes at a point. The functions here are inclusions of higher-dimensional planes at a point.

15For this equation to make sense, it must be understood that Pg(x) is restricted to U C RF and 1, is restricted
to V C R"™.
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i.e. using the notation from (10.6) after setting y = g(x),'°

(Dwgtan ) © (i +j o Dug) = 0. (10.11)

Another way of writing (10.10) is to avoid the introduction of the functions ¢, and v, and
instead write it as

Da:f( ) ,g(ZE)) + (Dg(x)f(l‘7 ’ )) © Dacg =0,

where it is understood that the functions that are being placed inside the differential D are those
for which the variable is left blank. Munkres also writes this theorem in a slightly different way
than I have, which is probably easier to understand if you've taken calculus. His version of equation

(10.10) is written as

2 (@.9(2)) + 5 (w,9(0)) Dag =0 (10.12)

where %(aj, g(x)) is the m x k matrix of partial derivatives of f with respect to the first k coor-
dinates evaluated at the point (z, g(z)) and g—i (z,9(x)) is the m X n matrix of partial derivatives
of f with respect to the last n coordinates evaluated at the point (:13, g(m)) For a proof of the
theorem using this kind of notation, please refer to [9].

Unfortunately, all of these different ways of expressing the result might make it difficult to
understand. However, equation (10.11) can actually be expressed quite intuitively via the following
geometric interpretation of the theorem. The assumptions in the theorem can be summarized in
the following figure

Rm

where ['(g) denotes the graph of g. The conclusions of the theorem can be summarized in the
following version of the previous figure together with images of tangent vectors being pushed
forward by the differentials.

16The Chain Rule was applied here.
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2

Rk

Rm

= Da g f (v, (D2g)(v))

For completeness of visualizations, we also draw the functions f o ¢, and f o 1), as the following

cartoon.
R"™ R™
| | f
ye #l) f —
v
L Pyl :
Rk
U
and
R"™ R™
e | f
— | —
1 < !
vl | L |
| = |
ZE Rk
U
respectively.

In what follows, we will give a more diagrammatic proof of the theorem.

Proof of Theorem 10.7. Conditions (10.8) and (10.9) can be expressed by saying that the diagram
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A< OBxgB)<¥.Bx B

! A (10.13)
Rm

5 B

commutes. Here A : B — B x B is the diagonal map that sends = to (z,x) for all x € B and
— is just the inclusion of sets. All of these functions are differentiable, and hence the Chain Rule
applies producing the commutative diagram

ide XD;L-g

R* x R™ RF x R¥
Dee,ganf A (10.14)
Rm

0 Rk

because D, A = A since A is the restriction of a linear map. Commutativity of this diagram says
that
(Di,g(a f) © (idpr X Dyg) 0 A =0, (10.15)

which is an equality of linear transformations from R* to R™. It suffices to show that the left-
hand-side of this is equal to (10.10). For every vector v € R¥, this linear transformation acts by

( )
= (Do ) ((1:0) + (0, (Dog)(0)))
(10.16)
= (D gian /) (i0) + 5 (D) (v))
which proves the claim. |

In terms of matrix notation, the matrix associated to D, f for any z € RF and y € R" can
be expressed as

Dawnfl=| [Delfopy)]  [Dy(f o) (10.17)

and the vector v € R* is applied via matrix multiplication

[Da(f 0 09)]  [Data)(f 0 10)] (10.18)
(Dag)(v)

to produce the last line in (10.16).

Exercise 10.19. In the statement and proof of Theorem 10.7, it seems that a rather stronger
assumption, namely that B x g(B) C A (this assumption is not explicitly stated in [9]), was used.
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This assumption can be weakened since the differential of a function is well-defined in some open
neighborhood of a point. Hence, one can replace B in the proof by an open neighborhood when
calculating the differential at any point x € B. In addition, A C R*¥*™ need not be in the form of
a product of two open sets, one in R* and one in R".

(a) Prove that the statement and proof of the theorem still remain valid if A is replaced with
an arbitrary open subset of R*™™ and condition (10.8) is replaced with the following: “there
exists an open cover {U, }aer of B such that

Usx gUsNB)CA VYaeZI’ (10.20)

[Hint: I think you will also need to cover A by sufficiently small open rectangles, you may
need to refine the cover of B, and you may need to use continuity of g to prove that g maps
the cover of B inside the cover of A.]

(b) In the statement of this modified version of Theorem 10.7, do we need to assume that g(U,NB)
is an open subset of R"? Explain your answer.

(c) Is the theorem still true if we do not assume the existence of such an open cover {U, }aez?

Corollary 10.21. Under the same hypotheses as in Theorem 10.7 but with the additional assump-
tions that m = n and det (Dg(m)(f o wx)) # 0, then

ng = _(Dg(x)(f © %))_1 © (Dac(f © @g(x))) (1022)

Exercise 10.23. Let B be an n X k matrix and let C be an n X n matrix.

(a) Prove that

1, O
= . 10.24
det {B C’] det(C) (10.24)
(b) If Ais a k x k matrix, is there a simple expression for
A0
? 10.2
det [B C’] (10.25)

If so, find it.

A partial converse of Theorem 10.7 is the following (the presentation mostly comes from [9]
though the statement is a blend of what is in [9] and [13]).

Theorem 10.26 (Implicit Function Theorem). Let A C R¥ x R™ be an open subset of the form
A=Ay x Ay with Ay C R¥ and Ay C R" open subsets, let f : A — R"™ be of class C™ on A, and
let ¢ :== (a,b) € A with a € Ay and b € Ay be a point satisfying

fla,b) =0 (10.27)

and
det (Dy(f 0 va)) # 0. (10.28)

Then, there exists an open set B C R* with a € B and a unique function g : B — R™ on B with
the following properties:
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(a) g is of class C" on B,

(b) g(a) =10,
(¢) Bxg(B)CA, and
(d) f(z,9(x))=0 VazeB.

Using calculus notation, the assumption (10.28) in the theorem would be written as

det (%(a,b)) £ 0. (10.29)

Proof. Define the function F : A — R¥™™ to be the composition in the diagram

A1XA1XA2

id1X/ \Alxidz (10.30)

Al XR”TAl XA2

i.e.

AL x Ay 3 (2,y) = Fla,y) = (2, f(2,9)). (10.31)
The Chain Rule implies

DiyyF = (D) (idi X f)) 0 (Diay) (A1 X ids)) = (idge X D(zy) f) © (Agr X idgn).  (10.32)
In other words, for vectors u € R¥ and v € R”,
(D(a:,y)F) (ua U) = (lde X D(m,y)f) (U, u, U) = (U, (D(m,y)f)(uv U))v (1033)

which means that in the standard basis, the matrix associated to D, ) F' is

1y 0
Dz F| = : (10.34)
T Daf o)) [Dy(f o))
Thus, by Exercise 10.23,
det (D(zy) F) = det (Dy(f o ty)) (10.35)
for all x € Ay and y € As. In particular,
det (D(a,b)F) = det (Db(f o wa)) #0 (10.36)
by assumption. In addition
F(a,b) = (a,0). (10.37)

by the other assumptions. Hence, by the Inverse Function Theorem and Exercise 8.42, there exist
open sets U C R¥, V C R, and W C R*" such that

(a) (a,b) e U xV C Ay x Ay and (a,0) € W,
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(b) F:U xV — W is a one-to-one C" map with F(U x V) = W, and
(c) the inverse function G : W — U x V of F is of class C".
Define the function A : W — V' C R"™ by the composition

UxV

V X W 3w h(w) =7y (G(w)), (10.38)

h w

V

where 7y, stands for the projection onto V. Since the projection is C'*°, h is C". In addition, G
preserves the first coordinate in the sense that the diagram

G

UxV V%
A (10.39)
TRE |W
Rk
commutes. This shows that G is a function of the form
W3 (z,2) = G(z,2) = (z,h(z,2)). (10.40)

Because (a,0) € W and W is open, there exists an open rectangle R C W containing (a,0).
Let B := WRk}W(R) be the projection of this open rectangle onto R¥. Let g : B — R™ be the
composition

|44
/ y B>z g(z) := h(x,0), (10.41)
R™ 7 B
or equivalently, by the definition of A,
UxV—""—W
WV‘ ’cpo B>z g(z) =7y (G(x,0)). (10.42)
Vv B

g

Finally, since U x V contains G(R), there exists an open set @) of the form @ = Q; x @ with
@1 C U and Q2 C V such that G(R) C Q C U x V (in fact, ; can be taken to be B itself since
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G fixes the first coordinates). With all of these facts combined, we have the following diagram.

A >B x g(B) X9 Bx B
By def'n of
By def’n of ¢g (10.41
inclusion/ y def'n of g ( ) X0
B x Q2 idp xh B xR
By def'n of h
idpxmg, (10.38) idpxG
. Since ;
f By diagram chase B x Q1 X Qs O By def'n of oy |a  (10.43)
i A i i
Aoy xidg By def'n of F At
(10.30)
B x Q1 x Q1% Q . B x Q; x R"
ldBXQle
RN
R” B

0

The outer most diagram is just (10.13). The outer most diagram commutes because every sub-
diagram commutes by the previous results, which are referenced in the centers of the sub-diagrams.
The phrase “by diagram chase” means that it follows from a short calculation to verify that the
diagram indeed commutes. Note that — stands for surjection (due to the projection maps). In
other words, commutativity of this diagram shows that ¢ satisfies the condition that

f(z,9(x))=0 VazeB. (10.44)
Explicitly following the diagram on a given element x € B gives
f($,g(x)) = f($, h(z, 0))
=y (m, f(:zc, h(z, 0)))
=y <F(:B h(z, O))) (10.45)
= m(F(G(x,0)))
= my(x,0)
= 0.
Furthermore,
g(a) = h(a,0) = v (G(a,0)) = 7v(a,b) = b. (10.46)
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This concludes the construction of g : B — R”. Note that by Exercise 8.42, g is of class C" on
B. |

Exercise 10.47. Finish the proof of the Implicit Function Theorem by proving that for any other
open set C' C R* with a € C and for any other function a : C' — R" satisfying

a) « is of class C" on C,

afa) =

b)
(c) Cxg(C)C A, and
)

(
(
(d) f(z,a(z)) =0 VazeB,

then the restrictions of o and g to B N C' are equal.

Actually applying the Implicit Function Theorem is far simpler in practice than the statement
and proof of the theorem. To illustrate this point, we will take a simple example from [9] and go
through each step of the proof to illustrate how it works.

Example 10.48. Let f : R? — R be the function defined by
R? > (z,y) = f(z,y) == 2> +y* — 5. (10.49)

Here k=1and n=1. A =R and Ay = R. Thus, A =R xR and f is of class C"™ on A. Consider
the point (a,b) = (1,2). Then f(1,2) = 0.

Furthermore, [Dy(f o ¢)] is the one-by-one matrix [4] (this is a matrix whose sole entry is the
number 4—this is not referring to reference [4]) since [Dy(f 0 1b,)] = [2b] for arbitrary a,b in the
appropriate domains. The function F: A — R'*! is given by

A (z,y) = F(z,y) = (x,2% +y* - 5). (10.50)

By the inverse function theorem, we know the open sets U C R!, V C R, and W C R'*! exist.
We can set them to be (for instance)

U = (0,2), V:(o,\/é), & W={(@2?+y*~5) R : zelyeV} (10.51)
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W is just the image of U x V under F and looks like the following subset of R?
6

4, |

_6 | | | | |
0 0.5 1 1.5 2

with the e depicting the point F((a, b)) = (a,0) = (1,0). Then F' : U x V — W is a bijection.
The inverse G : W — U x W is given by

W3 (z,w) = G(z,w) = (2, Vw+ 5 — 22). (10.52)

Note that because of the way the domain W is defined, G is indeed of class C* on W (the inside of
the square root is positive for all (w, z) € W). Furthermore, one can check by explicit computation
that G and F' are inverses:

F(G(z,w)) = F(z,Vw+5—2%) = (2,2 + (w+5—2%) = 5) = (z,w) (10.53)

and

G(F(z,y)) = Gz, 2> +y* = 5) = (2, /a2 + 3> =5+ 5 — 22) = (2,/1?) = (z,y)  (10.54)

since y is positive. Therefore, the function h : W — V is just the projection of G onto the second
factor, i.e.

W3 (z,w) = h(z,w) = Vw + 5 — 22 (10.55)

as we expected from the proof of the theorem. Now, one can choose R to be a rectangle containing
(1,0) € W such as the one depicted in the following figure
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_6 | | . | |
0 0.5 1 1.5 2

where the central line is the set B x {0}, where B is the projection of R onto the first component.
In the figure, the rectangle R is given by

35 9 9
(2= S 10.
R (4’4) 8 ( 16’ 16> (10.56)
so that .
B=|-,-]. 10.
(33) (1057
We then look at G(R) as a subset of U x V' and the relationship between all these different subsets.
[ [ 6
Al o) |
o4y }
—
1 2 9| i
0 . 0 —e— <« Bx{0} |
1l | G —2| 3
4| i
—92 |
B
| | | | | _6 | | . | |
-3 -2 -1 0 1 2 3 0 0.5 1 1.5 2

The rectangle Q@ = Q1 X Q) such that G(R) C Q) C U x V can be taken to be the following subset
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which is o GZ) . (\/%\/g) (10.58)

Finally, the function g : B — V is given by the composition g = h o g, which in this case is just

B3> xw g(x) = h(z,0) = V5 — 22 (10.59)

I I I I I
921 ' \ i
15] . .
1 | |
0.5 P
B ":
0 Il . Il Il . Il

0 0.5 1 1.5 2 2.5

This is the long sought after function (the graph of which is drawn over the subset B C U). It
would have been much simpler to simply solve the equation x? 4+ y*> — 5 = 0 for the variable y
near the point (1,2) in this particular example. However, in more complicated examples, such
manipulations might not be so easy. It is therefore helpful to illustrate the proof with this simple
example as a stepping stone. Furthermore, the construction in the proof of the Implicit Function
Theorem is completely general and works for any function f satisfying the assumptions of the
theorem.

Exercise 10.60. Does the proof of the Implicit Function Theorem in the case of Example 10.48
still hold if U is chosen to be the open interval

U — (07 \/g> (10.61)

instead of U = (0,2)? Explain.
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Exercise 10.62. Can the rectangle R in Example 10.48 be chosen to contain the subset (0,2) x
{0} € W? Explain.

Exercise 10.63. Let f : R x R? — R? be of class C' and suppose that f(3,—1,2) = 0 and

(10.64)

[D(3,—1,2)f] = {1 ’ 1] .

1 -1 1

(a) Show that there exists an open neighborhood B in R around 0 together with a C' function
g : B — R? satisfying
f(z,01(2),92(x)) =0 VazeB (10.65)

and
9(3) = (=1,2). (10.66)

(b) Calculate the matrix [Dsg].

(c) Discuss the problem of solving the equation f(z,y1,y2) = 0 for an arbitrary pair of variables
in terms of the third variable near the point (3, —1,2). For example, is it possible to solve
for x and y, in terms of y; near this point? Ask and answer similar questions for the other
possibilities as well.

Exercise 10.67. Let f : R? — R be of class C! with f(2,—1) = —1. Define the functions
G,H :R3> — R by
R® 3 (z,y,u) = G(z,y,u) == f(z,y) + u* (10.68)
and
R® > (z,y,u) = H(x,y,u) = ux + 3y* + u’. (10.69)
Note that
G(2,-1,1) = 0= H(2, —1,1). (10.70)

(a) What conditions on Df ensure that there exists an open neighborhood U C R of —1 € R and
C! functions g, h : U — R such that

g(—1)=2 & h(—-1)=1 (10.71)

and
G(gw),y.h(y)) =0 &  H(g9(),y,h(y) =0 VyeU? (10.72)

(b) Under the conditions you found in part (a) and in addition assuming that the differential has
matrix form given by

[De-nfl=[1 -3], (10.73)
calculate ¢'(—1) and h'(—1).

The following exercises are from [9] and provide a glimpse towards the theory of manifolds,
which will be studied in the next few lectures.
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Exercise 10.74. Let f,g : R® — R be functions of class C'. Let (a,b,c) € R® be a point that
satisfies
fla,b,c) =0 & g(a,b,c) =0. (10.75)

Let h : R® — R? be the function defined by
R® 5 (z,y,2) = h(z,y,2) = (f(z,9,2),9(2,9, 2)). (10.76)

Show that if the differential D4 ¢ h : R3? — R? is surjective, then there exists an open neighbor-
hood U of (a,b, c) for which two of the variables z,y, z can be solved in terms of the third. Note
that this solution describes two surfaces intersecting at a common curve.

Another exercise in this direction but slightly more general is the following [9].

Exercise 10.77. Let f : R¥™ — R" be of class C, let a € R¥™ be a point for which f(a) = 0,
and suppose that D, f : R*¥" — R" is onto. Show that there exists an open neighborhood U C R"
around 0 for satisfying the condition that for any ¢ € U, there exists an z € R""* such that

f(2) =c.

Exercise 10.78. Following the outline of Example 10.48, go through the proof of the implicit
function theorem applied to the function f : R® — R defined by

R® > (z,9,2) = f(z,9,2) =2 +y*+ 22— 5 (10.79)
about the point ¢ := (0,1, 2).

Exercise 10.80. Following the outline of Example 10.48, go through the proof of the implicit
function theorem applied to the function f : R® — R defined by

R® > (z,y,2) = f(z,y,2) = 2® +y* — 2* (10.81)
about the point ¢ := (0,1, 1).

Exercise 10.82. Following the outline of Example 10.48, go through the proof of the implicit
function theorem applied to the function f : R* — R defined by

R® > (2,9, 2) = f(z,y,2) = (2® +9* + 2* + 8)% — 36(2* + 17) (10.83)
about the point ¢ := (0,3, 1).
Level 1 problems.
From these notes: Exercises 10.60, 10.62

Level 1I problems.
From Spivak [13]: 2.40, 2.41
From these notes: Exercises 10.23, 10.47, 10.63, 10.67, 10.74, 10.77, 10.78, 10.80

Level III problems.
From these notes: Exercises 10.19, 10.82
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11 March 2: Manifolds

Intuitively, manifolds are subsets of R that locally look Euclidean. In particular, they should have
no corners, and they should have a well-defined (non negative and integral) dimension. Making
this intuition precise relies on many of the definitions we’ve made and the results we have proven
up until this point. We have already seen many examples of manifolds. For instance, graphs of
differentiable functions are manifolds (once the definition below is provided, this observation will
be a theorem and is listed as Problem 5.6 in Spivak [13]). However, not all manifolds can be
described as the graph of a function. Indeed, we have seen several examples of manifolds described
by level sets of functions. A simple example is the unit sphere in any Euclidean space. Another
example is the torus. However, as Exercises 10.78, 10.80, and 10.82 suggest, we can express these
subsets locally as graphs of functions on suitable small domains, and then “patch” these local
“charts” to describe the entire subset. Furthermore, if the subset is compact, we can guarantee
that a finite number of such graphs suffices to cover the entire subset (these claims will be made
precise soon). Before providing the definition, we first describe what we mean by saying that
“something looks like something else.”

Definition 11.1. Fix r € {0} UNU{oo}. Let U,V C R*. A C"-diffeomorphism between U and V'
consists of functions

o)

U v (11.2)
¥

of class C”, where ¢ and v are inverses of each other.!”

By the uniqueness of inverses, it is common to simply say that ¢ : U — V is a C"-diffeomorphism
without referring to the inverse ¢ = 1.

The observations made at the beginning of this lecture motivate the following definition of a
manifold. There are several equivalent definitions of a manifold.

Definition 11.3. Fix r € {0} UNU {co}. A subset M C R* is a C"-manifold (without boundary)
of dimension m iff for every point ¢ € M, there exists

(a) an open neighborhood U C RF of c,
(b) an open set V C R*, and

(¢) C-diffeomorphism
©

U v (11.4)
P

17Recall from Definition 4.19 that a function defined on a subset of Euclidean space is differentiable/C" at a
point iff there exists an open neighborhood of that point and an extension of that function that is differentiable/C"
at that point. This concept is used to make sense of differentiability /C"-ness of both ¢ and ¢ in this definition. A
function such as ¢ or ¢ is then by definition differentiable/C” on its entire domain if and only if there exists an
open set and a differentiable/C" function on this open set that agrees with the original function. It was (essentially)
stated in Exercise 4.20 that a function is differentiable/C” on a subset of R¥ if and only if it is differentiable/C" at
every point of its domain. Although this is true, proving it uses techniques that we have not yet covered. We need
to know about partitions of unity, which we may or may not discuss. Nevertheless, we will assume this equivalence
is true without proving it.
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such that
e(UNM)=Vn(R"x{0}), (11.5)

where the latter set R™ x {0} C R¥ is explicitly described as

R™ x {0} = {y S Rk S Ymt1s Ymt2y - Y = 0} (116)

The terminology smooth manifold will occasionally be used instead of C'°°-manifold. The term

manifold will be used whenever it is a C” manifold for some r. The map ¢|ynas, which is ¢ restricted
to U N M, is called a coordinate patch of M about ¢ and the map 1 is called a parametrization of
M about c.

The phrase “C"” in Definition 11.3 may also be replaced with “r-times differentiable” though
we will rarely discuss such manifolds. A few exercises are listed at the end of this lecture that
discuss this in some detail.

Please see Chapter 5 of Spivak [13] for some nice illustrations of this definition.

Example 11.7. In Example 10.48 we constructed such a diffeomorphism pair about the point
c = (1,2) € M, where M was given by f~1(0) with f : R> — R the function defined by sending
(z,y) € R? to f(x,y) := x* + y* — 5. Unfortunately, some of the notation conflicts. The following
chart summarizes the corresponding open sets and diffeomorphisms.

Notation from Definition 11.3 | Notation from Example 10.48
U UxV
Vv w
® F
(0 G

Exercise 11.8. Example 11.7 only provides a diffeomorphism pair about the point ¢ = (1,2).
To prove that S! is a manifold, one must be able to construct a diffeomorphism pair about every
point. This exercises asks you to do this.

(a) Using this definition directly prove that the unit circle ST C R? is a C*°-manifold of dimension
1 in R?. [Hint: refer to Example 10.48 for an idea for a parametrization.]

(b) Show that the function « : [0,1) — S* given by
[0,1) 3 ¢t — a(t) := (cos(27t), sin(2mt)) (11.9)
is not a coordinate patch on S* (besides the fact that [0,1) is not an open subset of R).

Note that a given coordinate patch might cover several points on S! so that a finite number of
patches will suffice to cover all of S?.

Exercise 11.10. Prove that the unit circle,
Sti={(z,y) eR? : 2? +y* =1}, (11.11)

is a one-dimensional manifold in R? by using the following coordinate charts, known as a stereographic
projections, and completing the following steps.
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(a) Show that Uy := S7'\ {(0,—1)} and Us := S~ \ {(0,1)} are open subsets of S*. Here
(0,1) € R? is the “north pole” of S and (0,—1) is the “south pole.”

(b) Find an explicit formula for the function ¢g : Us — R that sends a point (z,y) € Us to the
horizontal coordinate obtained by the straight line that passes from the north pole through
(x,y) and intersecting the line y = —1. For a visualization, see the following figure:

Note that (0,—1) gets sent to 0 under this map and ¥s(0,1) is not defined because one point
does not uniquely define a line. Find a similar formula for Uy this time emanating from the
south pole passing through the point (z,%y) on S and intersecting the line y = 1.

(c) Prove that your functions Us — R and Uy — R are C'° and are indeed coordinate charts of
St about the points (0, —1) and (0, 1) respectively. Since every point (x,y) on S! is either in
Uy or Ug, this provides another proof that S is a one-dimensional manifold.

Exercise 11.12. Using the definition of a manifold directly prove that the 2-sphere S? C R? is a
C*°-manifold of dimension 2. [Hint: one way (though certainly not the only way) to do this is to
try stereographic projections (draw a straight line from the north pole to the z = —1 plane and
assign the point that intersects the sphere the corresponding point that intersects the z = 1 plane,
then do something analogous for the south pole and the z = 1 plane).]

Theorem 11.13. Let M C RF be a compact m-dimensional manifold. Then there exists a finite

©Pi
{ U; Vi } (11.14)
i ie{1,..,N}

for some N € N such that for every point x € M, there exists an i € {1,...,N} such that
Pi

collection

U, V; is a coordinate system about the point x.
i
Pz
Proof. Since M is a manifold, for every x, there exists a coordinate system U, V, of M
Ya

about x. Since M is compact and {U, }.car is an open cover of M, there exists a finite subcover
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{Us, }aem, icqu,.. Ny of M so that

ipzi
Vi ie{1,...,N}
is a system of coordinates for M satisfying the required conditions. |

Before we give more examples of manifolds, we provide another equivalent definition. The
present definition can be found in [9] (Spivak has the special case of this Theorem for C*° manifolds

[13]).

Theorem 11.16. Fizr € {0} UNU {oo}. A subset M C R* is a C"-manifold (without boundary)
of dimension m if and only if for every point ¢ € M, there exists

(a) an open neighborhood U C R* of c,
(b) an open set W C R™, and
(c) a 1-1 function o : W — R* of class C"
such that

i) aW)=MnU,

i) Dyo has rank m for each y € W, and
iii) o' (W) — W is continuous.

The map « satisfying these conditions is called a parametrization of M about the point c. The
1

map o 1s called a coordinate patch of M about the point c. Together, these two maps form a

coordinate system.

I personally initially found this theorem surprising because a1 is only assumed to be continuous
and not C". A slight modification of the proof in [13] shows that this theorem is also true for C”
manifolds.

Proof. See Spivak [13] for the C* case and Munkres [9] for the more general C" case. [

Remark 11.17. My terminology is not the same as what is in the references. What I call a coor-
dinate patch is an assignment that sends points on a manifold to points in Euclidean space of the
dimension of that manifold. In other words, you assign coordinates to the points on the manifold.
That’s why it’s called a coordinate patch. Spivak and Munkres don’t seem to give this map a
name. The inverse map associates points on your manifold from some coordinates in Euclidean
space. This coincides with what you’d normally call a parametrization of your manifold. That’s
why I call it a parametrization. Spivak and Munkres call this a coordinate chart/patch/system.
Instead, I reserve the terminology “coordinate system” to the combination of a coordinate patch
and parametrization. As yet another example, think about a flat map of the Earth. This describes
(as close as one can get to) a coordinate chart of Earth. We see the coordinates being written out
on a paper map when we read a map (ignoring the distortions, which have to do with distance).
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Yet another definition can be found in other sources. The following one is a slight modification
of the one in Milnor’s book [8] obtained by replacing C* (aka “smooth”) with C".

Theorem 11.18. Fizr € {0} UNU {co}. A subset M C R¥ is a C"-manifold (without boundary)
of dimension m if and only if for every point ¢ € M, there exists

(a) an open neighborhood V- C RF of c,
(b) an open set U C R™, and
(c) C"-diffeomorphism
©

U VM (11.19)
b

The map ¢ : U =V N M 1is called a parametrization of VM. v : VN M — U is also called a
coordinate patch on V N M. Both diffeomorphisms are called a system of coordinates.

Exercise 11.20. Prove Theorem 11.18. [Hint: use Definition 11.1 and assume a C” version of
Exercise 4.20 is true.]

Exercise 11.21. Let M C R* be an m-dimensional manifold of class C”. Let ¢ € M and let
a: W — RF and B: V — R* be two parametrizations of M about the point ¢ as in Theorem 11.16
(so that W,V C R™ are both open). Let Z := o(W) N B(V) C R*. Prove that the composition

R 5 7% al(2) (11.22)

is of class C" with associated differential having non-vanishing determinant. [Careful: Z is not
necessarily an open subset of R”.]

Before providing examples of manifolds (which we have already actually seen), we provide
several non-examples following Section 23 of [9] very closely. Note that by Exercise 11.20, showing
any one of the conditions in Theorem 11.16 fail implies that the example cannot be a manifold.

In the notation of Theorem 11.16, what happens if the differential Dya : R™ — R* associated
to the map a: W — M N U does not have rank m?

Example 11.23. Let M be the image of the curve a : R — R? defined by

R>t— at) = (7). (11.24)
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Intuitively, we see that there is a problem at the “cusp.” What is the precise problem? « is C*

1

on R so there is no problem there. Furthermore, o~ is continuous on M. To see this, first notice

that
M= {(z,y) e R* : 2* =y*} = {(m,x2/3) €eR? : zeR} (11.25)
Then, one can check that
M3 (z,y) — o Y(z,y) = 2/? (11.26)

is the inverse. We know this is continuous (but not differentiable at 0). Finally, note that

(Doa] = m (11.27)
and therefore has zero rank, which is less than 1.

Warning: We did not actually prove that M is not a C* manifold here. All we did was show
that for a particular candidate for a coordinate system near (0,0) in M, this candidate does not
satisfy the required conditions of a coordinate system. What we really have to show is that there
is no coordinate patch around (0,0) in M. However, the argument is similar to the one above.
Suppose there exists a parametrization a : W — U N M around (0,0), but one for which no
assumption on Dy-1(00)c is made, with W C R open and U C R? an open set containing (0, 0).
Without loss of generality, we may assume that 0 € W and «(0) = (0,0) (by translating the
domain U and the argument of the function «). To prove the claim, we must therefore show that
Dy must vanish. This is left as an exercise.

Exercise 11.28. Referring to the last paragraph in Example 11.23, prove that Dy must vanish.
Exercise 11.29. Following similar reasoning to Example 11.23, complete the following tasks.
(a) Explain why the image of the curve 3 : R — R? described by the equation

R >t B(t) = (¢ [t]) (11.30)

is not a C' manifold (plot it!).
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(b) What about the curve v : R — R? described by the equation

R >t B(t) = (¢,]t])? (11.31)

(¢) Prove that the subset

§ = ({0} % 0.1) U ([0.1] x {1}) U ({1} x 0. 1) U (0.1 x {0})  (11.32)
of R? is not a C' manifold.

1

In the notation of Theorem 11.16, what happens if = : M N U — W is not continuous?

Example 11.33. Let « : (0, 7) — R? be the function defined by
(0,7) — a(t) := (sin(2¢)| cos(t)], sin(2¢) sin(t)) (11.34)

and let M be the image of a (drawn below).

1

0.5} a

—0.5 2

-1 —0.5 0 0.5 1

Let ¢ := (0,0) € M and set € := 0.3. Note that a*(¢) = Z. Then for every d > 0, a~*(Vs(c)) is
not contained in V, (g) C (0,7) as the following picture illustrates

1
o 05* B
— T
= — — 0l i
O % T o~
a~t
0.5 |

-1 -0.5 0 0.5 1
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On the right, the shaded red region is Vs(c). On the left, the image of Vs(c) under the map a™!
splits: part of it is concentrated near § but part of it also goes near 0 and 7. Hence, if € is small,

1

Ve (1) cannot contain these left and right parts. Therefore, o™ is not continuous.

2

In the notation of Theorem 11.16, what happens if a : W — M NU is not C"? Although many
examples can be given to show why M would not be a manifold, Exercise 5.6 from Spivak [13]
addresses this point in great generality. Here is one example.

Example 11.35. Let o : R — R? be the function
R> 2= alz) = (z,]z|), (11.36)

i.e. the graph of the function f : R — R given by x € R being sent to f(z) := |z|. The function f
is not differentiable, nor is it 1-1 so that it does not have an inverses. However, « satisfies all of the
required conditions except that it is not differentiable at 0. o does have an inverse, which is just
the projection function R? — R onto the first factor. This function is certainly continuous, even
on the image «(R), which is the graph of f. Note that « satisfies the rank condition vacuously
since the derivative is not defined at 0 and it has rank 1 at all other points.

The previous non-examples illustrate how every condition in Theorem 11.16 is necessary to
be rightfully called a manifold. What are some other examples of manifolds? Many examples of
smooth manifolds are often obtained from implicit functions [8].

Definition 11.37. Let U C R” be an open set and let f : U — R™ be a differentiable function.
A critical point of f is a point a € U such that D,f : R" — R™ is not onto (has rank strictly
less than m). Let Cy denote the critical points of f. A regular value of f : U — R™ is a point
in R™\ f(C}), the complement of the image of all the critical points of f. This set is denoted by
Ry :=R™\ f(Cy). A regular point of f: U — R™ is an element of f~(Ry).

It is unfortunate that the phrase “critical point” is used also in the context of vector fields in
a different way than this phrase. We will try to be clear to distinguish depending on the context

by saying “critical point of the function...” or “critical point of the vector field...” to be clear.

Example 11.38. Consider the function f : R?> — R defined by
R? 3 (2,y) = f(z,y) == 2" — ¢ (11.39)

and let ¢ € R. Before studying the critical points, regular values, and regular points, we consider
the level sets for various values of /.

(a) If £ < 0, then f~'(¢) looks something like the subset of R? shown in the following figure
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(b) If £ > 0, then f~'(¢) looks something like the subset of R? shown in the following figure
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(c) If £ =0, then f~*(¢) looks something like the subset of R? shown in the following figure

)

The matrix associated to the differential of f at (a

—
N

,b) € R? is given by

[Diap) f]1 = [2a —2b] . (11.40)
This has rank 1 for all (a,b) except at (0,0). Hence
Cy = {0}. (11.41)

107



The set of regular values is therefore
R; =R\ {0}. (11.42)

Finally, since
f710) = I'(idg) U T'(—idg) (11.43)

(recall, I' of a function is the graph of that function), the set of regular points is
R*\ (D(idg) UT(—idg)). (11.44)

One of the important observations in the previous theorem is that the inverse image of a regular
value is a manifold!

Theorem 11.45. Fiz n,m € NU{0} with n > m. Let U C R™ be an open set, let f: U — R™ be
a smooth function, and let ¢ € R™ be a reqular value. Then f~1(c) C R" is a smooth manifold of
dimension n — m.

We will prove a much more general version of this theorem soon! But for now, we point out
that by redefining the function f by shifting by ¢, namely setting ¢ := f — ¢, then this describes
manifolds as subsets whose points z get mapped to 0 under g, i.e. g(z) = 0. By splitting up
the input coordinates z = (x,y), we can then use the Implicit Function Theorem, when it holds,
to describe the manifold locally in terms of charts. According to Spivak, Theorem 11.45 can be
proved “immediately” using the following fact [13].

Theorem 11.46. Let a € R and let f : R® — R™ be of class C* in some open set U C R"
containing a with m < n. Suppose that f(a) =0 and D,f has rank m. Then there exists an open
set A C R™ containing a and a diffeomorphism h : A — R™ such that

(foh) (1, xn) = (Tpn—mats .-, Tn) YV (z1,...,2,) € A, (11.47)

i.e. the diagram
R" A

fJ [ (11.48)

R™ e R»™ x R™

commutes.
Proof. See Theorem 2-13 in [13]. [
Exercise 11.49. Use Theorem 11.46 to prove Theorem 11.45.

Exercise 11.50. Prove that the n-sphere
S"={(r1,. ) €R™ s a4 b, =1 (11.51)
is a manifold by showing that 0 is a regular value for the function f : R"™! — R defined by

R 5 (21,...,&p41) = 2i+ -+ a2, — L (11.52)
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Exercise 11.53. For the present example, let ¢ € R and set f; : R®> — R to be the function
R® > (z,y, 2) = fo(z,y,2) =2 +y* — 22 — L. (11.54)

(a) For £ > 0, prove that 0 is a regular value so that f,'(0) is a two-dimensional manifold in R3,
This manifold is known as a one-sheeted hyperboloid.

(b) For £ < 0, prove that 0 is a regular value so that f,'(0) is a two-dimensional manifold in R?.
This manifold is known as a two-sheeted hyperboloid.

(c) If £ =0,is f,(0) a manifold? Prove your claim.
Exercise 11.55. Let R > r > 0. Prove that for the function f : R — R given by
flx,y,z) = (:v2 + P4+ 22+ R — 7“2)2 — 4R? (:Jc2 + y2) , (11.56)

0 is a regular value. If necessary (for ease of calculation), set R = 3 and r = 1. This shows that the
set f71(0) in Figure 1 on page 72 of Lecture 7 is a two-dimensional manifold in R3. Since f is C*
in a neighborhood of 0, the manifold is of class C*°. This manifold is known as a two-dimensional
torus.

Exercise 11.57. Referring to the function f : R® — R from Exercise 11.55 setting R = 3 and r =
1, find a set of neighborhoods {Uy, Us, ..., U,} in R? (thought of as open subsets of different two-
dimensional planes in R?) and a set of one-to-one functions ¢; : Uy — R, ..., g, : U, — R of class
C° whose graphs describe the torus f~1(0). In other words, prove that f~1(0) is a two-dimensional
manifold directly from the Definition of a manifold. [Hint: find a suitable “parametrization” of
F71(0) that “covers” f~1(0) several times.]

Remark 11.58. Although our definitions of a smooth manifold demand that they be subsets
of Euclidean space, a more abstract definition exists. However, one requires some notions from
topology to describe it which would lead us on a somewhat technical detour (such a definition may
be presented in a course on differential geometry). It is a theorem of Whitney that every such
abstract smooth manifold (let’s assume it is compact for now—I'm not sure how general the actual
result is) can be embedded in Euclidean space. As a side note, being a subset of Euclidean space,
every manifold inherits a notion of distance so that it becomes a metric space. This is obtained
by using the shortest path between any two points on a manifold. An infinitesimal version of
this notion is called a metric. One can also abstract this definition to define what is known as a
Riemannian manifold, not as a subset of Euclidean space, but as an abstract space. It is a theorem
of Nash that every such abstract Riemannian manifold (well, as long as it is compact—again, I'm
not sure exactly how general the result is) can be embedded in Euclidean space and its metric is
induced by the metric in that Euclidean space.

Exercise 11.59. Let M C R* be a smooth m-dimensional manifold, let ¢ € M, and let f: M —
R™ be a function. Show that f is differentiable at ¢ € M if and only if for any parametrization
a: W — MNU of M about the point ¢, the composition foa : W — R" is differentiable at
a(c).
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As promised, we provide some example of manifolds that are differentiable but not C*. One
such example is the graph of the function

2in (1) f 0
Roro joom(G) forez (11.60)
0 forx =0

Similarly, there are manifolds that are n times differentiable but not of class C™.

Exercise 11.61. Provide an example of a manifold that is n times differentiable but not of class

cr.
Here are some additional problems, some of which come from, or are motivated by, [9].
Exercise 11.62. Let
GLy, := {A:R™ — R™ : A linear and invertible } (11.63)
be the set of invertible m x m (real) matrices.
(a) Prove GL,, is an m?-dimensional manifold in R™. [Hint: consider the function det : R™ — R\

(b) Prove that the product (composition) of matrices

GL,, x GL,, = GL,,

A By s A (11.64)
is smooth.
(c) Prove that the inversion for invertible matrices
GL,, — GL,,
o (11.65)

is smooth.
The previous exercise shows that GL,, is a Lie group.

Definition 11.66. A Lie Group is a smooth manifold G (that is a subset of some Euclidean space)
together with

(a) a function e : {*} — G called the identity element,'8

(b) a smooth function p : G x G — G known as the product, and

(¢) a smooth function inv : G — G known as the inversion

18A function from a single element set to another set picks a single element in the latter set.
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such that the following diagrams commute!®

MXidG

GxGxGEEGx G, (11.67)
idgxyl L;U«
GxG——sG
[} x G G x G LG x {x) (11.68)
\“l /
iyl TG
G
GxG—NM  _Gx@ , (11.69)

A H

d S
\{*}/

and another diagram just like (11.69) but with the top arrow idg X inv replaced by inv X idg. In
these diagrams, ! : G — {x} is the unique function that sends every element of G to the single
element * in {*} and A : G — G x G is the duplication function that sends an element g € G to
(g,9). Since {x} is the single element set, it is common to denote e(x) € G as simply e.

Exercise 11.70. Explain concretely what the three diagrams in the definition of a Lie group mean
in terms of group elements.

The next two exercises come directly out of [9].

Exercise 11.71. Let O(3) denote the set of all orthogonal 3 x 3 matrices considered as a subspace
of RY.

(a) Define a function f : R? — RS such that O(3) is the solution set of the equation f(z) = 0.

(b) Show that O(3) is a compact three-dimensional manifold in R?. [Hint: Show that the rows of
D, f are independent if z € O(3).]

(¢) Prove that O(3) is a Lie Group with the induced structure from GL3. [Hint: Use the results
of Exercise 11.62.]

Exercise 11.72. Fix n € N. Let O(n) denote the set of all orthogonal n x n matrices considered
as a subspace of R™. Prove that O(n) is a compact manifold and is in fact a Lie group with the
induced structure from GL,,.

Here are some additional exercises.

19You should convince yourself that these are the axioms of a group! See Exercise 11.70.
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Exercise 11.73. The present exercise gives some background for Theorem 11.45. Notice how
the function f : R? — R? defined by f(x,y) := (x,0) has Jacobian whose associated rank is
1. Furthermore, f(R?) is a 1-dimensional manifold. The relationship between these the rank of a
Jacobian is made precise by Theorem 11.45 as well as the Inverse Function Theorem. Occasionally,
the rank of the Jacobian of a differentiable function indicates something about the dimension of
the image of that function, and sometimes it doesn’t. One should be cautious about making
generalizations.

(a) Draw the image of the function g : R*? — R? defined by g(z,y) := (z,2?). Calculate the rank
of Dy f for all (z,y) € R2 Finally, find f~'(z,2?) as a subset of R? for some fixed z € R.

(b) Give an example of a function f : R — R? such that D,f has rank 1 for all z € R but for
which f(R) is not a manifold. [Hint: a small modification of a function that exists in this
lecture can be used.]

Exercise 11.74. Let X : [0,27) x [0,27) — R? be defined by the following component functions
sending (s,t) € [0,27) x [0,27) to

Xi(s,t) := sin(t)
Xo(s,t) := (2 + cos(t)) cos(s) (11.75)
X3(s,t) := (2 + cos(t)) sin(s).

Let M be the image of X.

(a) Let r € Q be a rational number and let 7, : R — R? be the curve defined by

R 3> s—7(s):= <sin(rs), (2 + cos(rs)) cos(s), (2 + Cos(rs)),sin(s)). (11.76)
Let L, := 7,(R) be the image of this curve. Prove that L, is a one-dimensional manifold.
[Hint: Show that L, C M and find out what X ~!(L,) looks like as a subset of [0,27) x [0, 27)

11

for a few values of 7 such as r = 3,35,1,2,3, ... perhaps using Mathematica.]
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(b) Let A € T be an irrational number and let v, : R — R? be the curve defined by
R 3 s y(s) = (sin(rs), (2 + cos(rs)) cos(s), (2 + cos(rs)), sin(s)). (11.77)

Let Ly := 7, (R) be the image of this curve. Prove that L, is not a manifold. [Hint: Show
that L, € M and find out what X~!(L,) looks like as a subset of [0,27) x [0,27) for A = ¢
(an irrational number) perhaps using Mathematica.|

Level 1 problems.
From Spivak [13]: Exercises 5.5, 5.6,
From these notes: Exercises 11.12, 11.20, 11.21, 11.28, 11.50, 11.70, 11.73

Level 1I problems.

From Spivak [13]: Exercises 5.4, 5.7

From these notes: Exercises 11.8, 11.29, 11.49, 11.53, 11.55, 11.57, 11.59, 11.61, 11.62, 11.71, 11.72,
11.74
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12 March 21: Tangent Spaces

This material has been moved to the beginning of Week #08 so that we may spend more time
on manifolds during Week #07.

We introduce the concept of a tangent space to a manifold at a point. The tangent space to an
m-dimensional manifold M C R* at a point ¢ € M is the hyperplane tangent to M at the point ¢
viewed as a vector space whose origin coincides with the point ¢. Furthermore, the dimension of
this hyperplane agrees with the dimension of the manifold. This notion would not make sense for
an arbitrary subset of R*. For instance, referring back to Example 11.23, what should the tangent
space be at the point (0,0)7 At best, it could be a vertical line, namely the y axis, but that doesn’t
quite work. As another example, consider the point (0,0) in Example 11.33. It looks like there
are two possibilities for the tangent line. In either case, a unique tangent line doesn’t make sense.
To make sense of the tangent space for a manifold, we first define it for an open subset V C R¥.

Definition 12.1. Let V C R* be open and let ¢ € V. The tangent space to V at c is the set

T.V := {c} x R, (12.2)

whose elements are written as?® (c;v) or more frequently as v., equipped with the following vector

space structure.

(a) The zero vector is 0. (i.e. (c¢,0)).
(b) The sum of two vectors u., v, € T,V is defined to be
Ue + Ve = (U4 ), (12.3)
(ie. (u)+ (c;v) = (c;u+v)).
(¢) The scalar multiplication of a real number A € R with a vector v, € T,V is defined to be
A = (M), (12.4)
(i.e. A(c;v) := (¢; \v)).

This is just formalizing something we have already been very familiar with since we first learned
about the differential. Note that the point ¢ just labels the vector and does not alter the algebraic
structure in any way. In other words, the only thing we have done is that we are now keeping
track of the point ¢ in our notation explicitly. As usual, we will think of 7.V as R¥ itself but
whose origin is at the point ¢ and whose vectors emanate out of c¢. For example, if f: V — R™ is
a differentiable function, then the differential D.f : R¥ — R™ will now be written more precisely
as D.f : T.V — TyR™ so that our notation keeps track of specifically where our vector space
origin is. However, the way we compute this differential does not change at all. Also, if V C R*
is open and ¢ € V, then T,V = T.R* (check this!). But to avoid clutter, we may sometimes still
write R¥ instead of T,V or T,R¥ whenever convenient. Furthermore, the notation now stresses the
following picture

20A semi-colon has been used instead of a comma to avoid confusion with usual ordered pairs since the algebraic
structure will essentially ignore ¢ completely.
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for what happens to domains and
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differentiable functions

(T LT ) 4 | ((W.d) & (v,0)

for what happens to differentiable functions. The fact that the differentiable functions are basepoint-
preserving just means that f(c) = d in the notation above. This, in particular, reminds us of why
the domain changes when we take the differential of a function. We're no longer looking at func-
tions on open subsets of Euclidean space—we are looking at linear transformations of vector spaces!
We started off with a function f : V' — U between open sets that is differentiable at ¢. When we
take the differential D.f : T,V — Ty)U, this linear transformation is defined for all vectors in
T.V, regardless of the domain on which f was defined (as long as it is open). Phrased another way,
the direction derivative of a function makes sense in any direction for any magnitude of a vector
that is plugged in. Keeping this subtle distinction in mind will be crucial for what follows.

We now provide a definition of the tangent space for a manifold M at an arbitrary point ¢ € M.

Definition 12.5. Let M C R* be a smooth m-dimensional manifold, let ¢ € M, and let U C R™
be an open set, let V C R* be an open set with ¢ € V, andlet o : U — M NV andy: MNV — U
be a diffeomorphism pair with ¢ a parametrization and ¢ a coordinate patch about c¢. The tangent
space of M at c is the image of Ty U (which is basically R™) in T,R* (which is basically R¥)
under the linear transformation Dy : TeV — T f(c)]Rk . The tangent space of M at ¢ is denoted
by T.M,

TM = (Dy(ey) (Tpe)U) = {(Du0®) (vu() * vio) € TuU}- (12.6)

A tangent vector at ¢ in M is an element of T,.M.

We can use Definition 12.1 to provide T.M with a vector space structure by using the vector
space structure of T,R* by viewing T, M as a subspace of T,R* (the image of a linear transformation
is a subspace of the codomain of that linear transformation).

Before proving that 1. M is independent of the coordinate patch chosen around ¢, we go through
an explicit example to calculate the tangent space.

Example 12.7. Let M be the circle of radius v/5 centered at the origin and let ¢ = (1,2) as in
Example 10.48. In this example, we found a function g : B — R whose graph parametrizes a part
of S! containing c. Namely, let a : B — R? be given by a(z) := (z,g(z)). One of the homework
exercises from the previous lecture asks to prove that the graph of a differentiable function is a
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manifold so we know that a(B) is a 1-dimensional manifold. Let us calculate the differential of «
and use it to calculate the tangent space T{12)S*. The formula for g was given by g(z) = /5 — 2
for x € B. Hence, the matrix associated to the differential of « is the 2 x 1 matrix given by

1
[Dya] = [ 1 ] (12.8)
V5—a?
Hence, the unit vector e; € R (this is just the number 1) gets mapped to
1
Vb5 — x?

Therefore, the tangent space T.S' is depicted (in red) in the following figure and is the span of
this vector in T.R?.

(Dza)(er) = e — €. (12.9)

Be careful: keep in mind that the origin of T.R?, the codomain of D,q, here is viewed as a vector
space whose origin is at the point c. We have mentioned in Lecture 6 and above that the differential
should be viewed as a linear transformation between vector spaces whose origins correspond to the
point at which we calculate the differentials.

Exercise 12.10. Let ¢ = (0,1,2) € R? and let f : R® — R be the function
R® > (z,y,2) = f(z,y,2) = 2> +y* + 2> — 5. (12.11)

Let M := f~1(0). Find T,M and provide a basis for it. [I especially recommend this problem for
those who did Exercise 10.78.]

Exercise 12.12. Let ¢ = (0,1,1) € R? and let f : R® — R be the function
R® > (z,y,2) = f(z,y,2) = 2® +y* — 2% (12.13)

Let M := f~1(0). Find T,M and provide a basis for it. [I especially recommend this problem for
those who did Exercise 10.80.]
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Exercise 12.14. Let ¢ = (0,3,1) € R? and let f : R — R be the function
R® 3 (z,y,2) = f(z,y,2) == (2® + y* + 2> + 8)% — 36(2* + ¢°). (12.15)

Let M := f~1(0). Find T,M and provide a basis for it. [I especially recommend this problem for
those who did Exercise 10.82.]

A few more alternative and increasingly abstract definitions of 7. M will be given in the exercises
throughout this lecture. One important point to make is that the definition of T,M is a-priori
ambiguous because one could have chosen a different diffeomorphism pair of a neighborhood of ¢
in M [8]. In fact, T, M is independent of such a diffeomorphism pair as the following result shows.

Theorem 12.16. Let M C R* be a smooth m-dimensional manifold, let ¢ € M, let Uy, Uy C R™
be open sets, let Vi, Vo C R* be open sets with ¢ € Vi N Vs, and let

1 2
Uy MnVi & U M0V, (12.17)
1 b2

be two diffeomorphism pairs. Then

Image (D, (y1) = Image(Dy, o) 92)- (12.18)

Proof. Set V :=ViNVy, Ul :== 11 (M NV), and Uj := (M NV). Note that U] and U} are open
subsets of R™ due to the proof of the Inverse Function Theorem. Then, the diagrams

ANEIVAY

20901 10902

of differentiable functions (on open domains) both commute. By the chain rule, the diagrams

D«me wfz ()92 Dm@V Wg(cm (12.20)

mé m

le(c)(wzow Dyy(o)( 10902)
therefore both commute. The diagrams show that
Image(D¢1(C)g01) C Image(D¢2(C)g02) & Image(Dw(c)gog) C Image(Dd,l(C)gol), (12.21)

respectively. For example, to see the left containment, let v € Image(D¢1(C)g01). Then, there exists
a u € R™ such that (Dy, (¢1)(u) = v. Then, by commutativity of the first diagram,

(Duacrez) (Do (20 00)) (1)) = (Do) (w) = v (12:22)

showing that v € Image(Dwg(c)gpg). A similar argument using the other commutative diagram
shows the other containment. |
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Theorem 12.23. Let M C R* be a smooth m-dimensional manifold and let c € M. Then T.M 1is
an m-dimensional vector space.

Proof. The fact that T.M is a vector space follows from its definition (Definition 12.5) since the
image of any linear transformation is always a vector space. To see that it is m-dimensional,
let ¢ : U — M NV be a parametrization of M about c¢. Then Dg,-1¢ : R™ — R¥ has rank

m by assumption. This implies (by the Invertible Matrix Theorem from linear algebra) that
dim7T.M = m. |

There is an alternative definition of the tangent space of a manifold at a point using equivalence
classes of curves. This definition is useful for abstract manifolds that are not assumed to be
embedded in some Euclidean space.

Exercise 12.24. Let M C R* be a smooth m-dimensional manifold and let ¢ € M. Let C>((M, ¢), (R, 0))
be the set of smooth functions from 7 : R — R* such that v(t) € M for all t € R and v(0) =
le.

C*((M,c),(R,0)) :={v:R—= M : ye€ C®(R, M) and 7(0) = c} (12.25)

(the reason for the complicated notation in C*((M, ¢), (R, 0)) is to keep track of all the data—the
functions considered are basepoint preserving). The claim of this exercise is that

Span{’y’(()) ET.M : yeC™((M,c), (R, 0))} — T.M. (12.26)

However, the set C>((M, ), (R,0)) has infinitely many elements so this span is difficult to cal-
culate. In fact, all we care about is 7 ’(0) and not the whole curve . This motivates defining an
equivalence relation on C’°°( )) that identifies such curves whose derivatives at 0 agree.
Define this equivalence relatlon on COO(( ,¢), (R,0)) by demanding that y ~ ¢ if and only if

¥(0) = &(0). (12.27)

The goal of this exercise then is to show that the sets C>((M, ¢), (R,0))/~ and T.M are isomorphic.
Do this by constructing functions in both directions in the following manner.

(a) First show that for any curve v € C*((M, ¢), (R,0)), the vector (Dgy)(1) (the image of the
vector 1 € R under the differential Doy : R — R¥), which is a-priori just a vector in R¥, is

actually a vector in T.M. Also explain why this vector is independent of the representative
curve 7 chosen. Note that this defines a function C**((M, ¢), (R,0))/~ — T.M.

(b) Show that for any vector v € T.M, there exists a curve v : R — M such that v(0) = ¢ and
7'(0) = v (if you can only construct this curve on some domain (—¢,e) C R instead of all of
R, that suffices because by redefining your €, you can make it so that this curve is constant

outside of the domain (—2¢,2¢)). Then take the equivalence class associated to this curve.
This defines a function T,M — C*((M, c), (R,0))/~.

(c) Show that the functions from part (a) and part (b) are indeed inverses of each other.

[Hint: This is a fun problem! Draw pictures and use the definition of a smooth manifold!|
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There is yet another definition of the tangent space in terms of derivations (operators acting on
differentiable functions satisfying a type of “product rule”) and is close to another perspective we
explored earlier in Lecture 6. However, there was something from that lecture that we should have
discussed, which was how to obtain a vector field in R™ from a derivation. All we did was describe
how to construct a derivation from a vector field. Before describing it, we review some important
concepts from linear algebra, abstract algebra, and differential algebra (Exercises 12.28 and 12.44
are borderline “remarks” and their claims are not entirely required to understand everything else
that follows).

Exercise 12.28. Let V' be a vector space and let X be a set. The set
v¥ .= {v <L x} (12.29)
is a vector space by setting the following structure.

(a) Let 0: X — V be the constant function 0(x) := 0 for all x € V.
(b) Set the sum f + g of two functions f, g :€ VX to be

Xozw (f+9)(x) = f(z)+g(2). (12.30)

(c) Set the scalar multiplication Af of a function f € V¥ by a number A € R to be

X sz (Af)(x) = Af(2). (12.31)

Prove that this is the unique vector space structure on V¥ that satisfies the condition that the
evaluation function ev, : VX — R is linear for every x € X. Recall, the definition of the evaluation
map is

VXS fieva(f) = fla). (12.32)

By the way, this exercise explains in a precise sense what is meant by the “reasonable” or “natural”
vector space structure on VX, which you may have heard people say but not explain.?! [Hint: This
problem is not difficult and is just an unwinding of the definitions. First show that the vector
space structure above satisfies the required property. Then, suppose that 0 is another zero vector,
+’ is another sum, and use some notation to distinguish another possible scalar multiplication on
the set VX. Use the definitions and assumptions to prove that 0/ = 0, +/ = +, and the scalar
multiplications agree.|

For the exercise that will follow, we introduce two definitions: an associative algebra and an
algebra homomorphism (only the former is important for the concept of derivations while the latter
is only needed for Exercise 12.44 and not so important for the rest of the lecture). These are used
to describe the algebraic structure of vector fields viewed as operations on smooth functions.

21Tt makes sense to me why this works as a vector space structure on VX, but nobody every told me what
characterized it! Think about it: V¥ is a huge set, even if X is finite! So there could be lots of vector spaces
structures on it (and there are). But by demanding the restrictions I've outlined, there’s a unique one that stands out
among all the rest. Where are these restrictions coming from? Well, the evaluation maps are natural mathematical
objects associated with VX, and here the word “natural” means something concrete: the evaluation maps are part
of the data.
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Definition 12.33. An associative algebra (or just algebra for short) consists of a vector space A

together with a binary operation A x A — A called the product, whose value on (a,b) is written
as ab, such that

for all a,b,c € A and all A € R. An algebra is commutative iff ab = ba for all a,b € A. If Ais a
set, an algebra structure on A is a vector space structure on A together with a binary operation
A x A — A satisfying the above postulates.

Example 12.34. The set R of real numbers under the usual addition and multiplication operations
is a commutative algebra.

Example 12.35. The set of m x m matrices is an algebra using the component-wise addition and
matrix multilplication for the product. It is commutative if and only if m = 1.

Example 12.36. The set of upper-triangular m x m matrices is an algebra using the component-
wise addition and matrix multilplication for the product. It is commutative if and only if m = 1.

Example 12.37. The set of diagonal m xm matrices is a commutative algebra using the component-
wise addition and matrix multiplication for the product.

Example 12.38. The set of smooth functions C*°(R;R™) on R" is an associative algebra with
the natural algebra structure obtained from R (see Exercise 12.44). Namely, given two functions
f,9:R" = R, the product fg is defined to be

R>az— f(x)g(z). (12.39)

Example 12.40. The set of invertible m x m matrices using the matrix sum and product is not
an algebra.

Example 12.41. The set of vectors in R? with usual addition but the cross product as the product
is not an associative algebra.

Definition 12.42. Let A and B be two algebras. A function f : A — Bis an algebra homomorphism
iff f is a linear transformation and

flab) = f(a)f()  Vabe A (12.43)

Exercise 12.44. Let X be a set and A an algebra. Let AX denote the set of functions from
X to A. Prove that there is a unique algebra structure on A% such that the evaluation map
ev, : AX — A is an algebra homomorphism for every € X. Describe the product explicitly.
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Definition 12.45. Let ¢ € R™. A derivation on R™ at c is a linear function

V.: C®(R,R") = R (12.46)

satisfying
Ve(fg) = (Vef)g(c) + fle)(Veg) (12.47)
for all f,g € C*(R,R").
We already know several examples of derivations at points in Euclidean space. In fact, we have
studied many properties of derivations in general in Lecture 6 (particularly Theorem 6.30) though
abstracting from that and defining general derivations on associative algebras would take us on

too far of a tangent (no pun intended). Instead, we focus on derivations at points and hope to
understand the relationship between them and vectors, namely the tangent space at a point.

Exercise 12.48. Let ¢ € R™ and let V., € T.R™ be a vector at ¢. Show that the function V. :
C*(R,R") — R defined by sending a smooth (technically, all you need is differentiable here)
function f to
Ve = (Dcf)(ve) (12.49)
is a derivation at c.
Is every derivation of R™ at ¢ of this form? To answer this, we will first explore some facts.

Exercise 12.50. Let ¢ € R" and let V. : C*°(R,R") — R be a derivation at c.

(a) Show that
V.f =0 (12.51)

for any constant function f. [Hint: consider the constant 1 and then use linearity.|
(b) Show that if f,g € C>(R,R") satisfy f(c) = g(c) =0, then
V.(fg) =0. (12.52)

A close version of the following fact was stated as Problem 2.35 in Spivak [13]. Since it is
important, we provide the proof.

Theorem 12.53 (Hadamard’s Lemma). Let f : R — R be a differentiable function. Then there
exists a function g : R — R"™ such that

o) = O+ male)  VoeR® (12,50
i=1
i.e. such that the diagram

R L ge

+£(0)
R A (12.55)

()

R™ x R" dxa R"™ x R"
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commutes, and such that
9i(0) = (8:£)(0)  Vie{l,... n}.

Furthermore, if f is of class C", then g can be chosen to be of class C™*.

Proof. For each x € R”, define the function h, : R — R by
R 3t hy(t) := f(tz).

In other words,
hx = f O Yoz
in terms of our earlier notation. Recall, v.,(t) := tz for all t € R. By the Chain Rule
Dthx = (thf) © (Dt’YO;x)
so that

he(t) = (Dihs)(1)

T

= (Diof)(2)
= [(Ouf)(tx) - (Ouf)(tz)]

= _(0f)(tw)e

By this result and the Fundamental Theorem of Calculus,

zn;(/ (0:f)( txdt)

1

for all x € R. Therefore, for each i € {1,...,n}, set g; : R™ — R to be the function

R" 5 2 gi(z) := /01(8¢f)(tx)dt

(12.56)

(12.57)

(12.58)

(12.59)

(12.60)

(12.61)

(12.62)

and set g : R” — R™ to be the function sending z € R" to (g1(z), g2(2), ..., gn(z)). Then g satisfies

the required conditions.

Theorem 12.63. Let Vy be a derivation on R™ at 0. Then there exists a vector vy € ToR™ such

that
Vof = (Do f)(vo)
for all f € C*(R,R").
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Proof. Let f : R" — R be a smooth function. By Hadamard’s Lemma, there exist smooth functions
gi: R" — R fori € {1,...,n} such that

f=ro)+ Z i (12.65)

and g;(0) = (9,1)(0). Since V is a derivation at 0, V(f(0)) = 0 by Exercise 12.50. Furthermore,
by linearity and the Leibniz property,

Wof = ZVO(Wz‘gz‘) =) ((Vom‘)gi(o) + Wi(o)(Vogi)>- (12.66)

i=1

Since ¢;(0) = (9;f)(0) and 7;(0) = 0, this becomes

Wof = Z(Voﬂi)(az‘f)(o)- (12.67)

Therefore, the vector

v = (Vom)e, (12.68)

i=1
where e; is the i-th unit vector (the subscript 0 has been left off) satisfies the required properties.
Namely,

(Dof)(vo) = (Dof) (Z(%m)&:) = Z(Vm)(Dof)(ei) = Z(Vm)(@- £0)=Vof. (12.69)
[ |

Exercise 12.70. Prove the following slight generalization of Theorem 12.63: “Let ¢ € R™ and let
V. be a derivation on R™ at ¢. Then there exists a vector v, € T.R"™ such that

ch = (Dcf)<vc) (12'71)

for all f € C*(R,R").” [Advice: It might be possible to use the results of Hadamard’s Lemma
and /or Theorem 12.63 and slightly modifying them for this case.]

Using this idea for vector fields in Euclidean space, the following exercise asks to prove a similar
statement for smooth functions on smooth manifolds. However, it restricts attention to derivations
concentrated at a single point (we have not yet even defined what we mean by vector fields on
manifolds, so it would not make sense to talk about them yet).

Exercise 12.72. Let M be a smooth manifold and let C*°(RR, M) be the set of smooth functions
from M to R (see Definition 4.19). Let ¢ € M.

(a) Briefly describe the natural algebra structure on C*°(R, M) (see Exercises 12.28 and 12.44).

123



(b) In Theorem 6.30 and Exercise 12.48, it was shown that vector fields when viewed as operators
(known as derivations) satisfy certain conditions. In Exercise 12.24, it was shown that T,.M
is isomorphic to certain equivalence classes of curves in M. In this exercise, we will extend
Theorem 6.30 and Theorem 12.63 to manifolds. Show that for any vector V. € T.M, which
can be represented by a differentiable curve v : R — M satisfying v(0) = ¢ and +/(0) = V,
the function V. : C*°(R, M) — R defined by

C=(R, M) 3 f = Vu(f) := (f 0)'(0) (12.73)
satisfies the conditions of Definition 12.45, i.e.
LVe(f+9) =Vef +Vey,
ii. Vo(Af) = AV.f, and
il Ve(fg) = (Vef)gle) + f(c)(Veg)

for all smooth functions f, g € C*°(R, M) and all constants A € R. A function V.. : C*(R, M) —
R satisfying the three conditions in part (b) is known as a derivation on M at c. The set of
derivations on M at ¢ is denoted by Det.(M).

(c) In part (a), an assignment T,M — Der.(M) was provided. Construct an inverse to this
function. Namely, associate to a derivation V. : C*°(R, M) — R at ¢ a vector V, € T.M and
show that these functions are (set-theoretic) inverses of each other. [Hint: use a local chart
and then use Hadamard’s Lemma and/or Theorem 12.63.]

Hopefully, these many different ways of thinking about tangent vectors will provide a more
thorough understanding of what a tangent vector is. We now move back to properties of the
tangent space and the differential of a differentiable function between manifolds.

Exercise 12.74. See Exercise 12.72 for background.

(a) Prove that the set of derivations on C*°(IR, M) at c¢ is a vector subspace of the vector space of
all functions RC™®M),

(a3

(b) Prove that there is a vector space isomorphism T, M — Det.(M). [Hint: most of the work for
this was already done in earlier results.]

The next few exercises explore the tangent space of Lie groups at the identity. This tangent
space is known as the Lie algebra associated to the Lie group.

Definition 12.75. Let G be a Lie group. The Lie algebra of G, denoted by g, is the tangent space
of G at the identity e € G,

g:=T.G. (12.76)

The reason for the word “algebra” is because there is an algebraic structure associated with
the tangent space. We will discuss this algebraic structure later after we define vector fields on
manifolds. The word “Lie” is used to distinguish this algebraic structure from an associative
algebraic structure. Such an algebraic structure does not naturally appear for arbitrary manifolds
at their tangent spaces. To give some examples, we recall what a Cauchy sequence.
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Definition 12.77. Let A C R". A sequence a : N — A in A is a Cauchy sequence iff for any ¢ > 0
there exists an N € N such that

lan —am|| <€  Vn,m>N. (12.78)
Exercise 12.79. Prove that a sequence a : N — R" is Cauchy if and only if it converges.
Exercise 12.80. Let A be an m x m matrix. Prove that the sequence of partial sums
N —R™
" Ak (12.81)

converges to a matrix. In this notation A° := 1 is the identity matrix and

1 itk=0
Re={ (12.82)
I[Ii,¢ ifk>1

is the factorial of a non-negative number. The limit of the sequence of partial sums from above is
called the exponential of the matrix A
exp(A) := R (12.83)
k=0
[Hint: Use Problem 1.10 in Spivak [13] and Exercise 12.79. You may also assume the exponential

of a number converges.]

Exercise 12.84. Let A be an m x m matrix. Prove that exp(A) is invertible. [Hint: Show that
exp(—A) exp(A) = 1 by using the (incredibly useful)®* identity > 02 (> 77 akn = D v D opeo Ghin—k-]

Exercise 12.85. Recall that O(3) is the Lie group of orthogonal 3 x 3 matrices (see Exercise
11.71).

(a) Prove that the tangent space of O(3) at the identity is the set of skew-symmetric 3 x 3 matrices,
i.e. matrices A such that AT = —A. [Hint: let v : R — O(3) be a path such that v(0) = 1, let
v € R? and consider the function R — R given by sending ¢ € R to (y(t)v,v(t)v).]

(b) Let A, B be skew-symmetric 3 x 3 matrices. Show that the commutator [A, B] of A and B

is again a skew-symmetric 3 x 3 matrix. Here, the commutator of A and B is defined to be
[A, B] .= AB — BA.

(c) Let A, B be skew-symmetric 3 x 3 matrices. Is it always true that AB is a skew-symmetric
3 x 3 matrix? Explain.

Level 1 problems.
From these notes: Exercises 12.10, 12.12, 12.14, 12.28, 12.44, 12.48, 12.50, 12.74

Level 11 problems.
From these notes: Exercises 12.24, 12.70, 12.72, 12.79, 12.80, 12.84, 12.85

228eriously, you have no idea how many times I've used this identity in my life. Note that the ay, is this
summation formula are not the components of the matrix A. You do not need to express A in terms of its components
to do this problem.
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13 March 23: Level Sets for Manifolds

There is an incredibly important point that needs to be made about the tangent space T.M to a
manifold M at a point ¢ € M that we took for granted for open subsets of Euclidean space.

There 1s no canonical basis for the vector space T M.

To make sure you believe this statement, look at all of the previous examples and try to provide a
canonical choice. Yes, there is always a basis, but you might choose a different one than I might.
This will imply that we will not be able to write down a canonical “Jacobian matrix” for a given
differentiable function f : N — M between manifolds at a point. Nevertheless, there is a notion
of a differential when viewed as a linear transformation without having chosen a basis. This is
what the following theorem is about.

Theorem 13.1. Let M C RF and N C R be differentiable m- and n-dimensional manifolds,
respectively, let ¢ € N, and let f : N — M be function that is differentiable at c¢. Let U C R be
an open neighborhood of ¢ and let f : U — RF be a function that is differentiable at ¢ and equals
f when restricted to N N U. Then the following two conditions hold:

(a) (Dcf) (TcN> - Tf(c)M and

(b) if U C R is another open neighborhood of ¢ and f : U — R* is another function that is
differentiable at ¢ and agrees with f on U N M, then Dcf|T N= DJ!T no l-€ the restrictions
of D.f and D.f to T.N both agree.

In this case, it is appropriate to denote the restrict of either Dcf or D.f to T.N by D,f.
Proof. The proof will be broken into two parts using the notation from each respective part.

(a) Choose parametrizations
o:W =N & V=M (13.2)

of N and M about the point ¢ and f(c) respectively. Here W C R™ and V' C R™ are open
subsets chosen to satisfy the additional condition that®® (W) C U and f(p(W)) C ¢ (V).
Therefore, the composition

VES (V) L o) & W (13.3)
is differentiable on W since each function in the composition is differentiable. Furthermore,
the diagram

R¥ U
1!)[ ’w (13.4)
\%4 w

$~Lofop

23See Exercise 13.9 for a justification.
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of differentiable functions commutes. Hence, by the Chain Rule,?* the diagram

c

R R!
Dy-1(sep¥ Dy-1(¢)% (13.5)
R™ R"™

D, 1o (W ofop)

of linear transformations commutes. Note that by starting at the bottom right corner of this
diagram, it follows that 7.N, which is by definition (D,-1(¢)(R") C R, gets mapped to a
subspace (D.f)(T.N) of R* by following the top and right part of this diagram. However,
R™ also gets mapped to a subspace of R™ along the bottom arrow D,-1(. (gb‘l o f o). Since
T(yM is by definition the image of R™ under Dy,-1(¢ and Dy-1)(¥"! o f o ) (R™) C R™,
this implies (D.f)(T.N) C TreyM.

(b) Choosing V and W as in the proof of part (a) to satisfy the additional condition that (W) C U
we obtain the commutative diagram (by combining two of the diagrams like (13.4))

T

v U U
Vv X/
w

of differentiable functions. Applying the differential gives another commutative diagram (not

id

Rk —Rk

(13.6)

all linear transformations have been labelled to avoid clutter)

w=1(f(en? (13.7)

Do-10®
_1( )m\

By definition of T. N, for any vector v € T.N, there exists a unique vector u € R" such that v =
(Dy-1(¢)) (u). Hence, by commutativity of this diagram, it follows that (D.f)(v) = (D.f)(v).
Since v € T, N was arbitrary, this shows that D, f restricted to T, N agrees with D, f restricted
to T.N.

24Notice that we are using the ordinary Chain Rule and not some version for manifolds. This is because all
differentials are defined on open subsets of Euclidean space. We will discuss a version for manifolds shortly—it will

follow from this theorem.
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Definition 13.8. Let M C R* and N C R’ be differentiable m- and n-dimensional manifolds,
respectively, let ¢ € N, and let f : N — M be function that is differentiable at c¢. The differential
of f at cis the linear transformation D.f : T.N — Ty M from Theorem 13.1.

This result and construction should surprise you. After Definition 4.20, it was stated that for
a function f : A — R defined on an arbitrary subset A C R¥, although it makes sense to ask if
f is differentiable at a point a € A, it is meaningless to ask what its differential is since it might
not be unique. This theorem shows that if A C R¥ is a manifold, then the differential can be
defined, but only on a subspace of R* (technically a subspace of T,R*) namely, a subspace T,A
whose dimension coincides with the dimension of the manifold A.

Exercise 13.9. Refer to the proof of part (a) of Theorem 13.1. Explain why the open sets V' and
W can be chosen to satisfy the conditions that ¢(W) C U and f((W)) C 4(V).

In addition, this differential satisfies the following familiar properties.

Theorem 13.10 (Chain Rule for manifolds). Let M C RY, N C R*¥, and P C R! be m-, n-, and
p-dimensional manifolds of class C", respectively. Let ¢ € P and let

MLINELP (13.11)

be functions with g differentiable at ¢ and f differentiable at g(c). Then f o g is differentiable at c

and the diagram
C)N

“C)/ (13.12)

T(g(enM =5

c(fog)

of linear transformations commutes.

Exercise 13.13.

(a) Prove Theorem 13.10.

(b) Let idy; : M — M be the identity map on a manifold M C R*. Prove that D.id = idy. 5 for
all c € M.

(c) Let M and N be manifolds and let f : N — M be a diffeomorphism (f is differentiable with
a differentiable inverse). Show that Dy f~' = (D.f) ' for all ¢ € N. Note that this implies,
in particular, the dimension of M is equal to the dimension of V.

Exercise 13.14. This exercise explores the product of manifolds and differentiable functions on
them.

(a) Let N C R/ and Q C R be manifolds of dimensions n and ¢ respectively. Show that N x Q C
R+ is a manifold of dimension n + q.
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(b) Let a € N and b € ). Show that
Tiaty(N x Q) = T,N & T,Q. (13.15)

Here @ stands for the direct sum of vector spaces. Recall, if V' and W are subspaces of some
vector space U satisfying V N W = {0}, then V & W is the subspace of U given by

VeW={v+welU :veV,weW}. (13.16)

(c) Let P C R¥ and M C R? be manifolds of dimension p and m, respectively. Let f : N — M
and g : Q — P be differentiable functions. Show that

Dy (f x g) = (Daf) & (Deg). (13.17)

Here @ stands for the direct sum of linear transformations. Recall, if Y and Z are subspaces
of another vector space X satisfying Y NZ = {0} and S:V — Y and T : W — Z are linear
transformations satisfying the condition that S(V)NT (W) = {0}, then S&T : VW — Y& Z
is the linear transformation defined by?®

VaWw:s @ww)— (SeT)(v,w) :=Sw)+ T(w). (13.18)

Example 13.19. The (unit) n-torus in R*" is the n-dimensional manifold

n times

——
T":= 8" x - x S, (13.20)
where S* C R? is the unit circle in R?.

Let us come back to the point made earlier about there not being a canonical basis of vectors at
the tangent space to an arbitrary manifold. But first, we need to be sure we understand a concept
from linear algebra about bases and how a linear transformation 7' : V' — W together with bases
on V and W determines a matrix.

Definition 13.21. Let W and V be finite-dimensional vector spaces of dimensions n and m
respectively, let T : W — V' be a linear transformation, let C := {wy,...,w,} be an ordered basis
for W, and let B := {vy,...,v,,} be an ordered basis for V. Let ®¢ : R* — W and ¥ : R™ — V
be the linear transformations uniquely determined by the conditions

Ug(e;) = w; Vie{l,...,m} & Dc(ej) = v, Vjie{l,...,n}. (13.22)

25You already know what this is: this is just the block sum of matrices if we have a basis. Namely,

sw+rw =[5 o] |2)

w

in terms of components.
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The matrix associated to the linear transformation T and the ordered bases B and C is the matrix
associated to the linear transformation g7¢ : R® — R™ determined by the condition that the

diagram
V—->T—w
\I’B[ [% (13.23)
R™ < R”
commutes. In other words,
BTC = V' oT o ®e. (13.24)

The reason for the notation is explained by the following exercise.

Exercise 13.25. Let U, V, and W be finite-dimensional vector spaces, let U E v & W be linear
transformations, and let B,C, and D be ordered bases for U, V, and W, respectively. Prove that

5SC 0 cTP = 3(SoT)P. (13.26)
[Hint: You do not need to write down explicit vectors for the bases to do this problem.]

Definition 13.27. Let M C RF and N C R’ be differentiable m- and n-dimensional manifolds,
respectively, let ¢ € N, and let f : N — M be function that is differentiable at c¢. Let C and B be
ordered bases for T, N and T M, respectively. The Jacobian of f at c with respect to C and B is
the matrix [5(D.f)] associated to the linear transformation 5(D.f)¢ : R® — R™.

So if we can always choose a basis for each tangent space, why not just do that and call it a
day? For one, we do not want to choose bases at points arbitrarily. For instance, if we pick a basis
C. for T.N, and if z € N that is close to ¢ (in some suitably small open neighborhood of ¢), we
should choose another basis C, of T, N that is also sufficiently close to C. in some precise sense
(we will say in what precise sense soon). In fact, we might want the basis to vary smoothly in
a neighborhood of ¢. We were able to do this in R™ because we had the vector fields &; for each
i € {1,...,n}, which were not only smoothly varying, they were constant. This certainly does
not happen on an arbitrary manifold. For example, just look at the unit circle. e; € T(p1)S" and
e1 € T(p,—1) but e; is not in any other tangent space on the circle.

It turns out (and we will prove this) that the following statement: “There exists a smoothly
varying basis of tangent vectors on every manifold” is false! This is closely related to the fact
that not every n-dimensional manifold admits a non-vanishing vector field (a smoothly varying
basis of tangent vectors would require n such linearly independent non-vanishing vectors, so if you
don’t even have a single non-vanishing vector field, then you can’t possibly have n of them!). We
will take this discussion momentarily, but first let us explore some more facts about implicitly
defined manifolds, their tangent spaces, and differentiable functions between them. We can obtain
manifolds as level sets of differentiable functions between manifolds provided their dimensions are
appropriate. We repeat the definitions of critical points/values and regular points/values this time
for maps between manifolds.

130



Definition 13.28. Let M C R¥ and N C R! be smooth m- and n-dimensional manifolds, respec-
tively, and let f : N — M be a smooth function. A critical point of f is a point a € N such that
Dof : TuN — Ty M is not onto (has rank less than m). Let C'y denote the critical points of f. A
regular value of f is a point in M \ f(C}), the complement of the image of all the critical points
of f. This set is denoted by Ry := M \ f(C}). A regular point of f is an element of f~!(Ry).

Example 13.29. Let X : [0,27) x [0,27) — R? be defined by the following component functions
sending (s,t) € [0,27) x [0,27) to

Xi(s,t) := sin(t)
Xo(s,t) := (2 + cos(t)) cos(s) (13.30)
Xj(s,t) := (2 + cos(t)) sin(s).

Let M be the image of X.

Let 7 : R® — R be the projection onto the third component
R? > (2,9, 2) = 7(2,9,2) i= 2 (13.31)

and let h : M — R be the restriction of m to M. 7 is smooth everywhere and has no critical points
(check this!). Even though & is the restriction of 7, h does have critical points. In fact, there are
four critical points on M given by

¢y, = {(0,0,3),(0,0,1),(0,0,-1),(0,0,-3)} € M. (13.32)
The set of regular values is given by
Ry =R\ {3,1,-1,-3} = (o0, =3) U (=3,-1) U (—=1,1) U(1,3) U (3, 00). (13.33)
Hence, the set of regular points on M is given by

M\ (h—1(3) Uh Y1) U L(~1)U h-l(—s)). (13.34)
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A visualization of this set can be obtained from the figures below, but before we do this, we
should prove all of these claims with our currently available techniques. Fortunately, we have
a parametrization of M by extending the function X to all of R? and then restricting to local
patches. As long as these patches are contained in squares of side length 2m, they will form a
coordinate system for M about some point. Note that X3 = h o X and the tangent space to
any point ¢ € M can be computed by finding (s,t) such that X(s,t) = ¢ and then calculating
the image of D, X. Let’s work this out explicitly. First, calculating the differential D,y X as a
matrix using the standard basis gives

0 cos(t)
[DspX] = | —(2+ cos(t)) sin(s) — sin(t) cos(s)
(2 + cos(t)) cos(s)  —sin(¢)sin(s)

The span of these column vectors is precisely T'x (s, M. In fact, these two column vectors form a
basis for this tangent space. ¢ = X(s, 1) is a critical point of & if and only if Dy, h is the 0 linear
transformation (since the codomain of h is 1-dimensional). But h is precisely the restriction of =
to M so

Dxsph = Dx(s ™ = Dx(spT

Tx(s,yM (D(s,t)X)(R2)7

where the bar notation means the restriction to the subspace in the subscript. This linear transfor-
mation vanishes precisely if the image of both basis vectors go to the zero vector because applying
this linear transformation Dxnm = [0 0 1} to these vectors yields

(2 + cos(t)) cos(s) & — sin(t) sin(s), (13.35)
respectively, under the differential of 7 restricted to T.M. Setting these terms to zero enforces the
conditions -

s€{§+n7r:n€Z} & te{mr : meZ}. (13.36)
In the domain [0, 27) x [0, 27), this gives us only two possible values for s and ¢
T 3T
s € {5,7} & te{o,7} (13.37)

which combined yield four critical points in M. They are given by plugging in these four possible
combinations into the function X. The result is

X (f 0) = (0,0,3)

5
X (gw) = (0,0,1)
¥ <3§7W) — (0.0,—1) (13.38)

X (37”0) —(0,0,-3).

Because X : [0,27) x [0,27) — M is one-to-one and onto, this exhausts all possible critical points.
Now, let us look at h=!(¢) C M for some values of ¢ € {—3,-2,—-1,0,1,2,3}.
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Notice that h~'(r) is a one-dimensional manifold for all » € R, (this is depicted in the figure
as a blue plane intersecting M ). This manifold is diffeomorphic to one of the following three
possibilities?

o, St or ST S, (13.39)

where IT is the disjoint union. Also notice that h~* (h(c)) is mot a one-dimensional manifold for
all critical points ¢ € C (this is depicted in the figure as a red plane intersecting M).

Exercise 13.40. This exercises refers to Example 13.29 and uses its notation. Incidentally, ex-
pressing the curves obtained from h~1(¢) for various values of ¢ € (—3,3) explicitly in terms of a
single variable involves heavy use of the Implicit Function Theorem. For instance, one way to do
this is to solve for s in the expression

X3(s,t) = (2 + cos(t)) sin(s) = ¢ (13.41)

and then plug this back into the expressions of X; and Xs. Of course, one can solve for sin(s)
without any problem:

14

T2+ cos(t) (13.42)

sin(s)

because the denominator never vanishes. Furthermore, only cos(s) appears in the other expressions
for X; and X5. One could therefore try to solve using trigonometric identities

/4 — 2 4 2cos(t) + cos?(t)
n 2 + cost

cos(s) (13.43)

and plug this into the expressions to obtain a parametric curve description of the curve h=1(¢) C
MCR?

(0,2m) >t = X(t) = <sin(t), V4 — 02 + 2cos(t) + cos?(t), 2—|—+)s(t)) . (13.44)

However, there is something wrong with my argument. It is not always possible to actually do
this as the following contour plot illustrates showing the level sets of X; (/).

26The empty set is a manifold of every dimension.
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The horizontal axis here is for the s variable and the vertical axis is for the ¢ variable.

(a) Let £ =2 and let (sq,t0) € (0,27m) x (0,27) be a point that satisfies X;5(so,tp) = ¢. For which
values of ¢y € (0,27) can you not find an open neighborhood B C (0, 27) containing ¢, and a
smooth function g : B — R such that g(to) = so and X3(g(t),t)) = ¢ for all t € B? In other
words, for which points (sg, tg) can you not solve the equation X3(s,t) = 2 for the variable s
in terms of ¢ near the point ¢y that contains the point sq in its image?

(b) Again, set ¢ = 2. Pick any point (sg,to) for which you can solve for one variable in terms of
the other. Find the largest domain for which you can do this and for which your formula is
well-defined.

Example 13.29 leads us directly to a deeper understanding of level sets of smooth functions
from regular values and there relationship to lower-dimensional manifolds, but before stating this
result, we describe the inverse function theorem for manifolds.

Theorem 13.45 (Inverse Function Theorem for Manifolds). Let M C R* and N C R! be smooth
m-dimensional manifolds, let ¢ € N, and let f : N — M be of class C" on M. If D.f : T.N —
TyyM is an isomorphism of vector spaces, then there exists open sets U € N and V C M and a
function g : V — U such that

(a) ce U and f(c) €V,
(b) f:U—=V and g:V — U are inverses of each other,
(¢) g is of class C" on V with differential given by Dyg = (Def) ™t

Proof. Let ®: NNB = A be a coordinate system of NV about cand ¥ : M NY = X a coordinate
system of M about f(c). Here A C R*", B C R, X C R™ Y C R are all open. This uniquely
defines a function F' : A — X such that the diagram

MAY~L—NnB
\I/‘ \cb (13.46)
XA




commutes. Applying D to this diagram gives

TyoM "L 1N
Df(c)\p‘ \Dccb (13.47)

D@(C)F R
By assumption, D.f, D.®, and D) ¥ are all invertible linear transformations. Hence, Dg ) F is
invertible as well since it is given by

Do) = (Dg()¥) o (Def) o (Daey )™ (13.48)

since the diagram commutes and each linear transformation in this composition is invertible. In
particular, this forces m = n. Therefore, by the ordinary Inverse Function Theorem (Theorem
8.11) and Exercise 8.42, there exist open sets Z, W C R™ and a function G : Z — W of class C”
that is an inverse of F. Since ¥ and ® are smooth diffecomorphisms, the image of Z under U1
is an open subset of M. Hence, there exists an open set V C R* such that M NV = ¥=1(Z2).
Similarly, there exists an open set U C R such that ®~1(W) = N NU. In other words, we have so
far constructed the diagram

MNV NNU
\I/\ ‘@ (13.49)
g

Since ® is invertible, there exists a unique map g : M NV — N N U such that the diagram

g

MNV NNU
\I/\ ‘@ (13.50)
Z e w
commutes, namely
g=®1oGoW. (13.51)
This g satisfies all of the conditions of the theorem. ]

The following theorem is a generalization of Theorem 11.45 [8].

Theorem 13.52. Let M C R* and N C R! be smooth m- and n-dimensional manifolds with
n>m. Let f: N — M be a smooth function, and let y € M be a regular value. Then f~*(y) C N
is a smooth manifold of dimension n — m.

Proof. Let ¢ € f~'(y). The goal is to construct an open neighborhood around ¢ and a chart on
this neighborhood intersecting with f~'(y). Because y is a regular value, D.f : T,N — T,M is
onto. Let K := ker(D,f) denote the kernel of this map, which is a vector subspace of T.N. By the
rank-nullity theorem (from linear algebra), dim K = n—m. Choose an isomorphism L : K — R"™™
and an extension L : T,R! — R*"™ of L (an infinite number of such choices are available—it does
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not matter what we choose). Such a function L corresponds uniquely to a linear transformation
L :R! — R"™™ given by ignoring the c. Then define F' : N — M x R™™™ to be the function

N>z F(z):= (f(z),L(x)), (13.53)

where the second component uses the fact that N C R'. F is differentiable for all z € N and its
differential D .F': T.N — T, M & Ty (oR"™™ at ¢ € N is given by

TN 5 v, (DeF)(ve) = ((Def)(ve), L(w,)). (13.54)

D F has no non-trivial kernel. To see this, let v, € T.N satisfy (D.F)(v.) = 0. Then this means
(D.f)(ve) = 0, but since L is non-vanishing on ker(D.f) \ {0} and L(v.) = 0 as well, this forces
v, = 0. Hence, D.F' is an isomorphism. By the Inverse Function Theorem for Manifolds, there
exist open sets U C R' and V C R*¥ x R such that F : NNU — (N xR*™) NV is a
diffecomorphism. Furthermore, F(f~*(y) NU) = ({y} x R"™™)NV. In other words, F restricted to
f~Yy)NU provides a coordinate system for f~1(y) about the point ¢ proving that it is a manifold
of dimension n — m. ]

The following exercise comes from [9].

Exercise 13.55. Let f,g : R® — R be of class C". Under what conditions can you be sure that
the solution se of the system of equations

fay,2) =0 (13.56)
g(z,y,2) =0
is a smooth curve (i.e. a one-dimensional manifold)?
Exercise 13.57. Let M C R? be the graph of the function f : R? — R defined by
R? > (z,9) = f(z,y) == 2%y, (13.58)

let 7 : R? — R be the projection onto the third component, and let h : M — R be the restriction
of m to M (this is the height function on M).

(a) Explain why h is differentiable.
(b) Calculate C}, € M and Rj, C R, the set of critical points and regular values of f, respectively.

(c) Is h7'(¢) a manifold for all £ > 0?7 What about for al £ < 0? Do you expect these to be
manifolds? Finally, what about for ¢ =17

(d) Describe the set h71(0) explicitly.
Exercise 13.59. Let M C R? be the graph of the function f : R? — R defined by
R? 5 (z,y) = fla,y) =2, (13.60)

let 7 : R® — R be the projection onto the third component, and let h : M — R be the restriction
of m to M (this is the height function on M).
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(a) Explain why h is differentiable.
(b) Calculate C, C M and Rj, C R, the set of critical points and regular values of f, respectively.

(c) Is h™}(¢) a manifold for all £ > 0?7 What about for al £ < 0? Do you expect these to be
manifolds? Finally, what about for £ = 17

escribe the set h™ explicitly. Does this result contradict eorem 13.527 Explain.
(d) D ibe th h 1(O) plicitly. D hi | dict Th 13.527 Explai

You might wonder why we always look at height functions to analyze problems like this. This
is unnecessary as the following examples illustrate.

Exercise 13.61. Let S' C R? be the unit circle and let f : R? — R be the function defined by
sending (z,y) 2 R? to f(x,y) := 2*> — y*. Let h : S' — R be the restriction of f to S.

(a) Explain why h is differentiable.
(b) Calculate Cj, C S' and R;, C R, the set of critical points and regular values of f, respectively.
(c) For what values of £ is h~(¢) a manifold?

Exercise 13.62. Let S?2 C R3 be the unit 2-sphere and let f : R? — R be the function defined by
sending (z,y,2) 2 R? to f(z,y, 2) = 2? + y* — 2%. Let h : S — R be the restriction of f to S2.

(a) Explain why h is differentiable.
(b) Calculate Cj, C S? and R;, C R, the set of critical points and regular values of f, respectively.

(c) For what values of £ is h~*(¢) a manifold? What manifold is it? Classify the possibilities into
cases.

We know that if we have a parametrization of a manifold, we can calculate the tangent space at
a point by using the parametrization and simply calculating it. However, this task is not so simple
when we have manifolds described by some level set. To do this, we introduce normal vectors to
tangent spaces and then prove a theorem relating the tangent space to a level set with the normal
space.

Definition 13.63. Let ¢ € R* and define an inner product on 7,R* by
T.RF x T.R* 3 (e, ve) = (te, ve)e := (u,v), (13.64)

where the latter notation is the usual Euclidean inner product on RF. Similarly, if M C RF is
an m-dimensional manifold and ¢ € M, then ( -, - ). restricts to T.M so that T.M is an inner
product space.

Definition 13.65. Let M C R* be a manifold of dimension m and let ¢ € M. The set
veM = {v. € TR" : (v,uc). =0V u.€T.M} (13.66)

is called the normal space of M in R¥ at ¢ (or sometimes called the space of normal vectors to M
in R* at c).
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Theorem 13.67. Let M C RF and let ¢ € M. Then
T.R* = T.M & v.M, (13.68)

i.e. for any vector v, € T.R*, there exist unique vectors u. € T.M and w., € v.M such that
Ve = U + We.

Exercise 13.69. Prove Theorem 13.67.

The reason for the specific phrasing in the definition of normal vectors is because the definition
depends on the ambient space. To be more consistent, we define the notion of a submanifold.

Definition 13.70. Let M C R* be an m-dimensional manifold. A subset N C M is an
n-dimensional submanifold of M iff for every point ¢ € N, there exists a coordinate system

%)
U Vv (13.71)
(
of M about ¢ such that
e(UNN)=Vn(R"x{0}), (13.72)
where the latter set R” x {0} C R¥ is explicitly described as
R™ x {0} := {y € R* : yny1,Ynta, -, 46 = O}, (13.73)

Exercise 13.74. Let M C R* be an m-dimensional manifold, let N C M be an n-dimensional
submanifold of M, and let ¢ € N.

(a) Prove that the inclusion map N < M is differentiable.
(b) Show that T.N C T M.

Definition 13.75. Let M C R* be an m-dimensional manifold, let N C M be an n-dimensional
submanifold of M, and let ¢ € N. The set

vIN :={v.€e T.M : (v;,uc)e =0V u. € T,N} (13.76)

is called the normal space of N in M at ¢ (or sometimes called the space of normal vectors to N
in M at c).

Unlike the tangent space, the normal space depends on the ambient space in which the manifold
lives. To be consistent with earlier notation, for a manifold M C R¥, the space of normal vectors
to M at ¢ might also be written as & M instead of v, M. However, if it is clear from context, we
may leave out this additional superscript.

Theorem 13.77. Let M and N be m- and n-dimensional manifolds respectively, let f : N — M
be differentiable, and let y € Ry C M be a regular value of f, denote S := f~*(y), and let € S.
Then

ker (TmN R TyM> — 7,5, (13.78)
1.€.
vNs 2=l M (13.79)

s an isomorphism.
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Proof. Applying D to the commutative diagram
N~<~———8

fl \fls (13.80)

M~—{y}

of differentiable maps induces the commutative diagram
T.N<~—T,5

szl \DmezSO (13.81)
M <~—T,{y}

of linear transformations by Exercise 13.74 (and the Chain Rule). Since T,{y} is just a zero-
dimensional subspace, (D, f)(1,S) = {0} as a subspace of T, M. This shows that 7;,5 C ker(D, f).
To see the other containment, first note that by Theorem 13.52, dim(7,,S) = n — m. Since D, f
is surjective and T, N = T,,S @ v S it follows that (D, f)(vYS) = T,M. Because dim(vYS) = m,
this shows that D, f : vY'S — T, M is an isomorphism and ker(D, f) = T}.S. [ |

Remark 13.82. By popular demand, I've decided to include the following problem, which could
have been given in Lecture 6. It is contained in a remark because it is tangential to what we are
doing (unless I change my mind sometime later in the future).

Exercise 13.83. Recall from Lecture 6 that given a smooth function f : R® — R™, the differential
of f at various points defines a smooth function Dnf : R® — Hom(R™,R™). The differential of
this is the function DgDgf : R* — Hom(Hom(R™,R™),R"), which we denoted by D2 instead
(since the input variable for [ is the same). Such a function looks complicated, but it actually
isn’t thanks to a wonderful relationship between linear transformations and tensor products (an
analogous relationship holds for functions and Cartesian products).

(a) Let U, V,W be finite-dimensional vector spaces. Show that there is a canonical isomorphism
of vector spaces

Hom(Hom(U, V), W) = BiHom(U, V x W), (13.84)
where BiHom(U, V x W) is the set of functions U <= V x W that are bilinear, i.e.
L(vy + cvg, w) = L(vy,w) 4 cL(vq, w) & L(v,wy + cwg) = L(v,wy) + cL(v,wy) (13.85)

for all v,vy,v9 € V, w,wy,ws € W, and ¢ € R.

It is a fact (I do not expect you to prove this) that there exists a unique (up to canonical isomor-
phism) vector space V ® W satisfying the condition that there is a one-to-one correspondence

between BiHom (U, V x W) and Hom (U, V @ W).%

27Stating this more precisely goes way beyond what we should be focusing on. ® is known as the tensor product
of vector spaces. My personal understanding of it involves some advanced diagram theory.
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(b) This fact implies that D2 f : R® — Hom(R™, R" ® R™), which means that for every z € R", we
get a linear transformation D2f : R® ® R™ — R™. Concretely, this means D2 f can be viewed
as a function (the same notation is used abusively) D2f : R" x R" — R™ that is bilinear.
Prove that

(D3 fr) (€5, €5) = 0i0; fr() (13.86)
for all 4,5 € {1,...,n} and for all k € {1,...,m}.

Notice that when m = 1, this gives n? such functions 9;0; f (technically, because f is smooth,
it gives
n*—n n(n+1)

=" 13.
5t . (13.87)

independent functions because partial derivatives commute). Using the standard Euclidean

basis,?® one can put these functions in the form of a matrix
OOf OiOof - O1O.f
gy |0 ARE 00 (13.5%)
Ouhf Oudf - Ondnf

known as the Hessian matriz of f. However, one uses the Euclidean inner product to construct

this matrix. It is more natural to think of D?f simply as a multilinear function D?f : R" x
R"™ — R. Such an object is known as a 2-tensor.

Exercise 13.89. Let f : N — M be a smooth map between smooth manifolds. Let I' := {(x, y) €
N x M : y= f(z)} be the graph of f.

(a) Prove that I' is a smooth submanifold of N x M.

(b) Prove that the tangent space
TioyD C TuN x T,M (13.90)

is equal to the graph of the linear transformation D, f.
Level 1 problems.
From these notes: Exercises 13.9, 13.25, 13.55, 13.61

Level 11 problems.
From these notes: Exercises 13.13, 13.40, 13.57, 13.59, 13.62, 13.69, 13.74

Level III problems.
From these notes: Exercises 13.14, 13.83

28When m = 1, D?f is originally of the form D2f : R — Hom(R,R"). The codomain is the dual space of R"
(by definition). Since R™ has an inner product, there is an isomorphism ¢ : R — Hom(R,R"™) given by sending
the vector v € R™ to the linear function (v, - ) : R™ — R. Therefore, using this isomorphism, we get a linear
transformation ¢ o D2 f : R” — Hom(RR, R™) — R". This linear transformation is the Hessian of f at .
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14 March 28: Brief recap (buffer for exam review)

Level 1 problems.
From Spivak [13]:
From these notes: Exercises

Level 11 problems.
From Spivak [13]:

From these notes: Exercises

[Do not forget that there is a midterm on March 30th covering Lectures 8, 10, 11, 12, and 13! ]
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15 April 4: The Index of a Vector Field in Euclidean Space

In the study of vector fields in Euclidean space, we saw how they gave rise to differential equations.
Without solving these differential equations, one can deduce a lot of the behavior of such a system
by examining the critical points of the vector field and the integral curves near such critical points.
In particular, certain aspects of the integral curves are unchanged under small perturbations of the
vector fields. For example, under a perturbation of a source or a sink, the critical point remains a
source or a sink, respectively. We would like to have a rigorous and mathematically precise way
of distinguishing different isolated critical points of vector fields. Furthermore, we would like this
procedure to be robust enough to work on vector fields on manifolds as well (which we must also
define). To do this, we can enclose a given critical point in a disk. The boundary of this disk is
a sphere, and the vector field restricted to this sphere defines a function to the standard sphere
of that same dimension. The set of continuous functions f : S™ — S™ from a sphere to itself

% in its own right (though it is not a finite-dimensional manifold

is actually a topological space?
in general). In fact, it is a disconnected space with Z-many connected (in fact, path-connected)
components. Therefore, a continuous function f : S™ — S™ must be in one of these components.
This component is an invariant of f that does not change when f is perturbed by continuous
deformations. It is known as the degree of f. We will first study this notion for vector fields in the
Euclidean plane before moving on to the general study. Most of the material from the next two

lectures can be found in Milnor’s book [8].

Definition 15.1. Let V' be a vector space of dimension m € {0} UN. Two bases on V', which
are described by two isomorphisms W, ® : R™ — V| are said to have the same orienatation off
det(¥~1 o @) > 0. Otherwise, they have the opposite orientation.

Having the same orientation on a vector space V is an equivalence relation on the set of
isomorphisms from R to V.

Definition 15.2. Let V' be a vector space of dimension m € {0} UN. An orientation on V is
a choice of an equivalence class of isomorphisms R”™ — V. Let V' and W be two m-dimensional
vector spaces with orientations described by equivalence classes of isomorphisms ® : R™ — V' and
U : R™ — W. A linear isomorphism S : V — W is orientation-preserving iff det(¥~' o S o ®) > 0.
Otherwise, it is orientation-reversing.

Note that the notion of orientation-preserving/reversing does not depend on the choice of
isomorphisms ® and ¥ and only depends on the orientations on V' and W.

Definition 15.3. Let M C R* be an m-dimensional manifold. An orientation on M consists of

a choice of orientations on T.M for all ¢ € M satisfying the following condition: for every ¢ € M,
there exists an open set U C R™, an open set V C R*, and a parametrization ¢ : U — M NV
of M about ¢ such that Dyp : T,R™ — T, M is orientation-preserving for all x € U (Here
T,R™ is equipped with the standard basis coming from R™). A manifold is orientable iff there

29We briefly talked about topological spaces last semester. We do not need to know the definition to get an
idea of what’s going on. Simply use your general idea of what a space is and what it means to be connected or
disconnected.

142



exists an orientation on M. An oriented manifold is a manifold equipped with an orientation.
A diffeomorphism f : N — M from an oriented m-dimensional manifold N to an oriented m-

dimensional manifold M is orientation-preservingift D, f : T, N — T, M is orientation-preserving
for all x € N.

The idea behind this definition is that an orientation on a manifold is a choice of smoothly
varying orientations on all of the tangent spaces. Note the subtle difference between a manifold
being orientable versus a manifold having an orientation. The first is a property while the second
is extra datum.

Exercise 15.4. Let M be a manifold. Prove that M is path-connected if and only if M is
connected.

Exercise 15.5. Let M be an orientable manifold.
(a) Prove that if M is connected, then there exists exactly two possible orientations on M.
(b) What happens if M is not connected?

Example 15.6. The m-dimensional sphere S™ C R™"! is orientable. In the process of describing
an orientation, we will prove that S™ is a manifold and also construct its tangent space. Let

Vs :=R™ x (—00,1) & Vi =R™ x (—1,00) (15.7)

so that S™ N Vg is all of S™ except the “north pole” and S™ N Vy is all of S™ except the “south
pole.” Define a coordinate chart on S™ N Vg by

S™ AV X5 R

X1, T2, oy Tpny Tiny , e, —— .
b ’ i 11— Tm+1 11— Lm+1 11— Tm+1

g is smooth on all of Vg by simply extending the formula algebraically. This is almost the

stereographic projection with the minor difference that the first coordinate has an additional

minus sign. This minus sign will be so that we get the correct orientation on the sphere later on

towards the end of this example. The inverse of this coordinate chart is®!
R™ £5, gm=1 A vy
—2u 2y 2Ym  —1+ R(y)2) (15.9)
1+ R(y)* 1+ R(y)*" "1+ R(y)* 1+R(y)?* )’

(yhy?v o 7ym) = (
where

(15.10)

30This is obtained by drawing the straight line from the north pole through the point (—x1, 72, ..., Zm, Tmi1)
on S™ and assigning the point that intersects the R™ x {0} plane in R™*1.

31This is obtained by squaring both sides of the equality y; = 1_;”:”“ and summing over all i € {1,...,m}. This
m 2
gives > y? = %, but since (z1,...,Zm, Tm41) must lie on the unit sphere, >;" ; @7 = 1 — x2 | which,
; ; mo 2 1tz
upon canceling a common 1 — @y, 41, gives > ,", y; = ﬁ
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g is smooth because its components are the ratios of smooth functions and the denominator never
vanishes. For later calculations, we compute the partial derivatives of these components, which
are mostly of the form

Y ( 2Yi ) 205 (L4300 ) — Ay (15.11)
T\ 7 1+, )
except for the last term which is
TN+ (T+>22, yi2>2 (T+>705 Z/ZQ)Q

Since pg is a parametrization of S™ N Vs, it can be used to describe the tangent space to all points
in S™NVs. The differential of pg at y := (y1, ..., ym) € R™ with respect to the standard Euclidean
basis in R™ viewed as a linear transformation D g : T,R™ — Tws(y)Rk is given by

[4y2 — 2 (1 + R(y)?) 4yayn s Amin
) —4y1y2 2(14+R(y)*) —4y5 - —4Ymyo
[Dyps] = 2 : : |
1+ R(y)?
( (¥)?) —4Y1Ym —4YaYm o 2(14 R(y)?) — v,
I 4y, 4yo . m

(15.13)
The columns of this matrix form a basis for the tangent space to S™ at the point ¢g(y). In the
case that m = 2, this simplifies to

] 20i -y — 1) g
—4ya1 20+y7 —v3) | - (15.14)
4y, dyo

[Dyps] = ————=
! (1+ 2 +43)°

A visualization of the image of [—3, 3] x [—3, 3] C R? under the parametrization ¢g together with
a plot of some of the columns of the matrix [D,pg] on this image looks like the following plot (the
vectors are oriented in such a way so that appending the outward normal to the sphere gives a
right-handed coordinate system).
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Similarly, working with Vy, we get the coordinate chart

S AV 2 M

I Ty T ) (15.15)

T1,L2y .. s Ly Limal) 2
( 9 ) s my m+) (1+xm+171+xm+17 71+$m+1

The inverse of this coordinate chart is (we use z’s to distinguish these coordinates from the y’s)

R™ 25 S™ N Vy

(21, 2 Zm) 22 22 22m 11— R(2)? (15.16)
1922y« 9 <m 1+R(Z>2’1+R<Z)2,71—|—R(2)2’1+R(Z)2 ’

The differential of oy at z € R™ is

[2(1 + R(2)?) — 422 —4z2 e —4z,2 i
. —4z1 29 2(1+ R(2)%) — 425 --- — 4z, 29

[D.on] = ———ss : : :

T R(22 : : :
(1+ R(2)%) —4212m, —4292, e 2(1+ R(2)%) — 422,
L —421 —4,22 ce —4Zm |

(15.17)
In the case that m = 2, this simplifies to
1 2(1 — Z% -+ Z%) —42221
(14 22 4 23) 4z 4z

A visualization of the image of [—3,3] x [—3, 3] C R? under the parametrization @y together with
a plot of some of the columns of the matrix [D,py] on this image looks like the following plot.

To check that the two induced orientations agree on all of S™, we must check that the differential
of the coordinate transformation®? ¢y o pg : R™\ {0} — R™ \ {0} is orientation-preserving. By

32The reason we remove the point 0 is because g (0) is not in the domain of 1.
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plugging in the definitions, this gives

b (90 (y)) — Py ( -2 2y 2Ym -1+ R(y)2)
M 1+ R(y)? 14+ R(y)*? 14+ R(y)* 1+ R(y)? (15.19)
_ ( — Y2 YUm ) '
R(y)?’ R(y)?" " R(y)?
and the differential of this map is
2y7 — R(y)? 20192 e 2U1Ym
1 —2ytn R —2y5 -+ —20Unm
D — 15.20
[Pyl e ¢5)] = 7 : : - : (15.20)
—2Um¥1 —2Ymys - R(y)? — 2y

We do not need to calculate the determinant of this matrix at an arbitrary point y € R™ \ {0}
to check if it is orientation-preserving. By continuity and the fact that the determinant can never
vanish, it suffices to calculate it at a single point. Therefore, calculate it at, say, y = (1,0,...,0).
At this point, the differential becomes

[Dao,..0)Wn 0 9s)] = L, (15.21)

the identity matrix, which has determinant 1. For consistency, let us also check what this gives
when m = 1. For g : R — SN Vg and ¢y : R — SN Vy, we get

1 [ |
1 [ |

0.5 8
0.5 8

0 [ -
O [ |

0.5+ 8
—-0.5 :

1 |
| | | | | _1 i | | | | | i

-1 =05 0 0.5 1 -1 =05 0 0.5 1

respectively, which agrees with the standard counter-clockwise orientation of S?.
Exercise 15.22. Prove that if M and N are orientable manifolds then M x N is orientable.

Exercise 15.23. Let M C R* and N be m-dimensional manifolds with N compact and let
f N — M be a smooth map.

a) Prove that f~!(r) is a finite set of points (possibly empty) for every regular value r € Ry.
f

(b) For each r € Ry, let #f~!(r) denote the number of points in f~'(r). Prove that for every
r € Ry, there exists an open set U C R* with r € U such that

#f W y) =#"r)  VyeRyNU, (15.24)

i.e. prove that #f~!': Ry — Z is a locally constant function.
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Remark 15.25. Although #f~' : Ry — Z is a locally constant function, it is not necessarily
constant, even if IV is assumed to be connected. However, if N is connected and one passes to Zo,
then the composition (note that we restrict ourselves now to regular values that are also points
in M) RpNn M £> 7. — 7o is constant. It would take us a bit far afield to prove this, but its
proof can be found in Chapter 4 of Milnor’s book [8]. Two facts that are sufficient to prove this
result are Sard’s theorem and the existence and uniqueness to solutions of differential equations.
We will address the latter soon and the former only if we have time later on.

Definition 15.26. Let M C R* and N be oriented m-dimensional manifolds with N compact. Let
f N — M be a smooth map and let x € N be a regular point of f (so that D,f : T,N — T, M
is an isomorphism). The sign of D, f is the function

+1 if D, f is orientation-preservin
sign(D, f) == { ! P & (15.27)

—1 if D, f is orientation-reversing.

For a regular value r € Ry, the degree of [ at r is

deg(f;r) = Z sign(D, f). (15.28)

zef~(r)

Since det(D, f) never vanishes at the set of regular points and by Exercise 15.23, deg(f;r) is
well-defined and finite. Note that it can also be defined as

sign(D, f) = det([D.f]) (15.29)

| det([D:f])]
where the matrix [D, f] is evaluated using representative ordered bases at € N and f(x) =7 in
M. However, one must be careful to not miscalculate this determinant using the standard basis in
which the manifolds are embedded in.

Exercise 15.30. Using the notation from Definition 15.26, prove that deg(f; - ) : Ry — Z is a
locally constant function, i.e. for every r € Ry, there exists an open set U C R* with r € U such
that

deg(f;y) = deg(f;r) Vye ReNU. (15.31)

When the codomain manifold /N is connected, a more powerful result holds.

Theorem 15.32. Let M and N be oriented m-dimensional manifolds with N compact and M
connected and let f : N — M be a smooth map. Then deg(f; - ) : Ry N M — Z is a constant
function.

Proof. The proof of this theorem is a bit involved, but not too difficult. The exposition in Chapter
5 of Milnor’s book is simple and enlightening [8]. Time permitting, we might revisit this result and
prove it, though it involves defining manifolds with boundaries, homotopies, and some important
and non-trivial results about critical points and measure zero sets (Sard’s Theorem). |

This theorem allows the following definition to be made.
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Definition 15.33. Let M and N be oriented m-dimensional manifolds with N compact and M
connected and let f : N — M be a smooth map. The degree of f is the number

def(f) := deg(f;r) (15.34)
for any regular value r € Ry N M.

We will use the concept of degrees to study vector fields in Euclidean space. Before stating the
definition, we provide some intuition.

Definition 15.35. Let A C R™ be open and let V' : A — R™ be a smooth vector field. A critical
point ¢ of V' is isolated iff there exists an € > 0 such that V restricted to the closed disc V,(c)
vanishes nowhere except at c.

We have dealt with several vector fields with isolated critical earlier in this course. In all of
these cases, by continuity of vector fields, we know there exists an open disc around every critical
point in which the vector field vanishes nowhere (except at that critical point). The boundary of
this disc is a sphere (of an appropriate dimension) and the vector field defines a function from
this sphere to a sphere of the same dimension by rescaling the vector field. The degree of this
function encodes some of the information of the critical point and, as we will see later, information
about the topology of the space on which the vector field is defined. However, to have a well-
defined quantity independent of the choice of small neighborhood around the critical point, we
should provide sufficient reason to know that the actual choice of the neighborhood does not alter
the degree. To properly make this statement mathematically, we must introduce the notion of a
homotopy.

Definition 15.36. Let M and N be manifolds and let f,g: N — M be two smooth functions. f
is smoothly homotopic to g iff there exists a smooth function H : [0, 1] x N — M such that

H(O, )=f & H(l,-)=g. (15.37)

H is known as a smooth homotopy from f to g.

A smooth homotopy as above will often be depicted as

M H N (15.38)

because it provides a smooth path

H(- ) (15.39)



in M for every z € N from f(x) to g(x). In fact, a smooth homotopy can be viewed as a function
H :[0,1] — MY, ie. a path of functions from N to M though defining smoothness of H
from this perspective is tricky (in fact, any reasonable definition of smoothness here reduces to
H :[0,1] x N — M being smooth anyway, so there is no point in complicating matters).

Example 15.40. Consider the two functions idgi : S* — S!, the identity, and R : S' — S1,
rotation by 7 radians. Then these two smooth functions are smoothly homotopic and a homotopy

H from idg: to R is given explicitly by restricting the family of linear transformations on R? given
by

[0,1] x R* 2 (¢,2,y) — H(t, z,y) := (xcos(nt) — ysin(wt), z sin(nt) + y cos(mt)) (15.41)

to S1, i.e. rotations by arbitrary angles. Setting ¢ = 0 gives the identity and setting ¢t = 1 gives
the rotation by 7 radians.

Exercise 15.42. Prove that the two maps ¢ (use different notation to distinguish the two) in
parts (c) and (d) of Example 15.59 are smoothly homotopic.

Theorem 15.43. Smooth homotopy provides an equivalence relation on the set of smooth smooth
functions from a manifold N to a manifold M.

Proof. One must prove the three defining assumptions of an equivalence relation.

(a) Every smooth map f: N — M is smooth homotopic to itself through the constant homotopy.
This proves reflexivity.

(b) Let H : f = g be a smooth homotopy from f: N — M to g : N — M. Then H : [0,1] x N —
M defined by
[0,1] x N > (t,2) v H(t,x) := H(1 —t,z) (15.44)

is a smooth homotopy from ¢ to f. This proves symmetry.
(c) Let H: f = g and G : g = h be two smooth homotopies. By Problem 2.26 in Spivak [13],

there exists a smooth function p : R — [0, 1] such that p(t) = 0 for all t < 0 and p(t) = 1 for
all t > 2.
=3

Then G e H : [0,1] x N — M defined by

H(p2n.a)  i0<¢

0, x N> (tz)— (GeH)(,z):= {G(p(zt—l) v) i <ti

is a smooth homotopy from f to h. This proves transitivity.

|
Caution: One could not have simply defined G e H by
H(2t, ifo<t<i
0.1 x N 5 (t,2) s 4 26T PU=t=a (15.46)
G2t—1,z) ifi<t<l1
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because this function need not be smooth at ¢t = 5. It is, however, always continuous (for this

1
5
reason, the study of homotopies is much simpler if one restricts oneself to only continuous functions
instead of smooth functions).

Exercise 15.47. Prove that G e H as defined in (15.45) is smooth.
Exercise 15.48. Let M be a smooth m-dimensional manifold.

(a) Prove that M is connected if and only if every two smooth maps f,g : {e} — M are smoothly
homotopic. Here, {®} denotes a one-element subset of some Euclidean space.

(b) What is the meaning of the cardinality of the set of all smooth homotopy classes of maps
{o} — M?

Remark 15.49. Let M be a manifold. A multiplication on M consists of a smooth function
i M x M — M. A Lie group is an example of a manifold with multiplication. In fact, of
particular interest are certain spheres. S! and S? have natural multiplications coming from viewing
S! as a subset of the complex numbers and S® as a subset of the quaternions. In fact, S” has
a natural multiplication coming from viewing it as a subset of the octonions [4]. However, while
the multiplications on S' and S? are associative (in fact, they are Lie groups), the multiplication
on S7 is not associative. But perhaps, you might wonder if it is associative up to homotopy. A
multiplication on M is called homotopy associative iff there exists a smooth homotopy

wxidps

MxM<~——MxMxM

u\ \ \ide,u (15.50)

M M x M

“w

Research Project (part of remark). Does the product induced on S7 from the octonions
provide a homotopy associative multiplication? Prove or disprove your claim.

Theorem 15.51. Let M and N be m-dimensional manifolds with N compact and M connected.
Let f,g: N — M be two smooth maps. If f is smoothly homotopic to g, then

deg(f) = deg(g). (15.52)
Proof. See Chapter 5 of [8].%3 |

Now that we know that the degree is independent of homotopy, we immediately get the following
corollary, which is lengthy and awkward to state precisely.

Theorem 15.53. Let A C R™ be open and let V : A — R™ be a smooth vector field with an
i1solated critical point at ¢ € A. Let €,0 > 0 be real numbers such that the vector field V' restricted
to Vi(c) and Vs(c) vanishes nowhere except at c. Let ¢, s : S™ 1 — S™1 be the maps defined by

_ ‘/c—‘rex _ ‘/c+6x
| Vc—&-ex | | Vc—&-éar |

33 Actually proving this is quite involved and would take us too far afield. By this point, you should be more
than capable of reading Milnor’s book and convince yourself of the validity of this claim.

S™ s r e ¢o(w) & S™ s r e ¢s() (15.54)
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Then
deg () = deg(¢s)- (15.55)

Note that in the statement of this theorem, OV,(c) (and similarly for §) and S™! are oriented
in the standard way as in Example 15.6 (0V.(c) is just an (m — 1)-dimensional sphere of radius e
centered at ¢ and its orientation can be obtained by translating to the origin, scaling the sphere

by %, and then using the orientation of the standard sphere).

Proof. Let H : [0,1] x S™* — S™~! be the function
[0, 1] S5t — ¢(1—t)e+t5- (1556)

Then H defines a smooth homotopy from ¢, to ¢s since V' is smooth in the open disc Viyaxfe,sy(c).
Hence, by Theorem 15.51, the conclusion is reached. [ |

Definition 15.57. Let A C R™ be open and let V : A — R™ be a smooth vector field with an
isolated critical point at ¢ € A. The index «(V;c) of V' at c is the degree of the function

V. (c) 2 gm1
v, (15.58)

T ,
|Vl

where € > 0 is small enough so that the vector field V' vanishes nowhere on V;(c) \ {c}.

The index of a vector field provides is with a concrete mathematical object associated to isolated
critical points of vector fields that is robust to smooth perturbations/homotopies. We will spend
the rest of this lecture working through examples.

Example 15.59. Let V : R? — R? be a vector field of the form

Vi(z,y) = (az, By) (15.60)

for some constants «, 8 € R. 0 is an isolated zero provided that a and [ are nonzero. For the
following calculations, set € := 1.

(a) When o = 8 = 1, the function ¢ : 9V,(0) — S* is the identity map. Hence, its degree is 1 so
that the index of V at 0 is 1.

(b) When o = 8 = —1, the function ¢ : dV,(0) — S' is rotation by 7 radians. Hence, every

point of dV,(0) is a regular point. Take for example (1,0). Then the matrix associated to the
differential of ¢ is the restriction of the matrix

[_01 _01] (15.61)

(which comes from extending ¢ to a function, namely the rotation, in an open neighborhood

of OV,(0), and calculating its differential at (1,0), which is the same function since rotation is
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a linear transformation) to the tangent space T(;,0)0Vc(0). Since e, is a representative for the

(standard) orientation on Ti1,0)0V;(0), the image of this vector is

o A= 1) e

which is in the tangent space at T(_;)S*. This vector agrees with the basis vector chosen for
the (standard) orientation on S and so ¢ is orientation-preserving. Hence, the index of V' at
0is 1.

(c) When a@ = 1 and 3 = —1, the function ¢ : 9V.(0) — S* is reflection through the horizontal
axis. Since this extends to a linear transformation on R?, the differential is

E ! J (15.63)

restricted to the tangent space at any point on dV,(0). At (1,0) (a regular point of ¢), the
image of the basis vector e; gets sent to

[(1) —01] m - [—OJ (15.64)

which is also a vector at (1,0) since this point is fixed under ¢. Since this vector is oriented
oppositely to the standard orientation, the degree of ¢ is —1. Hence, the index of V" at 0 is —1.

(d) An analogous situation to part (c¢) occurs when o« = —1 and 5 = 1 and the index of V" at 0 is
—1.

Exercise 15.65. Calculate the index of the following vector fields V' : R? — R? at the point 0.

Exercise 15.66. Let V : [0,00) x [0,00) — R? be the vector field given by
[0,00) % [0,00) 3 (z,y) — V(z,y) := (0.4z — 0.4zy, —0.1y + 0.2zy) (15.67)

from Exercise 7.47. Find the isolated critical points of V' and calculate their respective indices.
Note: you may need to extend V to a larger domain to do this.

Exercise 15.68. Let V : [0,00) x [0,00) — R? be the vector field given by

[0,00) x [0,00) 3 (z,y) — V(z,y) = <2x (1 — g) —zy, 3y (1 — %) — 21:3/) . (15.69)

Find the critical points of V' and calculate their respective indices. Note: you may need to extend
V to a larger domain to do this.
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Exercise 15.70. Find the critical points of the following vector fields and calculate their respective
indices.

(a) Let V4 : R? — R? be the vector field given by

R* 3 (z,y) = V(z,y) = (2° — *, 2zy). (15.71)

(b) Let V3 : R? — R? be the vector field given by

R? 3> (z,9) = V(z,y) = (:U5 — 3xy?, 3%y — y?’). (15.72)

(c) Fix n € Z \ {0}. Using the bijection R?> — C given by (z,y) ~ x + yv/—1 representing
242v/—1 z—zﬁ)
2 0 2

ordered pairs as complex numbers with inverse given by sending z € C to (
let V,, : R? — R? be the vector field given by

)

R? 2z V(z2) = 2" (15.73)

Let us now consider a two-dimensional example.

Example 15.74. Let V : R? — R? be the vector field given by
R® > (z,y,2) = V(z,y,2) = (—y,z,2). (15.75)

On S?, this vector field restricts to a function from S? to S? since the vectors are already normalized.

Furthermore, this induced function ¢ : 9V;(0) — S? is rotation by 5 radians in the zy-plane so
that ¢ extends to this rotation in R3. Since this is linear, the differential at any point agrees with

this function, and as a matrix, this is given by

0 —1 0

1 0 0. (15.76)
0 0 1

At the point (1,0,0), an oriented basis agreeing with the orientation on S? is (e, e3). The images
of these two vectors under the above transformation are

0 —1 0] [0 ~1 0 —1 0] [0 0
1 0 o] |t]=1]o0 & 1 0 of o] =10 (15.77)
0 0o 1] o 0 0 0 1] [1 1

which give the ordered basis (—ey,e3) at the point (0,1,0). This ordered basis agrees with the
standard orientation at this point. Hence, the degree is 1. Hence, the index of V at 0 is 1.

Exercise 15.78. Let VV : R? — R? be the vector field given by

R® > (z,y,2) — V(z,y,2) = (IO(y —x),x(28 — 2) —y,zy — 22) (15.79)

from Exercise 7.56. Find the critical points of V' and calculate their respective indices.

153



Exercise 15.80. Let M, N, and P be oriented m-dimensional manifolds with M and N connected
and N and P compact. Let f: N — M and g : P — N be smooth. Prove that

deg(fog) = (def(f)) (def(g)). (15.81)

Problems.
From these notes: Exercises 15.4, 15.5, 15.22, 15.23, 15.30, 15.42, 15.47, 15.48, 15.65, 15.66, 15.68,
15.70, 15.78, 15.80
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16 April 6: Vector Fields and Flows on Manifolds

Before defining vector fields on manifolds, we revisit what a vector field is in Euclidean space. The
following is not really a new definition but is a rephrasing of the definition in terms of tangent
spaces.

Definition 16.1. Let A C R™ be an open subset of R™. A smooth (tangent) vector field on A is
a smooth function V' : A — R™ such that V(z) =V, € T, A for all x € A.

This justifies our earlier perspective on drawing vector fields as vectors attached at points of
the domain.

Definition 16.2. Let M C R* be a manifold. A smooth tangent vector field on M is a smooth
function V : M — R* such that V(z) =V, € T, M for all x € M.

The adjective “tangent” might often be used to distinguish these vector fields from other kinds
of smoothly varying vectors (such as normal vectors or otherwise).

Example 16.3. Let X : [0,27) x [0,7) — R? be the function defined by
[0,27) x [0,7) 5 (¢,0) — X (¢,0) := (cos(¢) sin(h), sin(¢) sin(f), cos(6)) (16.4)

and let M be the image of X. Then M = S? (though X is not a bijective parametrization of S?).
The differential of X at (¢, 0) with respect to the standard basis is given by

—sin(¢) sin(#) cos(¢) cos(h)
[Dp,0)X] = | cos(¢)sin(f) sin(¢)cos(0) (16.5)
0 — sin(0)

and the image of the unit vector e; under this linear transformation is just the first column of
this matrix. It is not a-priori obvious that this is a smooth vector field on S2. This is because
the image of a vector field under a smooth map need not be a vector field on the image (this
will be illustrated in an example later). Nevertheless, the vector field is smooth because it is the
restriction of the smooth vector field whose value at (x,y, z) € R3 is given by the derivative of the
rotation of R? along the z axis, namely

cos(t) —sin(t) 0] [z —y
R 3 (2,y,2) = Vigys = 7 sin(t) cos(t) 0| |y = |z (16.6)
0 0 1] |z t=0 0

which is smooth on R? and restricts to the vector field discussed above on S2.
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Example 16.7. Let X : [0,27) x [0,27) — R? be defined by
[0,27) x [0,27) 3 (s,1) — X(s,1) := (sin(t), (2 + cos(t)) cos(s), (2 + cos(t)) sin(s)) (16.8)

and let M be the image of X. The differential of X at an arbitrary point (s,t) € [0,27) x [0, 27)
was calculated in Example 13.29. The images of the standard Euclidean vector fields provide two
examples of vector fields on M (these are the two columns of the matrix [D(,+X] in that example).

Notice that these vector fields do not vanish anywhere on the torus.

Exercise 16.9. Prove that the two vector fields from Example 16.7 are smooth vector fields on
the torus M.

An example of a vector field that is not a tangent vector field is the following.

Example 16.10. Let V : R? — R3 be the tangent vector field on R? given by
R’ > (z,y,2) = V(z,y,2) = (2,9, 2). (16.11)

The restriction of this vector field to S? is not a tangent vector field on S2. This is because all the
vectors are in the normal space on S2.
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A particular kind of homotopy that often occurs is one in which the constituent smooth maps
are diffeomorphisms.

Definition 16.12. Let M and N be m-dimensional manifolds and let f,g : N — M be two
diffeomorphisms. A smooth isotopy from f to g is a smooth homotopy H : f = ¢ such that
H(t, -): N — M is a diffeomorphism for all ¢ € [0, 1]. In this case, the diffeomorphisms f and ¢
are said to be smoothly isotopic.

A closely related concept is that of a one-parameter group of diffeomorphisms, also known as
a flow.

Definition 16.13. Let M be a smooth manifold. A flow on M consists of a smooth map ¢ :
R x M — M such that

(a) (t, - ): M — M is a diffeomorphism for all ¢t € R,
(b) #(0, - ) =idas, and
() p(s+t, - )=(s, -)o(t, -) for all s,t € R.

The axioms of a flow can be phrased in the language of groups. The set, Diff (M), of diffeomor-
phisms of a manifold M is a group. A flow is therefore a smooth function ¢ : R x M — M such
that the naturally associated function ¢ : R — Diff (M) is a group homomorphism (this function
assigns ¢t € R to the diffeomorphism ¢(¢, -)).

Theorem 16.14. Let M C R* be a smooth manifold and o : R x M — M a flow on M. Then the
assignment
M>az—V,:=Dyyp(-,x) (16.15)

is a smooth tangent vector field on M. The vector field V is called the infinitesimal generator of .

Proof. First note that the derivative

Dol - 1) = Loitn)| o=t 2L —2(0.2)

16.16
ot 1=0 t—0 t ( )

makes sense because we are viewing the manifold M as a subset of some Euclidean space, say
R¥. The fact that V, € T, M follows immediately from the fact that for every fixed € M, the
assignment ¢ — ¢(t,z) is a smooth path in M. Therefore, the derivative at 0 is an element of
T, M. Smoothness of V' follows from smoothness of ¢. In more detail, since ¢ : [0,1] x M — M is
smooth, for each x € M, there exists an open rectangle U := U; x Uy C R x R* around the point
(0,2) € [0,1] x M and a smooth function ® : U — R* that restricts to ¢ on UN ([0, 1] x M). Since
® is smooth, the assignment

0
Uy 32— —9(t, 16.17
23z 5 0t o) (16.17)
is a smooth vector field on U, and agrees with the vector field V' on UyN M. Therefore, V' is smooth
at x € M. Since x € M was arbitrary, V is a smooth tangent vector field on M. |

We will discuss the converse of this theorem in a few lectures.
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Example 16.18. Let ® : R x R?* — R? be the function defined by

cos(t) —sin(t) 0
Rotw— ®(t, - ):= [sin(t) cos(t) 0], (16.19)
0 0 1

which is rotation by angle ¢ along the z axis. This is a linear isomorphism and is therefore a
diffeomorphism of R?. Since ®(¢, - ) takes any point on S? to S?, this restricts to a diffeomorphism
of §? for all t € R®. When t = 0, this is the identity. Finally, ®(s+t, - ) = ®(s, - )o®(¢t, - ) follows
from basic trigonometry. Hence, ® is a flow. Its infinitesimal generator vector field was calculated
in Example 16.3. Namely, this infinitesimal generator at (x,vy, z) € S? is given by (—y, x,0).

Exercise 16.20. Let L : R™ — R™ be an orientation-preserving linear isomorphism. Prove that
L is smoothly isotopic to the identity.

Theorem 16.21. Any orientation preserving diffeomorphism of R™ is smoothly isotopic to the

identity.

Proof. Let f: R™ — R™ be such a diffeomorphism. Since translating by a constant vector does
not alter these properties, we can assume f(0) = 0. For each ¢t € (0,1], set H(¢, - ) : R™ — R™ to
be the function

R™ S 2 H(t,z) = @ (16.22)
Set H(0, - ) := Dyf, the differential of f at 0. Since
(Dof)(x) = Do(f 0 o) = %f(t:c)\t )= lim f(t) - 10) lim f(?), (16.23)

H :[0,1] x R™ — R™ is continuous. To see that H is also smooth, by Hadamard’s Lemma, there
exists a smooth function g : R™ — R™ such that

f(z) = Z ;i () (16.24)

for all z € R™. Therefore,
H(t,z) = ingi(w) (16.25)
i=1

for all ¢t € [0,1] and all x € R™. Thus, H is a smooth homotopy from Dyf to f. Since Dyf is a
linear isomorphism and f is a diffeomorphism, H(¢, - ) is a diffeomorphism for all ¢ € [0, 1] so
that H is a smooth isotopy from Dyf to f. Since f is an orientation-preserving diffeomorphism,
Dyf : R™ — R™ is an orientation-preserving linear isomorphism. By Exercise 16.20, Dy f is
smoothly isotopic to the identity. Since isotopy is an equivalence relation by Theorem 15.43 and
is in particular transitive, f is smoothly isotopic to the identity. |

Definition 16.26. Let M and N be manifolds (not necessarily of the same dimension), let V' and
W be tangent vector fields on M and N, respectively, and let f : N — M be a smooth map. The
tangent vector fields V and W correspond (to each other) under f iff

(Dxf)<Wz) = Vf(x) YreN. (16.27)

158



Example 16.28. Let W : R? — R? be the vector field given by

R? 5 (x,y) = Vigy) = (:1:' + 2y, —y). (16.29)

K ==
N NN N N T T
NN NN N T T T
N NN e

«— « o« 4k e e S

— e e e & A » A k4
T T S SN SN X A
et A N NN NN
N N N NN N

—9 V\Y\LY\Y\‘\\Y\V\YN ™~
—2 -1 0 1 2

The arrows are scaled to 1/8 their actual lengths for easier view and a green line has been drawn
to depict the eigenspace for the positive eigenvalue and a red line has been drawn to depict the
eigenspace for the negative eigenvalue. The eigenvalues and eigenvector pairs for the vector field
V' at the origin are given by

(/\1 -1 & o= m) & (AQ =1 & = [‘fD (16.30)

Compare this vector field V' to the vector field W : R? — R? given by

R* 3 (z,y) = Wiy = (2, —y). (16.31)
2 \ \

ZEARIERN
Y TN NN

2 N VD N N
e
NI

DA s
NN RIIE
—2 —1 0 1 2

The arrows are scaled to 1/4 their actual lengths for easier view and a green line has been drawn
to depict the eigenspace for the positive eigenvalue and a red line has been drawn to depict
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the eigenspace for the negative eigenvalue. The vectors V and W have similar features. Let
f : R? = R? be the smooth function that is given by the linear transformation

f= [(1) _11} . (16.32)
Furthermore, since f is already linear,
1 =1 x| |r+ty
R e I A S (16:33
e (@9) + 2@ 0] _ [@—1)+20)
hly) +2f(xy)| (e —y)+2(y)| _ [r+y

showing that W corresponds to V under f. Therefore, correspondence of vector fields is basically
a change of coordinates that preserves the structure of the vector field. We will illustrate this with
another example later.

In general, you cannot push-forward vector fields under arbitrary smooth maps.

Example 16.35. Let f : R — R be the function sending z € R to f(z) =z* and let V: R —» R
be the constant vector field V(z) =1 for all z € R. Then (D, f)(V,) = 2z for all z € R. So while
f(=1) =1= f(1), we have

(D f)(Vor) = =2 # 2= (Dif)(Va). (16.36)

Even if the function f is one-to-one, you still might not be able to push-forward smooth tangent
vector fields as the following example illustrates.

Example 16.37. Let pg : R — S! be one part of the stereographic projections given by

-2y -1+
R 16.
9yH(1+y2’1+y2> (16.38)
and consider the vector field V on R given by3*
Roy—V, =y (16.39)
Then, the differential of pg at y € R is
1 2(y* — 1)
D = — 16.4
Dol = g | (16.40
The pointwise push-forward of this vector field under ¢g is therefore
1 [20#-1) 1 20y =)
D _ 3] — 16.41
D)) = s | ) = s | (1641

34The stereographic projection sends points off at 0o in R towards the same point on the unit circle, namely
the north pole. Therefore, we should try to put a vector field on R that has very different values as you tend
towards +oo. Furthermore, it should grow quickly enough so that in the image it does not tend to zero. This is the
motivation behind choosing the vector field in this manner.
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The vectors above have been slightly scaled so that they fit on the page. The problem that prevents
the pushforward from being a smooth vector field occurs at the north pole, where no value of the
vector field can be given so that the vector field is continuous at that point. This is because
the direction of the vector fields from both sides as you approach the north pole differ but their
magnitude does not tend to zero. In this case, the magnitude diverges, but by rescaling (as in the
picture), one can make it so that the magnitude tends to a finite constant.

However, if f is a diffeomorphism, then the image of a tangent vector field is a tangent vector
field.

Exercise 16.42. Let f : N — M be a diffeomorphism of m-dimensional manifolds and let W be
a smooth tangent vector field on N.

(a) Prove that the assignment
M3y = V= (Dy1g) ) (Wy-1y)) (16.43)

defines a smooth tangent vector field on M. This vector field is called the push-forward of W
along f and is denoted by f.W.

(b) Show that if ¢ is an isolated critical point of W on N, then f(c) is an isolated critical point of
V on M.

The following example shows us how corresponding vector fields under a change of coordinates
can turn a difficult ODE into a manageable one.

Example 16.44. Consider the Lotka-Volterra model given by the ODE

T = \xr —nry

' (16.45)
Yy = —py+ &y

on [0,00) X [0,00) from Example 7.47 but with coefficients kept more general, i.e. A, n,u, & > 0.
One of the critical points of the associated vector field

[0,00) X [0,00) 3 (z,y) = W(z,y) = (\x — nzy, —py + {xy) (16.46)
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is given by

. (% %) (16.47)

(the other critical point is (0,0) but we will not analyze this critical point presently). Consider
the change of coordinates given by the function

(0,00) x (0, 00) L5 R2

(z,y) — (ln <§y> In <%x)) 7 (16.48)

which gives us a coordinate chart around the critical point (16.47). Let us denote f; := ¢ and
fa := p (for reasons that will become apparent soon). Notice that f is a diffeomorphism. Therefore,
we can find a vector field V on R? that corresponds to W under f by calculating the differential
of f at (z,y) and applying it to W(,, (Exercise 16.42 discusses the general situation)

é] { AT =1y } - {_“ + gﬂ (16.49)

o

V z,y) — D x, .f Ll/x, -
tay) = (D) )W) [ iy + Exy A=y

1
With respect to the variables ¢ and p in R?, this vector field V is given by

Vigp) = ((e? = 1), A(1 — ¢)). (16.50)
Therefore, our differential equation becomes

g = p(e” —1)

5= A(L—en (16.51)

as you can check by substitution. The critical point is now at (¢ = 0,p = 0). While we can
certainly check what the index of this vector field is, we should already have the intuition that the
index is 1 and that this index is preserved under f. Let us explicitly check this. Notice that the
critical point is now at (0,0). Using the expansion of the exponential, the vector field V' can be

expressed as
2 3 2 3

P D ¢ q
V(q,p):(u(p+§+§+--->,—A(q+§+§+--->). (16.52)

Notice that the constant term cancelled. For ¢ > 0 sufficiently small, this vector field is approxi-
mately given by
Vigp) = (10, =Aq) + O(e) V¥ (¢,p) € V(0,0), (16.53)

where O(€?) means higher order terms in €. In other words, since pu, A\ > 0, this vector field is
a center with counter-clockwise motion. Therefore, it has index 1. While we are discussing this
example, we should mention that the form that the differential equation is now in is actually quite
convenient. We can explicitly integrate it and obtain a Hamiltonian for it. One such Hamiltonian

i835

R? > (¢,p) = H(q,p) := p(e? —p—1) + Ae? =g —1). (16.54)

35The —u and —\ terms are simply added so that H(0,0) = 0 and so that H(q,p) > 0 for all other (g, p) € R
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and one can check that ¢ = %—I; and p = —%—ZI. You might say: so what? Well, recall Theorem 7.68
which guarantees that for any integral curve v of V, which is a Hamiltonian vector field, H (v(t))

is constant for all ¢ € R. Furthermore, notice that the differential of H is given by the 1 x 2 matrix

[DigmH] = [Me? —1) p(er —1)] (16.55)

Therefore, (g,p) is a regular point provided that (g, p) # (0,0). Furthermore, H(q,p) > 0 for all
(q,p) € R2. This says that if £ > 0, then H~'(f) is a 1-dimensional manifold in R?. Since f is
a diffeomorphism, we can pull this manifold back to (0,00) x (0,00). Can you guess what this
manifold is? It’s an integral curve to our initial differential equation! At first, our non-linear
differential equation looked incredibly complicated and difficult to solve explicitly. By a change of
coordinates, we’ve viewed it as a Hamiltonian system, solved for an integral of motion, and used
that integral of motion to describe the solutions explicitly, which we are able to do by the Regular
Value Theorem. In terms of the original variables (x,y) € (0, 00) x (0, 00), the equation describing
this integral curve is

" (%x I (EI) - 1) A <§y I (%;) - 1) — (16.56)

which, as you can see, is quite complicated and would have been a challenge to solve otherwise.

We now make sense of preservation of the index of a vector field at an isolated critical point
under a diffeomorphism.

Theorem 16.57. Let A, B C R™ be open subsets, let f : A — B be a diffeomorphism, let V' be
a vector field on A, and W a vector field on B, and suppose that V' and W correspond under f.
Then

UV, e) = (W, f(c)) (16.58)

for all isolated critical points c € A of V.
Proof. See Milnor [8]. [

Note that in the above theorem, the standard orientation on R™ is used to calculate the index.
This result allows us to make the following definition of the index of a vector field on a manifold.

Definition 16.59. Let M C R* be an m-dimensional manifold, let V' be a vector field on M, and
let ¢ be an isolated critical point of V. Let U C R™ and W C R¥ be open sets and ¢ : U — M NV
be a parametrization of M about ¢ with associated coordinate chart ¢ : M N W — U. Assume
that U and W are chosen small enough so that V,, # 0 for all z € (M N W)\ {c}. The indez of V
at c is

WV, ) = (. V,9(c)), (16.60)
where 1,V is the push-forward vector field (see Exercise 16.42).

Exercise 16.61. Use the results of Theorem 16.57 to prove that ¢«(V,¢) is well-defined, i.e. inde-
pendent of the choice of parametrization of M about c.
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The sum of the indices of a vector field on a manifold is actually independent of the vector
field. This is an incredibly surprising theorem, which we will not prove, but will state. To properly
state it, we should define what it means to triangulate a manifold. This is where our old friend,
the simplex, makes a comeback (see Exercise 2.46).

Definition 16.62. A simplicial complex is a set K consisting of simplices (of possibly various

dimensions) satisfying
(a) every face of a simplex in K is also a simplex in K and
(b) the intersection of any two simplices o and 7 in K is either empty or is both a face of o and 7.

Let K; denote the subset of K consisting of all the i-simplices of K. Let | K;| denote the cardinality
of Kj, i.e. the number of (distinct) i-simplices of K.

Example 16.63. Every simplex is a simplicial complex. Namely, let K be the set of all simplices
of A™. The number of i-simplices is given by

K| = (lel) =7 ﬁ?;;ﬂ?i 5 Vie{0,1,...,m}. (16.64)

Example 16.65. The boundary of a simplex is a simplicial complex. Namely, let K be the set of
all simplices of JA™. The number of i-simplices is given by

m+1
K|=1". Vie{0,1,...,m—1}. 16.66
wi=(T5)) vicam-n (16.66)
Definition 16.67. A triangulation of a manifold M consists of a simplicial complex K together
with a homeomorphism A : K — M.

Example 16.68. For any m € N, let K be the boundary of A™™! with its center, which is
(725 7m3) € R™2 translated to the origin. Let r : R™*2\ {0} — R™"2\ {0} be the function
defined by sending x € R™*2\ {0} to fa7- Restricting 7 to K provides a map from K to S™*!.
By a suitable rotation © of S™!, this will map r(K) C S™! to the equator, which is S™. This

provides a homeomorphism of 9A™! to S™.

Given a smooth manifold M, it is not at all obvious whether or not a triangulation of it exists.
However, it is true. Furthermore, if M is compact, then there exists a finite triangulation.

Definition 16.69. Let K be a finite simplicial complex and let dim K := n be the largest di-
mension of simplices in K. For each ¢ € {0,1,...,n}, let K; denote the subset of K consisting of
t-simplices. The Fuler characteristic of K is the number

n

X(K) ==Y (1) K. (16.70)

1=0

The Euler characteristic is a topological invariant in the sense that given two finite simplicial
complexes K and L for which there exists a simplicial homeomorphism K — L, then x(K) = x(L).
This allows one to define the Euler characteristic for smooth manifolds.
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Definition 16.71. Let M be a smooth compact manifold and (K, h : K — M) a triangulation of
M. The Euler characteristic of M is the Euler characteristic of K, i.e.

X(M) := x(K). (16.72)

Example 16.73. A triangulation of the sphere S was described in Example 16.68. It was shown
that OA™*! = §™ The number of i-simplices of OA™ ! was calculated in Example 16.65. Since

the superscript is slightly difference, we write this number here explicitly

2
}(8Am+1),~|=<ﬂ;j1) Vie{0,1,...,m}. (16.74)
Therefore,
m+1 .
4 +92 2 if m even
S™) = x (DA™ = —1Z<”7 ): . 16.75
WM =@ = X (L) =40 o (16.75)

Exercise 16.76. Draw a triangulation of the two-dimensional torus. Then, use this to calculate
the Euler characteristic of the torus.

Theorem 16.77 (Poincaré-Hopf). Let M be a compact manifold, let W be a smooth tangent vector
field on M with isolated critical points, and let CP(W') denote the set of critical points of W. Then

> u(We) = x(M). (16.78)

ceCP(W)
Proof. A part of this proof is provided in Milnor [8]. [ |

This theorem says a lot. First of all, the Euler characteristic has no reference to any vector
fields whatsoever. Therefore, the sum of the indices of the critical points of any smooth tangent
vector field on M (whose critical points are isolated) is always the same! Furthermore, not only
are they the same, but they don’t even depend on the smooth structure of M. Only the topology,
namely the combinatorial structure used to describe a triangulation of M, are used in defining
the Euler characteristic. This theorem is an example of a theorem that relates different fields of
mathematics. In this case, this theorem relates analysis and smooth manifolds to combinatorics
and topology. Much of modern mathematics is built on the interplay between different fields.

Exercise 16.79. In Theorem 16.77, it was implicitly assumed that CP(WW) is a finite set. Prove
that this is true under the assumptions in the statement of that theorem.

Theorem 16.80. Fix m € N. Every tangent vector field on S*™ has at least one critical point.

Proof. Suppose, to the contrary, that V is a tangent vector field on S*™ for which V, # 0 for all
x € S?™. Then, the set of critical points CP(V) is empty and

> uVie)=0. (16.81)
ceCP(V)

However, according to Example 16.73, an even-dimensional sphere has Euler characteristic of 2.
Hence, by Theorem 16.77,

Y uVie)=x(8™) =2. (16.82)

ceCP(V)
This is a contradiction since 2 # 0. |
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Exercise 16.83. Fix m € N. Construct a smooth non-vanishing tangent vector field on S?™!,

Exercise 16.84. Fix m € N. The antipodal map a : S™ — S™ is defined by
S™ o (x1,%2, ooy Tmy1) > (—T1, =Ty ooy —Tipg1). (16.85)

(a) Prove that the antipodal map a : S™ — S™ is smoothly homotopic to the identity map
id : ™ — S™ whenever m is odd.

(b) Is a smoothly homotopic to id if m is even? Explain.

Theorem 16.86 (Hopf). Let M be a connected, oriented, compact m-dimensional manifold. Two
smooth maps f,g: M — S™ are smoothly homotopic if and only if deg(f) = deg(g).

Proof. See Chapter 7 in Milnor’s book [8]. [

Remark 16.87. As innocent as this theorem seems, the general study of homotopy classes of
maps into or out of spheres is an open problem.

Exercise 16.88. Let M be a smooth m-dimensional manifold and let f,g : M — SP be two

smooth maps satisfying
|f(z) —g(x)| <2  VazeM. (16.89)

Prove that f is smoothly homotopic to g.

Problems.
From these notes: Exercises 16.9, 16.20, 16.42, 16.61, 16.76, 16.79, 16.83, 16.84, 16.88
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17 April 11: Complete Metric Spaces

We will start using parts of Kolmogorov and Fomin [7] now with occasional other references such
as Bryant [5].

Definition 17.1. A metric space consists of a set X together with a function d : X x X — R
satisfying

(a) d(z,y) =0 if and only if z =y =0,

(b) d(z,y) = d(y,z) for all x,y € X (reflexivity), and

(c) d(z,2) < d(z,y) +d(y, z) for all z,y,z € X (triangle inequality).
A metric space as above will be denoted by the pair (X, d).

Note that it follows from these conditions that the distance is always non-negative, namely
d(z,y) > 0 for all x,y € X (positivity). As the notation suggests, a set X may be equipped with
several different kinds of (inequivalent) metrics.

Definition 17.2. Let (X, d) be a metric space, let € X, and let r > 0. The sphere of radius r
centered at x is the set

Se(z):={yeX : dzy) =r}. (17.3)
The open ball of radius r centered at x is the set
Bi(z):={yeX : dz,y) <r}. (17.4)

We will often use spheres to give us an idea of what the distance in a metric space looks like.
Kolmogorov and Fomin offer several examples of metric spaces [7]. In addition to those examples,
we also have the following.

Example 17.5. Let K C R* be a compact subset of Euclidean space and let C'(K) denote the
set of real-valued continuous functions on K. For any two such functions f,g: K — R, set

dupl(.9) = sup {| £(2) — g()] }. (17.6)

Note that because K is compact and the functions f and g are continuous, d(f,g) exists. Then
(C’ (K), dsup) is a metric space. The first two conditions are immediately satisfied. For the last
condition, note that for any three functions f,g,h : K — R,

|f(2) = h(@)| = | f(z) — g(x) + g(z) — h(z)| < [f(2) = g(2)| + [9(x) — h(z)] Va2eK (17.7)

by the triangle inequality in R. Hence, by applying sup,c, to both sides,
—h < — —h
sup {| () = h()] } < sup {|7(2) —g(2)| + |o) — h()] }
= — —h
sup {!f(x) g(fv)\} + :3}13{!9(96) (fv)!}

zeK

(17.8)

since the supremum of the sum of two non-negative quantities is the sum of the suprema (because
both exist). Since we will describe other metrics on spaces of continuous functions, we denote this
one by dg,, instead of just d.
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Exercise 17.9. Let X := R? but with a distance defined for x = (z1,72) and y = (y1, y2) by
T — if 2o =
d(z,y) == 21 =3l ' 2= (17.10)
1| + w2 = gol + || if 22 7y
(a) Calculate the distances d(x,y) between the following points =,y € R?.

i. z=(-1,1)and y = (1,1).
ii. z=(-1,1) and y = (1, -1).
iii. z =(0,1) and y = (0,—1).

(b) Draw the unit sphere centered at (0,0) with respect to this metric.
(¢) Draw the unit sphere centered at (1,1) with respect to this metric.
(d) Prove that (X, d) is a metric space.

Exercise 17.11. Let X := R? but with a distance defined for z = (21, z2) and y = (y1,%2) by

0 ifr=y
d(z,y) = (17.12)
{\/x%—i—x%—l—\/y%#—y% if x #£ .

(a) Draw the unit sphere centered at (0,0) with respect to this metric.

(b) Draw the unit sphere centered at (3,

x € B1(0). Describe the unit sphere centered at x.

0) with respect to this metric. More generally, let

(c) Let x € R?\ By(0). Describe the unit sphere centered at z.
(d) Prove that (X,d) is a metric space.
(e) Find two points z,y € X and two numbers r, s > 0 with > s but with B,(x) C B,(y).

Example 17.13. Fix p > 1 and n € N. Let X := R" but with a distance defined by

n 1/p
X x X 3 (z,y) = dy(z,y) := (Z ly; — xi|p> . (17.14)
i=1

Kolmogorov and Fomin prove that this is a metric space in Example 10 in Section 6 [7]. Instead
of redoing this proof, let us illustrate the unit spheres centered at 0 in (X, d,) for various values
of p.
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There is even a “limit” of these metrics as p — oo. Namely,

X x X3 (2,y) = do(z,y) == max {|z; — yil}. (17.15)

i€{1,...,n}
What does the unit sphere look like with respect to the metric d..?

Example 17.16. Let C(]0, 1]) be the set of continuous functions on the closed interval [0, 1]. We
have already described one type of metric that can be put on C([0,1]) in Example 17.5. One of
the properties of this metric, however, is that the distance between the function 0 and functions
from the following sequence of functions

N x [0,1] 5 (n,z) — fu(z) := (n2 i 1)" Vn?+ 1/z(1 — )™ (17.17)

n2

0 0.2 0.4 0.6 0.8 1

does not tend to zero even though the functions converge pointwise to the zero function. In fact,
with respect to dg,p, the distance between 0 and these functions is always 1:

dop(0, f) =1 VneN (17.18)
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even though we know that as functions

lim (fu(z)) =0  Vazel01]. (17.19)

n—00

The reason for this is that dg,, is the metric in which sequences (of functions) converge uniformly.
We will make this more precise when discussing sequences. Instead, let us define another metric

dy on C([0,1]) given by

1
C0.1) x C(O.1) 3 () = dy(.9) = [ |Fa) = gla)| (17.20)
Exercise 17.21. Prove that (C([0,1]),d}) is a metric space and show that

lim (d(0, fn)) =0, (17.22)

n—o0

where the {f,,} are given by (17.17).

Definition 17.23. Let (X, d) be a metric space and = : N — X a sequence. x is a Cauchy sequence
in (X, d) iff for any € > 0, there exists an N € N such that

d(xp,xm) <€ ¥Yn,m>N. (17.24)
x converges in (X, d) to a point limx € X iff for any € > 0, there exists an N € N such that
d(limz,z,) <e Vn>N. (17.25)

A sequence that converges is said to be convergent. (X, d) is complete iff every Cauchy sequence
in (X, d) converges.

Theorem 17.26. Let (X,d) be a metric space and let x : N — X be a convergent sequence in
(X,d). Then x is a Cauchy sequence.

Proof. See Theorem 1 in Section 7 of [7]. |

Example 17.27. Let (C’([O, 1)), dsup) be the metric space from Example 17.5. As one may have
guessed from the discussion in Example 17.16, a sequence of continuous functions f : N — C(|0, 1])
converges to lim f € C([0,1]) if and only if f converges to lim f uniformly (recall [1]). Furthermore,
(C([0,1]), dgup) is complete. This result follows from the Cauchy Criterion for uniform convergence
and the Continuous Limit Theorem, which implies that the limit of a sequence of continuous
functions is continuous with respect to the metric dg,, (recall [1]).

We know from Analysis I that R is a complete metric space and that Q is not complete. We
just saw that C(]0, 1]) is complete with respect to the sup metric. What about if we measure the
distance between two functions by the area between their graphs?

Exercise 17.28. Prove that (C’([O, 1)), df) appearing in Example 17.16 is not a complete metric
space by going through the following outline.
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(a) Consider the sequence of functions f: N — C([0, 1]) given by

0 if0<az<3
Nx[0,1] 3 (z,n) = fo(x) = (n+1) (z—3) ifi<z< %+11+n (17.29)
1 if 54+ 47 <o <1
Compute d f( fn, fm) for arbitrary n,m € N and prove that f is a Cauchy sequence.
(b) Let g be the function
0 ifo<z<i
0,1 22— g(x) := -T2 17.30
0,1] (@) {1 if % <z <1 ( )
Note that ¢ is not in C([0, 1]) but it is still integrable. Show that
1
lim / | fal2) — g(z)|dz = 0. (17.31)
n—oo 0

(c) Using these results, prove, by contradiction, that there does not exist a continuous function

h € C([0,1]) such that lim, o d(fn, h) = 0.

We have so far describe the collection of mathematical objects known as metric spaces. There
is a natural notion of structure-preserving function between such mathematical objects.

Definition 17.32. Let (X,dx) and (Y, dy) be two metric spaces. A function f: X — Y is an
isometry iff

dy (f(z), f(')) =dx(z,2') V' e€X. (17.33)
In other words, a function f is an isometry iff the diagram
Y xy <2l x xox
A A (17.34)
R

commutes. f is an isometric isomorphism if, in addition, there exists an isometry g : ¥ — X such
that gf = idx and fg = idy.

Note that an isometry is automatically one-to-one. Also be aware that my definition of isometry
is different from that of Kolmogorov and Fomin (I do not require an isometry to be surjective). If
a metric space is not complete, there is a canonical way to enlarge it so that the resulting metric
space is complete and the original space sits inside the large one isometrically. To describe this
more precisely, we define open, closed, and dense subsets of a metric space.

Definition 17.35. Let (X,d) be a metric space. A subset A C X is open iff for every x € A,
there exists an € > 0 such that B.(z) C A. A subset C' C X is closed iff X \ C' is open.

Note that an open ball B,(x) is indeed open for all x € X and r > 0. The collection of open
and closed subsets of a metric space obey the usual conditions of a topology.
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Theorem 17.36. Let (X,d) be a metric space.
(a) X and & are open subsets of X.

(b) The union of an arbitrary collection of open sets is open.

(c) The intersection of a finite collection of open sets is open.
Similarly,
(a) X and @ are closed subsets of X.

(b) The union of an finite collection of closed sets is closed.

(c) The intersection of an infinite collection of closed sets is closed.
Exercise 17.37. Prove Theorem 17.36.

Definition 17.38. Let (X, d) be a metric space. The closure of a set A C X is the intersection of
all closed subsets of X containing A. It is denoted by A.

From Theorem 17.36, it immediately follows that A is closed. In fact, for any other closed set
C that contains A, A C C. Hence, A is the smallest closed set containing A. There is another way
to describe the closure in terms of limit points.3°

Definition 17.39. Let (X,d) be a metric space and let A C X. A limit point of A is a point
x € X such that

ANB(x)\{z} #@ Ve>0. (17.40)

Theorem 17.41. Let (X,d) be a metric space and let A C X. Then
A={ze X : z€Aorxisalimit point of A}. (17.42)
Proof. Informal exercise. |

Note that from this theorem and the fact that the closure of a closed set is itself, it follows
that A is closed if and only if A contains its limit points.

Definition 17.43. Let (X, d) be a metric space. A completion of (X, d) consists of a complete
metric space (X, d) together with an isometry 7 : (X, d) — (X, d) satisfying the following universal
property. for any other complete metric space (Z, p) with an isometry ¢ : (X,d) — (Z, p), there
exists a unique isometry h : (X, d) — (Z, p) such that the diagram

(X, d)

¥ (X,d) (17.44)

commutes.

36Warning: Kolmogorov and Fomin call use the terminology “contact point” to refer to what I called “limit
point” last semester. They use the terminology “limit point” to what some people call an “accumulation point.” I
want to stick to my notes from last semester, so I will use the terminology “limit point” as I have meant it here.
Therefore, my terminology conflicts with Kolmogorov and Fomin. Be warned.
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It is immediately from this definition that if there are two completions, then they are canonically
isometrically isomorphic (this follows from the universal property). Therefore, one can call it “the”
completion of a metric space. In particular, it immediately follows from this definition that if (X, d)
is already complete, ()~( , CZ) is canonically isomorphic to (X, d).

Theorem 17.45. Let (X, d) be a metric space. A completion n: (X,d) — (X,d) of (X,d) exists.
Furthermore, n(X) = X.

In other words, the completion is the “smallest” complete metric space containing the original
metric space.

Proof. See Theorem 4 in Section 7 of Kolmogorov and Fomin [7]. However, one of the main
differences between Theorem 17.45 and Theorem 4 in [7] is the uniqueness property described
by the universal property in Definition 17.43. One still constructs X as equivalence classes of
Cauchy sequences in X and d in terms of d acting on representatives. For any other completion
Vi (X,d) = (Z,p), we still have to construct a unique isometry h : (X, d) — (Z, p) satisfying the
required diagram. Let [z] € X be such an equivalence class with a representative Cauchy sequence
x: N — X. Define

h([z]) == lim (). (17.46)

n—oo

Then h is well-defined and is the required isometry. The details are requested in the following
exercise. |

Exercise 17.47. Using the notation of the proof of Theorem 17.45, complete the following tasks.
(a) Prove that (w(xl), (), . . ) is a Cauchy sequence in (Z, p) and therefore converges.

(b) Prove that h is well-defined. Namely, for any other representative y : N — X of [¢] (which
means that lim (y,—x,) = 0), prove that the sequences (w(ajl), (xa), ... ) and (w(yl), U(y2), ...
n—oo
converge to the same point in Z.

(c) Prove that h is an isometry.
(d) Prove that the diagram (17.44) commutes.
(e) Explain why h is the unique isometry such that the diagram (17.44) commutes.

Exercise 17.48. Describe the completion of (C’([O, 1]),d f) more concretely. For example, can
it be described as a collection of functions on [0, 1] satisfying some property? Can the distance
between such functions be described more explicitly? Then show that your metric space is indeed
the completion of (C([0,1]),d). [Warning: I do not know the answer to this, and therefore do not
know how difficult this is.]

For many purposes, isometries are too rigid in the sense that they preserve the distance between
points. Even continuous functions R — R rarely satisfy this property. There is a weaker notion
of structure-preserving function between metric spaces that also appears frequently. This comes
from the fact that R has an ordering and a notion of discs of varying radii at points.
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Definition 17.49. Let (X,dx) and (Y,dy) be two metric spaces. A function f : X — Y is
continuous at v € X iff for every € > 0, there exists a § > 0 such that if for any 2’ € X satisfying

dx(z,2') <6, then dy (f(z), f(2')) < e. fis continuous iff f is continuous at z for all z € X.

Of course, one might come up with other definitions of structure-preserving functions between
metric spaces as well. The following one will be useful in the next lecture.

Definition 17.50. Let (X,dx) and (Y,dy) be two metric spaces. A function f : X — Y is
Lipschitz iff there exists a number M > 0 such that

dy (f(z), f(')) < Mdx(z,2")  Vaz,a2 €X. (17.51)

f is a contraction iff there exists a number M € [0,1) such that (17.51) holds. f is distance
decreasing iff

dy (f(z), f(2)) <dx(z,2')  V(z,2") € (X x X)\ A(X). (17.52)

Using Problem 6.4 [7], one can easily show that a Lipschitz is always continuous. A continuous
function of metric spaces preserves only the topology of a metric space (and not the distance).
This can be made precise using the notion of open sets.

Exercise 17.53. Let (X,dx) and (Y, dy) be two metric spaces. Prove that f: (X,dx) — (Y, dy)
is continuous if and only if for any open set U C Y, the subset f~!(U) is an open subset of X.

Exercise 17.54. Let (X, d) be a metric space.
(a) Prove that |d(z,z) — d(y,u)| < d(z,y) + d(z, u) for all 2,y, z,u € X.
(b) Prove that |d(z, 2) — d(y, z)| < d(z,y) for all z,y,z € X.

(c) Prove that if z,y : N — X are sequences converging to lim x and lim y, respectively, then

TLILI& d(xp, yn) = d(lim z, lim y). (17.55)
Remark 17.56. The completion of a metric space is an example of an adjunction of categories.
The details will not be provided here, but the words will be provided in case the reader is curious.
Let MSI denote the category of metric spaces with isometries. Let CMSI denote the category of
complete metric spaces with isometries. Let F' : CMSI — MSI denote the functor that simply
ignores whether a metric space is complete. The completion is then a functor C' : MSI — CMSI
together with natural transformations 7 : idys; = F'oC and € : Co F' = CMSI satisfying what are
known as the “zig-zag” identities. 7 is nothing but the n we have provided above, but for a specific
metric space (X, d) so it is more precise to denote it by nx.q) : (X,d) — (X,d) = F(C(X,d)).
€ in our case is actually invertible because if a metric space is already complete, the isometry is
an isomorphism. Since adjunctions are unique up to unique isomorphism, the definition of the
completion of a metric space can therefore simply be given as “the left adjoint of the forgetful
functor F.”
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Exercise 17.57. Look up the definition of an adjunction of categories and explain the above
Remark in such a way so that you understand it. In particular, prove that the completion described
in this lecture satisfies all the conditions of an adjunction.

Problems.
From Kolmogorov and Fomin [7]: Problems 6.4, 6.11, 7.7, 7.8, 7.9
From these notes: Exercises 17.9, 17.11, 17.21, 17.28, 17.37, 17.47, 17.48, 17.53, 17.54, 17.57
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18 April 13: The Contraction Mapping Theorem

In this section, we will state and prove three variants of the contraction mapping theorem for
metric spaces. This section mostly follows [5]. We will see several applications of this theorem in
later lectures.

Definition 18.1. Let f : X — X be a function from a set X to itself. A fized point for f is a
point x € X such that f(z) = z.

Example 18.2. The fixed points of the function cos : R — R can be obtained by solving cos(x) = x
for the variable z. One way to solve this system is to first guess. Let zy be a guess, some value
slightly less than 7, say.

1.2 x

0.8 T
0.6 T
0.4 +

0.2 +

0.2 0.4 0.6 0.8 1 1.2
An observation shows that consecutively applying the function cos to the initial guess brings us
closer and closer to the actual solution. In fact, the sequence = : {0} UN — R given by

(x0, cos(xg), cos(cos(xg)), cos(cos(cos(zp))), - - - ) (18.3)

is a Cauchy sequence and converges to the fixed point! If y is the solution to cos(y) = y, then from
this picture and we would expect that z,. is closer to y than z,, i.e.

[y — @nsa| < |y — 2 (18.4)
for all n € N. Plugging in y = cos(y) and x,41 = cos(x,,), this inequality becomes
| cos(y) — cos(z,)| < |y — 4] (18.5)

for all n € N. However, this deduction came from a single guess. Since we do not know what the
fixed point is, it is natural to require that this property holds for all distinct points, namely

| cos(y) — cos(z)| < |z —y| V(z,y) € (R xR)\ A(R). (18.6)

Note that here A(R) := {(z,z) € R?}. Is this true of the cosine function? It turns out the answer
is yes.
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Exercise 18.7.
(a) Prove equation (18.6). [Hint: you will need to use some trigonometric identities.]
(b) Prove that sin is distance decreasing as well.

The goal of today’s lecture is to abstract the key properties of the previous example that allows
one to be sure that a fixed point exists. One might guess that a function f : (X,d) — (X,d) on a
metric space satisfying a condition such as

d(f(z), f(y)) <d(@,y) V¥ (z,y) € (X x X)\AX) (18.8)

would be enough to guarantee the existence of a fixed point of f. Unfortunately, these assumptions
are not enough as the following Exercise indicates [5].

Exercise 18.9. Let f: [1,00) — [1,00) be the function defined by
1
[1,00) 32— f(z) =2+ — (18.10)
T

and let g : [1,00) — [1,00) be the function defined by

[1,00) >z g(x) := ;—2 (x + %) : (18.11)

(a) Prove that f is distance decreasing, i.e. satisfies
@)~ f@) <le—yl V(@) € ([Loo) x [1,00)) \ A[L, o0). (18.12)
(b) Prove that f does not have a fixed point.

(c) Show that g is a contraction, and in fact, satisfies

9e) ~ gl)| < ol —yl Yy lLoo) (15.13)

(d) Find the fixed point of g. Note that it is unique (we will prove a general uniqueness theorem

later).

This previous example illustrates that maybe instead of requiring a condition such as 18.12,
a condition that might guarantee the existence of a unique fixed point is that of a contraction.
What about the possible spaces? Metric spaces have a notion of a distance, so perhaps all we need
is the notion of a contraction on a metric space?

Exercise 18.14. Let X := QN [l,00) and let f: X — X be the function defined by

Xafo@y:g+1 (18.15)

—
(a) Prove that f satisfies
1
[f@) = fW]<gle—yl  VoyeX (18.16)

so that f is a contraction on X.
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(b) Prove that f does not have a fixed point.

The problem with the previous example is that the domain is not a complete metric space.
However, assuming we have a contraction on a complete metric space, then a unique fixed point
is guaranteed to exist.

Theorem 18.17 (Contraction Mapping Theorem I). Let (X,d) be a complete metric space and
let f:(X,d) — (X,d) be a contraction. Then there exists a unique fized point of f, i.e. a unique
point © € X such that f(x) = x. In fact, for any xy € X, the sequence

Non—x,:= f"(x) (18.18)
converges to x.

This is one of those theorems whose proof is useful on its own. Please understand it well.

Proof. See Section 8 Theorem 1 of [7]. |

Exercise 18.19. Let (C( [O, %D,dsup> be the metric space of continuous functions on the closed

interval [0, %] equipped with the sup norm. Let & : C( [O, %D — C( [O, %D be the function defined
by sending a function f € C ( [0, %]) to the function ®(f) defined by

{0, ﬂ >z z(f(z) +1). (18.20)

(a) Prove that @ is a contraction on C([0, 3]).
(b) Let p; € C([0,4]) be the function defined by sending z € [0, 3] to pi(z) = z. Calculate the
functions in the sequence p : N — C' ([0, %]) given by

N3 n e p,i=0" 1 (p) (18.21)
explicitly.

(c) Prove that the sequence p converges to the function limp (with respect to the metric dgyp)

defined by

1 T
0,=| 3>z~ 18.22
{ 2} S (18.22)
and prove that lim p is the unique fixed point of ®.
Differentiable functions have a characterizing property for being contractions.

Exercise 18.23. Let a,b € R with a < b and let f : [a,b] — [a,b]. Prove that f is a contraction
if and only if there exists a number k < 1 such that | f/(z)| < k for all # € [a,b]. [Hint: the Mean
Value Theorem is helpful here.]

Exercise 18.24.

(a) Prove that the function f: R — R given by f(z) := cos(z) is not a contraction.
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(b) Prove that cos restricted to the domain [0, 1] has range contained in [0, 1] and is in fact a
contraction (Hint: use the Mean Value Theorem).?’

(¢) Prove that the function g : R — R given by h(x) := cos(cos(z)) is a contraction.

(d) Prove that the function h : R — R given by h(x) := sin(sin(- - - sin(z) - - - )) is not a contraction
for any number of sines.

This previous example motivates the following generalization of the Contraction Mapping The-
orem.

Theorem 18.25 (Contraction Mapping Theorem II). Let (X, d) be a complete metric space and
let f:(X,d) — (X,d) be a function for which there exists a natural number N € N such that fV
(the N-th iterate of f) is a contraction. Then there exists a unique fized point of f, i.e. a unique
point © € X such that f(x) = x. In fact, for any xy € X, the sequence

N3nw—x,:= f"(x) (18.26)
converges to x.

Proof. See Section 8 Theorem 1’ of [7] (though, see Theorem 4.3 in [5] for a more intuitive proof).
|

Exercise 18.27. Let f: R — R be the function given by f(z) := e ".
(a) Prove that f is not a contraction.
(b) Prove that f2, given by f2(x) :=e~¢ ", is a contraction.

(c) Use an iterative technique, modeled after the proof of Theorem 18.25 to approximate the
unique fixed point of the expression

—log(x) == (18.28)
to three decimal places.

Even though sin and none of its iterates are contractions, it is quite obvious that x = 0 is the
unique fixed point of the equation = = sin(x). So far, none of our theorems cover this case. This
conclusion will follow from a sufficient condition that guarantees the existence of fixed points on
compact metric spaces.

Theorem 18.29. Let (X, d) be a metric space and let A C X be a subset. The the following are
equivalent.

(a) Every sequence in A has a convergence subsequence whose limit is contained in A.

(b) Every open cover of A has a finite subcover.

37I'd like to thank Keith Conrad for pointing this out. See Example 2.6 in his notes http://www.math.uconn.
edu/~kconrad/blurbs/analysis/contraction.pdf for a neat proof.
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Proof. Informal exercise. |

The definitions of the above expressions are naturally generalized from the ones in Euclidean
space.

Definition 18.30. Let (X, d) be a metric space. A subset A C X satisfying any (and hence all)
of the equivalent conditions of Theorem is said to be compact.

In R™, we had a theorem that said a subset is compact if and only if it is closed and bounded.
This was called the Heine-Borel Theorem (see Theorem 2.41). This Theorem is not true for metric
spaces.

Definition 18.31. Let (X, d) be a metric space. A subset A C X is bounded iff there exists a
number D > 0 such that d(a,b) < D for all a,b € A.

Exercise 18.32. Let A C C([0,1]) be the subset of continuous functions f : [0, 1] — R satisfying
S0, 1)) € [0, 1].

(a) With respect to the sup metric dg,p,, prove that dg,,(f,g) <1 for all f,g € A.
(b) Prove that A is a closed subset of C([0,1]).
(c) Hence, A is closed and bounded. Let h : N — A be the sequence of functions given by

2"z f0<xz<5;

18.33
1 if 5 <z <1 (18.32)

N x [0,1] = fu(z) := {

Use this sequence to prove that A is not compact.

We know that the image of a compact subset of Euclidean space under a continuous map is
compact. The same is true for continuous functions on compact subsets of metric spaces.

Exercise 18.34. Let (X, dx) and (Y, dy) be two metric spaces, let A C X be a compact subset
of X, and let f: A — Y be a continuous map. Prove that f(A) is a compact subset of Y.

With compactness now defined for metric spaces, we may state another theorem for fixed
points.

Theorem 18.35. Let (X, d) be a compact metric space and let f: (X,d) — (X,d) be a function
satisfying
A(f(@), fW) < dlw.y) V() € (X x X) | AX). (18.36)
Then f has a unique fixed point. In fact, for any xo € X, the sequence
Non— x,:= f"(x) (18.37)

converges to x.

Proof. See Theorem 4.4 in [5]. [ |
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Exercise 18.38. Let f : [—m, 7] — [—m, 7| be the function given by f(x) := 1 + sin(x).
(a) Show that |f'(z)| <1 for all z € (—, 7).
(b) Prove that |f(z) — f(y)| < |z — y for all distinct z,y € [, 7).

(c) What can you deduce about the equation 1+ sin(z) = 27 Namely, do any of the theorems in
this section guarantee that f has a unique fixed point?

(d) Approximate this fixed point to three decimal places using the method of successive approxi-
mations.

Problems.
From Kolmogorov and Fomin [7]: Problems 8.1, 8.2, 8.3, 8.4, 8.5, 8.7
From these notes: Exercises 18.7, 18.9, 18.14, 18.19, 18.23, 18.24, 18.27, 18.32, 18.34, 18.38

181



19 April 18: Linear Systems

In the next two lectures, we will study differential equations from a more systematic perspective.
We begin with solutions to autonomous linear systems and then apply our analysis to the study
of an illustrative example. We then use the exponential of an operator to solve non-autonomous
linear ordinary differential equations. In the next lecture, we will prove existence and uniqueness
for arbitrary non-autonomous systems. Due to time constraints, we may occasionally be a bit
imprecise and refer to our knowledge from multivariable calculus that we have not yet covered
(such as integrals over polygonal regions in Euclidean space). Our references for this material
include [2] and [3].

There is actually a general method to solving any linear differential equation. Recall from the
end of lecture 12 where we introduced the exponential of a matrix.

Theorem 19.1. Let A be an m x m matriz. The function p4 : R — M,,(R) defined by
Rt e (19.2)

is infinitely differentiable and its derivative at s € R is given by the matriz
(Dyp4)(1) = ¢y (s5) = Ae*. (19.3)
Proof. Exercise. |

Exercise 19.4. Prove Theorem 19.1. [Hint: Show that the sequence of partial sums (viewed as
functions of ¢ into m x m matrices) for the exponential matrix converges uniformly on any interval
[a,b] and use the Differentiable Limit Theorem from Analysis I.]

Theorem 19.5. Let A be an m x m matrix and consider the linear differential equation given by
T = Ax with  x(0) = . (19.6)
Then, the vector field R™ > x +— Ax is integrable and the function
R >t e (19.7)
is the unique solution to (19.6).
Proof. Exercise. [ |

Exercise 19.8. Prove Theorem 19.5.

This theorem provides us with a formal result for solutions to autonomous linear ordinary
differential equations. However, it is of very little practical significance because computing the
exponential of a matrix is quite difficult if done directly. Instead, one often computes the expo-
nential of a matrix in simple situations and then uses methods to extrapolate these results to less
generic cases.
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Definition 19.9. An m x m matrix J is in Jordan (normal) form iff

N o« 0 0 - 0]
O N = 0 -+ 0
J= S (19.10)
= 10 - 0 XN x 0
0 - oo 00 A
where {A1,...,\,} are n distinct complex numbers and the *’s are either 0 or 1. The %’s are

furthermore written so that the 1’s appear first and the 0’s afterwards (for any given fixed 7).

Theorem 19.11 (Jordan decomposition for matrices). Let A be an m x m matriz. There exists
an invertible matriz S and a Jordan matriz J such that A = SJS™1.

Proof. See any reasonable book on linear algebra. |
Exercise 19.12. Compute the exponentials of the following m x m matrices.

(a) An m x m diagonal matrix

N O -0
0 X - 0
: _ . (19.13)
0 -~ 0 M\,
with {\; }icq1,...m} fixed complex numbers.
(b) An m x m nilpotent matrix of the form
0 1 0 --- 0]
o o 1 --- 0
(19.14)
0 0 0 1
10 0 0 0]
(¢) An m x m Jordan block matrix
[tx t 0 -+ 0]
o th t - 0
: . .o (19.15)
0 -+ 0 tx t
0 -~ 0 0 tA]

where ) is a fixed complex number and ¢ is a fixed real number.
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(d) A block matrix of the form
A 0
19.16
03 (19.16)
with A an m X m matrix and B an n X n matrix (the 0’s are matrices of appropriate size).

(e) Prove that for an m x m matrix B and an invertible m x m matrix S,

exp(SBS™1) = Sexp(B)S™. (19.17)

If it is not clear to you how to do these for arbitrary m, try to do the cases m = 2 and m = 3.
Example 19.18. Consider the ordinary differential equation in R? of the form

=
Y (19.19)
y=—v—ky

with initial condition (z¢,yo) and k > 0. This system describe a one-dimensional oscillator with
friction (the z variable is interpreted as the position and the y variable as the velocity). The
matrix associated to this system is

0 1
A= . 19.20
I (19.20)
The eigenvalues of this system are therefore given by solving
—A 1 9
0 = det 1 kX =AE+N)+1=1+kN+ )\, (19.21)

which has solutions

ko1
A= —5 + 5\/k2 — 4. (19.22)
Since k > 0, there are three cases to consider.

i. (k€ (0,2)) When k = 1, the vector field associated to this system looks like (after rescaling)

2 — \ \
P
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In this case, the eigenvalues are complex and distinct. A similarity matrix that diagonalizes
A is given by

g %(—k—i—\/k?—ll) %(—k—\/k2—4) _ Ao Ay (19.23)
1 1 1 1
with a diagonal matrix given by
A0
D — 19.24
et (19.24)

where we have used the shorthand notation

A = % (—k — z‘ﬂ) & Ayim % <—k n z\/@) (19.25)

with i := y/—1. In this case, S~! is given by

1 1 =X
—1 1
= . 19.2
S Ay — A\ {—1 /\2} (19.26)

Indeed, you can check that A = SDS~!. Therefore,

exp(tA) = exp(tSDS™') = Sexp(tD)S™*

. 1 )\2 /\1 6“‘1 0 1 —)\1

=M [T 1[0 et -1 N (19.27)
. 1 )\26/\1t — /\16)‘2t /\1/\2 (6/\2t — e)‘lt)

X — N\ eMt — ehat g2t — \ ettt

for any t € R. It is convenient to let

A J2
g & W= vi-# (19.28)

=
so that
Al =—7 —iw & Ao = —7 + iw. (19.29)

With these substitutions, the solution becomes (after some algebra)

e " (cos(wt) + L sin(wt)) #e”t sin(wt)

tA) =
exp(tA) —Le sin(wt) e (cos(wt) — L sin(wt))

(19.30)

For example, with initial conditions zo = 1 and yy = 0, which corresponds to letting the
oscillator go without giving it an initial velocity, the position as a function of time is given by
(k =1 in this graph)
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z(t) = e 7 (cos(wt) + 2 sin(wt))

0.5

o ¥
~

2 \/é

vector field associated to this system looks like (after rescaling)

S

v/

M

-~

—_
(]

with a Jordan matrix given by

The inverse of S is given by

L [0 1
=[]

Indeed, you can check that A = SJS™1. The exponential of t.J is given by

et te t
exp(tJ) = { 0 et}
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(19.31)

(19.32)

(19.33)

(19.34)



for all t € R. Therefore,

S | | LY B (e R

Notice that there are no oscillatory terms and any initial configuration with zero velocity
asymptotically approaches 0 without passing through 0.

However, if there is an initial sufficiently strong “kick,” the trajectory will pass through the
origin once (but only once!). Such a trajectory occurs, for instance, when zo = 1 and yo = —2
and is depicted here

z(t) = (1 —t)e

0.5

1 1 : 1

iii. (k> 2) This case is left as Exercise 19.36.
Exercise 19.36. Refer to Example 19.18 in the case k£ > 2.

(a) Diagonalize the matrix A by providing a similarity matrix S and a diagonal matrix D such
that A =SDS™.

(b) Solve the system given the initial conditions (xg, yo).
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(¢) Draw the phase diagram for this vector field and draw some integral curves (for example, when
(x0,y0) = (1,0) and (zo,v0) = (1, —2) for example). Describe the solutions in physical terms.

Consider, now, a non-autonomous differential equation on R™ of the form
x(t) = A(t)x(t), (19.37)

where A : [a,b] — M,,(R) is a continuous family of m x m matrices on a closed interval with a < b.
The initial condition of this system is x(a). Notice that this differential equation can be expressed
as an integral equation of the form

+ /tA(s)ac(s) ds, (19.38)

where the integral here is interpreted via components, namely

zi(t) = z:(a) + / ZAij(s)xj(s) ds (19.39)

for all i € {1,...,m}. This is because, by the fundamental theorem of calculus, the derivative of
(19.38) precisely reproduces (19.37). By using this integral equation recursively, we see that it can
be expressed as

=z(a) + /:A(s) (:B(a) + /as A(r)a:(r)dr) ds (19.40)
— 2(a) + / " A(s)x(a) ds + / CAGs) / " A()a(r) dr ds.

Note that one does not actually need to define integrals for functions of several variables to un-
derstand the right-hand-side. One merely integrates A(r)x(r) with respect to r first to obtain a
function that depends only on s. Although it seems like this has made the equation more compli-
cated, let’s just do this again, but his time, we will replace our dummy variables to keep track of
how many times we do this.

m(t):x(a)+/tA( Dz(a )d51+/tA(sl)/Sl A(s2)z(s2) dss dsy

/ A(s1)x(a) ds; +/ (s1 / A(sg)x(a) dsg ds; (19.41)

N / Als) / Als2) A(s3)a(s3) dss dss ds,

a

By linearity properties of the integral, this can be expressed as

() = (]lm+/atA(sl) d51+/atA(sl)/:l A(sy) dss dsl> 2(a)

+/:A(51)/:1 A(32)/:2 A(s3)2(55) dss ds» ds,. (19.42)
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Notice how at every stage, the initial condition z(a) is kept while the unknown solution is pushed
“off to infinity.” Therefore, one might guess that

() = (nm+ / " A(sy) dsy + / " A(s) / " A(sy) dso dsl—l—---)x(a) (19.43)

is a solution to the differential equation (19.37). This is indeed the case, as we will presently show.

Exercise 19.44. Let M,,(R) be the algebra of all real m x m matrices. Let d : M,,(R) x M,,(R) —
R be the function

My (R) X Mu(R) > (A, B) = dop(A, B) := ||A - B|, (19.45)

where || - || is the operator norm from Exercise 8.7. Prove that (M,,(R), d,,) is a complete metric
space.

Theorem 19.46. Let a,b € R with a < b and let A : [a,b] — M,,(R) be a continuous function.
The (extended) sequence of partial sums associated to the (extended) sequence whose value at 0 is
1,, and whose other values are

t S1 So Sn—1
N>n— / A(s1) dsl/ A(sy) dSQ/ A(ssz) dss - - / A(sy) dsy, (19.47)

converges (with respect to the operator metric) for all t € [a,b], i.e.

nf; / " A(sy) ds, / " Als,) dsy / " A(sy) dss - / " A(sy) ds, (19.48)

ezists and is a linear transformation (note that it is understood here that the n = 0 term corresponds
to the identity matriz and sy :=t).

Proof. Tt suffices to show that the sequence of partial sums is a Cauchy sequence since M,,(R)
with the operator metric is a complete metric space by Exercise 19.44. First note that the integrals
above can be expressed as an integral over an n-simplex

t S1 Sn—1
/ A(sy) dsl/ A(sy) dsy -+ / A(sy) dsy,

_ / t / / T A5 A) - A(s) dseedsadsy (19.49)

- / A(s1)A(s2) - A(Sy) dsy - - - dsads;.

alsp<--<s3<s1 <t

Setting
L:= max |4;(s)l, (19.50)
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the norm of the above integral is therefore bounded in the sense that

t S1 Sn—1
H/ A(sy) dsl/ A(s2) d82"'/ A(sy) dsp,

<L" / 1 ds,, - - - dsydsy (19.51)

Therefore, to show that the nested integrals are Cauchy, fix € > 0. Set N € N to be an integer
large enough so that
“~ LF(b—a)*
Z%q Vn>m>N. (19.52)
k=m ’

L(b—a)

Such a natural number exists because the series for the exponential, e , converges (so is

Cauchy). Thus, by the triangle inequality and the results above,
n t S1 Sk—1
Z/ A(sy) dsl/ A(sg) dsg - - / A(sg) dsg
k:m a a a
n t S1 Sk—1
< Z / A(sy) dsl/ A(sy) dsg - - / A(sg) dsg
k=m a a a

" LF(b—a)k

<€ VYn>m>N.

(19.53)

Since the sequence of partial sums of integrals is Cauchy, it converges since M,,(R) is complete by
Exercise 19.44. [}

Definition 19.54. Let a,b € R with a < b and let A : [a,b] — M,,(R) be a continuous function.
The linear transformation

0 t Ss1 S2 Sn—1
PIA = Z/ A(sq) dsl/ A(sz) dSQ/ A(ss) dss - - / Al(sy,) dsy, (19.55)
n=0"a a a a

is called the time-ordered exponential of A.

The time-ordered exponential has many wonderful properties, reduces to many well-known
situations, and can be used to solve non-autonomous ODEs as the rest of this lecture will show.

Theorem 19.56. Let a,b € R with a < b and let A : [a,b] — M,,(R) be a continuous function.
Prove that
P'A = (PLA)(P:A) (19.57)

for all s,t € (a,b) with s < t.
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Exercise 19.58. Prove Theorem 19.56.

Theorem 19.59. Let a,b € R with a < b and let A : [a,b] — M,,(R) be a continuous function.
Then,

(a,b) >t P'A (19.60)
is continuously differentiable for allt € (a,b) and its derivative is given by
% (PLA) = A(t)PLA. (19.61)

Exercise 19.62. Prove Theorem 19.59.

Theorem 19.63. Let a,b € R with a < b and let A : [a,b] — M,,(R) be a continuous function.
Then
[a,b] 2t z(t) := (PLA)x(a) (19.64)

is the unique C solution to the differential equation

z(t) = A(t)z(t) (19.65)
(with initial condition z(a)).
Exercise 19.66. Prove Theorem 19.63.

Exercise 19.67. The time-ordered exponential of A : [a,b] — M,,(R) and its relation to linear
differential equations reduces to several well-known special cases.

(a) Show that if m = 1, so that A is a family of 1 x 1 matrices, then

¢
P!'A = exp (/ A(s) ds) : (19.68)

Using this result, solve the (single variable) ODE
z(t) = A(t)x(t) with initial condition x(a). (19.69)

(b) Let A and B be arbitrary matrices that commute, i.e. [A, B] =0 (here, [A, B] := AB — BA
is the commutator of A with B). Show that

exp(A + B) = exp(A) exp(B) = exp(B) exp(A). (19.70)
(¢) Given an example of two 2 x 2 matrices A and B such that exp(A + B) # exp(A) exp(B).

(d) Let m now be arbitrary but suppose that
[A(r), A(s)] =0 (19.71)
for all r, s € [a, b]. Show that
P!'A = exp (/t A(s) ds) : (19.72)
In particular, if A(r) = A(s) for all r, s € [a, b], show that

P'A = exp ((t - a)A). (19.73)
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Exercise 19.74. There is another method of constructing the time-ordered exponential that does
not actually use any integrals of several variables in its construction [10]. A simple function on a

closed interval [a,b] is a function f : [a,b] — R for which there exists a partition a =: ap < a; <
oo < ap_q < ap = b of [a,b] such that f is constant on (a;,a;+1) for all i € {0,...,n — 1}. Let
S ([a, b]) be the set of all simple functions. Given such a simple function f, define the integral of
f on [a,b] to be

/ab f(s)ds:= jz_:(aiﬂ —a;)f <%> ‘ (19.75)

The metric dgyyp, is a well-defined metric on S([a,b]) though S([a,d]) is not complete with respect

—_—

to this metric. Let R([a,b]) := S([a,b]) be the completion of this metric space. One can construct
R([a,b]) in such a way so that it is a subset of all functions RI**. Elements of R([a,b]) are called
requlated functions (on [a, b]).

In fact, one can similarly replace the codomain R in the definitions of simple and regulated
functions and consider functions f : [a,b] — M,,(R) to m x m matrices. In this case, the sup
distance uses the operator norm and is denoted by dopsup. We write S(M,,(R), [a, b]) to denote the
M,,(R)-valued simple functions and R(Mm(]R), a, b]) for their completion with respect to dop sup-
Let A : [a,b] — M,,(R) be a M,,(R)-valued simple function with partition a =: ag < a1 < --- <
(p—1 < @, :=b. Define

PSA — elan—an—1)An-1(@n-1-an-2)An—2 . 6(al—ao)Ao7 (19.76)
where
A= A (%) (19.77)

is the value of A on the i-th partition with ¢ € {0,1,...,n — 1}. Note the order in which these
matrices are multiplied (earlier times on the right).

(a) Show that the integral (19.75) defines a continuous function S([a,b]) — R sending f to its
integral over [a, b]. Note that this implies that the integral can be extended uniquely to all of
R(M,(R),[a,b]).

(b) Show that <S([a, b]),dsup) is not complete.

(c¢) Show that every continuous functions on [a, b] is regulated.
(d) Let A and B be m x m matrices. Prove that
et — eB|| < emextlAlIBI}Yg (A B). (19.78)
[Hint: A" — B"=A""1Y(A-B)+ A" *(A—B)B+---+ A(A— B)B"?+ (A— B)B" ']
(e) Prove that if A, B : [a,b] — M,,(R) are two M,,(R)-valued simple functions, then

[PLA = PEB| < (b— a)eb-matlAlIBIY g (A B). (19.79)
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(f) Prove that the assignment
S(Mp(R),[a,b]) > A PLA (19.80)

is continuous with respect to the metric dopsyp on the domain and dg,, on the codomain.
Therefore, it extends to the completion on regulated functions, i.e. to R(M,,(R), [a,d]).

(g) Prove that for A : [a,b] — M,,(R) a continuous function, P°A = P A.

Remark 19.81. The time-ordered exponential is used in many important situations throughout
mathematics and science. For example, in the context of Riemannian geometry, it is used to solve
the geodesic equation. The geodesic equation is an ordinary differential equation describing the
shortest distance between two points on a manifold as a subset of Euclidean space. Geodesics
can then be used to define a metric on a manifold. In the more general context of gauge theory
(connections on vector bundles), the time-ordered exponential is used to parallel transport vectors

3].

Problems.
From these notes: Exercises 19.4, 19.8, 19.12, 19.36, 19.44, 19.58, 19.62, 19.66, 19.67, 19.74

193



20 April 20: Existence and Uniqueness for Ordinary Dif-
ferential Equations

Motivated by the time-ordered exponential solution of non-autonomous linear differential equa-
tions, we study arbitrary non-autonomous differential equations of the form

#(t) = V1), (20.1)

where V' : [a,b] — C'(R™,R™) is a time-dependent continuous vector field on R™. Continuity of V'
in this case is defined to mean continuity of the closely related function

Via,b] x R™ — R™. (20.2)

We use the same notation because these perspectives are completely interchangeable. A special
case considered in the previous lecture is when V(t) is a linear transformation of R™ for all
time ¢ € [a,b]. In this case, V : [a,b] — M,,(R) C C(R™,R™) since linear transformations are
continuous.

As we've also noticed, this differential equation with the initial condition z(a) can be expressed
as the integral equation

() = (a) + / V(a(s), ) ds (20.3)

provided that V' is continuous. In fact, we can use this integral equation to define a convenient
function on the set C' (Rm, la, b]) Given a continuous time-dependent vector field V' : [a, b] x R™ —
R™, let ®y : C(R™,[a,b]) — C(R™, [a, b]) be the function defined by sending a continuous function
x : [a,b] = R™ to the function ®y () whose value at t € [a, b] is written as

[a,b] >t v, Oy (x,t) :=z(a) + /t V(z(s),s) ds. (20.4)

A fixed point of ®y is therefore a solution to (20.3) which is therefore a solution to our ODE.
Notice that

Y (2,t) = z(a) + /at V (s,a:(a) + /as V(r,z(r)) dr) ds. (20.5)

In other words, if we keep on iterating ®y,, we will obtain something analogous to the situation
that occurred in the previous lecture with V' a time-dependent family of linear transformations.
This leads us to an important question: what conditions on V' : [a,b] x R™ — R™ guarantee the
existence and uniqueness of a fixed point of &7 One method that we can employ is to find a
metric on C'(R™, [a,b]) so that @y, or some iterate of ®y, is a contraction on this metric space.

Theorem 20.6. Let V : [a,b] x R™ — R™ be a continuous family of continuous vector fields on
R™ for which V(t, - ) is Lipshitz for all t € [a,b], i.e. for each t € |a,b] there exists a number
L; > 0 such that

\V(t,z) = V(t,y)| < Lz -y Vaz,yeR. (20.7)

Then there exists a constant L > 0 such that
\V(t,z) = V(t,y)| < Llz -y Va,yeR™ te€lab]. (20.8)
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Exercise 20.9.

(a) Prove Theorem 20.6.

(b) Is it true that if a continuous function V' : [a, b] x R™ — R™ satisfies condition (20.8) then it is
Lipschitz on [a, b] x R™? Prove your claim. Recall, in this case, a function V' : [a, b] x R™ — R™
is Lipschitz iff there exists an M > 0 such that

V(s,z) = V(t,y)| < M/|s —t]2 + |z — y|? Va,y e R™ st€la,b. (20.10)
The metric here used is the standard one on [a,b] x R™ obtained from a subset of R,

Definition 20.11. Let S C R be an arbitrary subset of R. A continuous family of vector fields
VS x R™ — R™ satisfying condition (20.7) will be called fiberwise Lipschitz. A continuous
family of vector fields V' : § x R™ — R™ satisfying condition (20.8) for some L > 0 will be called
fiberwise globally Lipschitz.

Hence, part (a) of Exercise 20.9 asks you to prove that if S is compact, these two notions are
equivalent (since the converse is immediate).

Theorem 20.12. Let V : [a,b] x R™ — R™ be a fiberwise globally Lipschitz vector field on R™
and let
z(t) =V (z,t) Ty = x(a) (20.13)

be the associated initial value problem (IVP). Then there exists a unique C' integral curve x :

la,b] — R™ for this IVP.

Proof. Let L > 0 be the Lipschitz constant for V. Set ®y to be as in (20.4). Then, for any two
functions x,y € C(Rm, a, b])

v (ot) = o) = | [ (Vs26) = Vs ) s
<[

< /at |z(s) — y(s)|ds

< L/lt max {|az(s) - y(s)‘}ds

a SE[ab]

V(s, .CE(S)) — V(s, y(s)) ‘ds

(20.14)

< Ldsup(xa y) (t - a)‘

Similarly,

Oy (x,s) — Py(y,s)

t
B (a,t) - 0} ()| < L [

< LPdgyp(z,y) /t(s —a)ds (20.15)

< L*(t — a)?

>~ 9 dsup(x7 y)
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In fact, more generally,

L™t —a)"

W 1) ~ #p.1)] < ) (20.16)
for arbitrary n € N. Since
L"(t —a)”
lim =" (20.17)
n—oo n!
for € := %, there exists an N € N such that
L't —a)”
¥<e Vn>N. (20.18)
n!

Hence, ®% is a contraction on <C (]Rm, la, b]),dsup> so that there exists a unique fixed point

x e C (Rm, [a,b]) for @y, by the Iterative Mapping Contraction Theorem. The fact that z is
continuously differentiable follows from the fact that it satisfies x = ®y () since &(t) = V (¢, z(t))
for all ¢ € [a,b] and by assumption V' is continuous. [

Notice that the proof of this theorem actually says more.

Corollary 20.19. Let V : [a,b] x R™ — R™ be a fiberwise globally Lipschitz vector field and let
Oy C(Rm, [a,b]) — C(Rm, [a,b]) be the function in (20.4). Then for any x € C’(Rm, la, b]), the
sequence,

(:c, Oy (1), 8% (z), B3 (2), .. ) (20.20)
converges to the unique fized point of the ODE &(t) = V(t, :r;(t))
Exercise 20.21. Solve the ODE

Cé—f — (@4t Vtel01],  2(0) =0, (20.22)

Exercise 20.23. Let V : [1,3] x R — R be the vector field given by
[1,3] x R (t,2) — (z +t*)e' . (20.24)

(a) Prove that L := e? is a Lipschitz constant for V' so that with this L, V is a fiberwise globally
Lipschitz vector field.

(b) Find the smallest integer N € N such that ®¥ is a contraction.

(c) If you have access to a computing device, try to numerically solve this differential equation
to a reasonable degree of accuracy and compare your integral curves with a plot of the vector
field (since this is an ODE of a single variable, you may plot £ = 1 as one of the components
of the vector field).

An exercise that actually belonged in the notes from three lectures ago is the following.
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Exercise 20.25. Let X be a set and let d and d' be two metrics on X for which there exist
numbers L, M > 0 satisfying

Ld (z,y) < d(z,y) < Md'(z,y) Va,yeX. (20.26)
When this occurs, d is said to be squeezed by d'. Let  : N — X be a sequence in X.
(a) Show that z is Cauchy with respect to d if and only if z is Cauchy with respect to d'.

(b) Show that = converges to a point limx € X with respect to d if and only if x converges to
lim x with respect to d'.

(c) Show that X is complete with respect to d if and only if X is complete with respect to d'.

(d) Let dy be the standard metric on R™ and let d, be the max metric on R™ (recall Example
17.13). Show that

doo(2,y) < do(,y) < Vm doo(,y). (20.27)

(e) Show that the relation of being squeezed is an equivalence relation on the set of metrics on a
set X.

These results have many important and convenient consequences. For one, if you have a
function f : X — X on a set, it might be that f is a contraction with respect to d but not with
respect to d'. Therefore, you will be able to prove the existence and uniqueness of a fixed point
with respect to d but since the function f was just defined on the set, which does not care about
the metric structure, you would have found our unique fixed point. In some sense, choosing the
appropriate metric is part of the battle in proving the existence and uniqueness of fixed points. For
instance, the following exercises use this idea to prove the existence and uniqueness of a stationary
probability measure under a regular stochastic process, a very important theorem in probability
theory.

Definition 20.28. Let X be a finite set. A probability measure on X is a function g : X — R
satisfying

pa)>0 VreX & > plr) =L (20.29)

rzeX

Often, the notation p, := p(x) is used. Let Pr(X) denote the set of probability measures on X.

Definition 20.30. A stochastic map/process from a set X to a set Y is a function

f
X = Pr(Y) (20.31)
r = f(z)
whose evaluation on elements in Y is written as
Y 5y2% £, € Ry, (20.32)
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A stochastic process is a generalization of a function. Instead of associating a unique element in
the codomain to an element in the domain, a stochastic process associates a probability distribution
of possible outcomes. Stochastic processes, just like functions, can be composed. To distinguish
functions from stochastic processes, the latter will be denoted with squiggly arrows f : X ~~Y.

Definition 20.33. Let X,Y, and Z be finite sets. The composition of the stochastic map f :
X ~=Y followed by the stochastic map g : Y ~= Z, written as go f : X ~~> Z, is the stochastic
map go f: X — Pr(Z) defined by sending x to the probability measure defined by

(gof)(z)
Z >z 'g—> (g o f)zm = Zgzyfym‘ (2034)

yey

It follows immediately from these definitions that a stochastic process {@} ~> X from a single
element set to X is itself a probability measure on X and all probability measures are of this

form. Henceforth, it is convenient to view every probability measure on X as a stochastic process
p:{e} ~>X.

Definition 20.35. Let f : X ~> X be a stochastic process from a finite set X to itself. A
probability measure p : {8} ~> X on X is a stationary measure with respect to f iff fopu = pu.

Notice that f oy : {e} ~> X is another stochastic process from {e} to X and is therefore a
probability measure on X (regardless if it is stationary). The next exercise will give one proof that
stationary measures for stochastic processes always exist.

Exercise 20.36. Let X be a finite set and let dy, : Pr(X) x Pr(X) — R (the subscripts stand for

“total variation”) be the function defined by

Pr(X) x Pr(X) 3 (u,v) — div(p,v) := %Z |1tz — Vs (20.37)

zeX

(a) Prove that di, is a metric on Pr(X).
(b) Prove that Pr(X) is compact.
(c¢) Let u € Pr(X). Show that the sequence
NSnH%ifkou (20.38)
k=1

is a sequence 77 : N — Pr(X) of probability measures on X. Note that ffopu:= fo---0fop
with k-many applications of f and the sum of two measures is defined pointwise.

(d) By compactness of Pr(X), let v be a convergent subsequence of 7i. Prove that fo(limv) = lim v,
i.e. v is a stationary measure for f.

The previous exercise guarantees existence, but what guarantees uniqueness of stationary mea-
sures?
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Exercise 20.39. Let X be a finite set and let f : X ~~> X be a stochastic process such that
faore >0 for all x, 2" € X. Such a stochastic process is said to be strictly positive.

(a) Prove that f is a contraction on (Pr(X),dy,).

(b) Prove that if f is a strictly positive stochastic process then there exists a unique stationary
measure on X with respect to f.

(c) A stochastic process f : X ~> X is said to be regular iff fV is strictly positive for some
N € N. Prove that if f is regular, then there exists a unique stationary measure on X with
respect to f.

The version of the statement for the existence and uniqueness of solutions to ODE’s in [7] is
slightly stronger than the one presented here. Nevertheless, Kolmogorov and Fomin’s version is
important to the study of vector fields and differential equations on manifolds. In fact, even the
Lipschitz condition is slightly different from ours.

Exercise 20.40. Let V' : [a,b] x R™ — R™ be a continuous time-dependent vector field. Show
that V is fiberwise globally Lipschitz if and only if for each ¢ € {1,...,m}, there exists an L; > 0
such that

Vi(t,x) — Vi(t,y)| < Lijeglax |z — vy, Va,yeR™ te€lab)]. (20.41)

Theorem 20.42. See Theorem 2’ in Section 8 of [7].
Proof. See [7]. [ |
The following two exercises are from [2].

Exercise 20.43. Let C' C R” be a convex compact subset of Euclidean space and let f : C'— R”
be a continuously differentiable function. Show that f is Lipschitz on C' with Lipschitz constant

L := sup||D.f]. (20.44)
zeC
Exercise 20.45. Prove the inverse function theorem using the Contraction Mapping Theorem.

Problems.
From these notes: Exercises 20.9, 20.21, 20.23, 20.25, 20.36, 20.39, 20.40, 20.43, 20.45
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21 April 25: Survey of results and applications

Rather than proving a lot of theorems, and since this is the last lecture, we will instead provide a
survey of results that follow from the things we have learned this semester. In addition, references
will be provided for those who are interested in pursuing certain topics further.

In the previous two lectures, we described how locally there exist solutions to ordinary dif-
ferential equations. What we did not describe is how these integral curves depend on the initial
conditions.

Theorem 21.1. Let U C R™ be an open subset and let V : R x U — R™ be a time-dependent
continuously differentiable vector field. For every x € U, there exists an € > 0 and an open
neighborhood W of x € U and a continuously differentiable function ¢ : (—€,€) x W — U such
that o( - ,y) is an integrable curve of V' through y for all y € W. Furthermore, ¢ is unique in the
following sense. If v’ € U, and ¢’ : (—¢,€') x W — U is another C* function with € > 0 and W’
an open neighborhood of ', then ¢’ and p agree on (—4,6) x (W NW'), where 6 := min{e, €'}.

Proof. See either Section 32.6 in [2], Theorem 4 in Lecture 2 of [10] for an infinite-dimensional
case, and/or Section 2.5 in [6] for a different, yet more direct, perspective. [ |

One can use this theorem to prove the following result for vector fields on manifolds.

Theorem 21.2. Let M C R* be a C™ manifold with r > 2, and let V : M — R* be a C" vector
field on M such that there exists a compact K C M for which V.= 0 on M \ {K} (i.e. V is
supported on K ). Then there exists a C" flow ¢ : R x M — M such that

d
Egp(t,x) = Vo) VteR, ze M. (21.3)

In particular, every C™ vector field on a compact manifold is integrable.
Proof. See Section 35 of [2]. The idea is to use local charts. [ |

Remark 21.4. In some sense, the set of smooth vector fields on a compact manifold is the Lie
algebra of the smooth group of diffeomorphisms of the manifold that are smoothly homotopic to
the identity. It is very often an infinite-dimensional Lie algebra. There is a notion of an exponential
map in this context as well and the exponential of a vector field is basically the flow associated
to that vector field. One example that has been studied in depth is S* and the set of orientation-
preserving and orientation-reversing diffeomorphisms. The Lie algebra of orientation vector fields
is closely related to something called the Virasoro algebra, which is a Lie algebra that describes
certain aspects of conformal field theory and string theory [11].

An immediate corollary of these theorems together with the results on indices of vector fields
is the existence of fixed points for certain diffeomorphisms.

Theorem 21.5. Let M be a smooth compact manifold with Euler characteristic x(M) # 0. Then
every diffeomorphism f : M — M of M that is smoothly homotopic to the identity has at least
one fized point.
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Exercise 21.6. Prove Theorem 21.5 using the results from above and what we’ve learned in this
course clearly referencing the theorems used.

The following theorem says that every vector field can be straightened out near a point where
the vector field does not vanish.

Theorem 21.7. Let A C R"™ be an open subset of R™ and let V : A — R™ be a C* vector field
on A, with k > 1 and let xyg € A be a point in A such that V,,, # 0. Then there exists an open
neighborhood U C A of x, an open set B C R™, and a C* diffeomorphism f : U — B such that the
pushforward vector field f.(V) is constant. In other words, there exists an open neighborhood of x
such that V' corresponds to a constant vector field.

Proof. See Theorem 1 in Section 3 of [10]. [

There is a similar result near a critical point of a vector field. Under some additional assump-
tions, every vector field near an isolated critical point can be linearized. These conditions are not
obvious and a thorough account of where they come from can be found in Section 3 of [10]. We
merely state the result.

Definition 21.8. Let A C R" be an open subset and let V : A — R" be a C* vector field with & > 1
with an isolated critical point at a € A and let {Aq,...,\,} be the eigenvalues of D,V : R" — R™.

V is said to satisfy the k-th order eigenvalue condition at a iff for every ¢ € {1,...,n}, there do
not exist positive real numbers 1, . .., i, } satisfying
2< p <k (21.9)
j=1
and .
A=)k (21.10)
j=1

Theorem 21.11. Let A C R” be an open subset and let V : A — R"™ be a C* vector field with
k > 1 with an isolated critical point at a € A and suppose that V' satisfies the k-th order eigenvalue
condition at a. Then there exists an open neighborhood U C A of x, an open set B C R", and a
C* diffeomorphism f : U — B such that the pushforward vector field f.(V') is linear.

Proof. See Theorem 9 in Section 3 of [10]. [ |

Vector fields can correspond to other vector fields under a variety of transformations. The
previous results indicated that vector fields always correspond to simple types of vector fields
under C* diffeomorphisms. Such diffeomorphisms forget the actual eigenvalues of the initial vector
field. Depending on the types of diffeomorphism, however, information about the eigenvalues can
be preserved. A diffeomorphism can be linear or can be C'°. It also makes sense to ask for a
homeomorphism to preserve vector fields, but in this case, it is more appropriate to phrase the
situation in terms of flows.
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Definition 21.12. Two flows ¢, : R x R" — R" are equivalent iff there exists a bijection

h : R" — R" such that .
R x R" <" R« Rn

¢>‘ \w (21.13)
R™ R™

Two flows are

(a) linearly equivalent iff h is a linear isomorphism,

(b) differentiably equivalent iff h is a C*° diffeomorphism,

(¢) topologically equivalent iff h is a C'°° homeomorphism.

Exercise 21.14. Show that the above notion of equivalence is an equivalence relation on the set
of flows on R". Prove that linear equivalence implies differentiable equivalence implies topological
equivalence.

Theorem 21.15. Let A, B : R" — R"™ be linear transformations all of whose eigenvalues have
multiplicity 1. Then the flows associated to the linear systems

T = Ax & & = Bx (21.16)
are linearly equivalent if and only if the eigenvalues of A and B coincide.

Proof. See Section 21.3 in [2]. [

One might think that there are fewer differentiable equivalence classes of linear systems, but
this turns out to be false.

Theorem 21.17. Let A, B : R* — R"™ be linear transformations all of whose eigenvalues have
multiplicity 1. Then the flows associated to the linear systems

T = Ax & & = Bx (21.18)
are differentiably equivalent if and only if they are linearly equivalent.
Proof. See Section 21.4 in [2]. [ |

Definition 21.19. Let m_,m, : M,(R) — {0} UN be the functions that assign to every real
n X n matrix A the number of eigenvalues whose real parts are negative m_(A) and whose real
parts are positive m, (A).

Theorem 21.20. Let A, B : R" — R" be linear transformations. Then the flows associated to the
linear systems

i=Ar & 4=Bz (21.21)

are topologically equivalent if and only if
m_(A) =m_(B) & my(A) = my(B). (21.22)
Proof. See Section 22 in [2]. [ |
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22 April 27: Review

Today is a review session. Please have questions ready.

Do not forget that there is a final on May 5th covering everything from the semester but fo-
cusing more so on Lectures 15 through 21!
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